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Abstract. I tell about different mathematical tool that is important in gen-
eral relativity. The text of the book includes definition of geometrical object,
concept of reference frame, geometry of metric-affinne manifold. Using this
concept I learn few physical applications: dynamics and Lorentz transforma-
tion in gravitational fields, Doppler shift.
A reference frame in event space is a smooth field of orthonormal bases.
Every reference frame is equipped by anholonomic coordinates. Using an-
holonomic coordinates allows to find out relative speed of two observers and
appropriate Lorentz transformation.
Synchronization of a reference frame is an anholonomic time coordinate.
Simple calculations show how synchronization influences time measurement
in the vicinity of the Earth. Measurement of Doppler shift from the star
orbiting the black hole helps to determine mass of the black hole. According
observations of Sgr A, if non orbiting observer estimates age of S2 about 10
Myr, this star is 0.297 Myr younger.
We call a manifold with torsion and nonmetricity the metric-affine mani-
fold. The nonmetricity leads to a difference between the auto parallel line and
the extreme line, and to a change in the expression of the Frenet transport
and moving basis. The torsion leads to a change in the Killing equation. We
also need to add a similar equation for the connection.
The analysis of the Frenet transport leads to the concept of the Cartan
transport and an introduction of the connection compatible with the metric
tensor. The dynamics of a particle follows to the Cartan transport. We need
additional physical constraints to make a nonmetricity observable.
Learning how torsion influences on tidal force reveals similarity between
tidal equation for geodesic and the Killing equation of second type. The rela-
tionship between tidal acceleration, curvature and torsion gives an opportunity
to measure torsion.
Key words and phrases. Differential geometry, general relativity, quantum field,
metric-affine manifold
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CHAPTER 1
Introduction
1.1. About This Book
Sometimes is very hard to give name for book that you want to write. Even
you wrote this book the whole life. And may be for this reason. The way is not
finished. However I feel it is time to share with people my discoveries. Only future
will tell which parts of this research will be useful. This book starts from learning
of geometric object, turns to reference frame in physics, then suddenly changes its
course to learn metric affine manifolds.
Since Einstein introduced general relativity, the close relation between geometry
and physics became a reality. At the same time, quantum mechanics introduced
new concepts that contradicted a tradition established during centuries. This meant
that we need new geometrical concepts that will become part of the language of
quantum mechanics. This is the reason for returning to the beginning.
The whole my life was dedicated to solve one of the greatest mysteries that I
met in the beginning of my life. When I learned general relativity and quantum me-
chanics I felt that language of quantum mechanics is not adequate to phenomenon
that it observes. I mean the geometry.
I dedicated chapter 2 to small essay that I wrote when I was young.1.1
1.2. Geometrical Object and Invariance Principle
Sections 4.1 and 4.4 was written under the great influence of the book [23]. The
studying of a homogenous space of a group of symmetry of a vector space leads
us to the definition of a basis of this space. A basis manifold is a set of bases of
particular vector space and is an example of a homogenous space. As it is shown
in [23] it gives ability to define concepts of invariance and of geometrical object.
We introduce two types of transformation of a basis manifold: active and pas-
sive transformations. The difference between them is that the passive transforma-
tion can be expressed as a transformation of an original space.
This definition can be extended on an arbitrary manifold. However in this case
we generalize the definition of a basis and introduce a reference frame. In case of
an event space of general relativity it leads us to a natural definition of a reference
frame and the Lorentz transformation. A reference frame in event space is a smooth
field of orthonormal basis.
The invariance principle which we studied theorem 4.4.4 is limited by vector
spaces and we can use it only in frame of the special relativity. Our task is to
describe structures which allow to extend the invariance principle to general rela-
tivity.
1.1Unfortunately some references are lost. If somebody recognize familiar text, I will appreciate
if he let me know exactly reference.
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A measurement of a spatial interval and a time length is one of the major tasks
of general relativity. This is a physical process that allows the study of geometry
in a certain area of spacetime. From a geometrical point of view, the observer
uses an orthonormal basis in a tangent plane as his measurement tool because an
orthonormal basis leads to the simplest local geometry. When the observer moves
from point to point he brings his measurement tool with him.
Notion of a geometrical object is closely related with physical values measured
in space time. The invariance principle allows expressing physical laws indepen-
dently from the selection of a basis. On the other hand if we want to examine a
relationship obtained in the test, we need to select measurement tool. In our case
this is basis. Choosing the basis we can define coordinates of the geometrical object
corresponding to studied physical value. Hence we can define the measured value.
Every reference frame is equipped by anholonomic coordinates. For instance,
synchronization of a reference frame is an anholonomic time coordinate. Simple
calculations show how synchronization influences time measurement in the vicinity
of the Earth. Measurement of Doppler shift from the star orbiting the black hole
helps to determine mass of the black hole.
Sections 7.3 and 7.4 show importance of calculations in orthogonal frame. Co-
ordinates that we use in event space are just labels and calculations that we make in
coordinates may appear not reliable. For instance in papers [25, 26] authors deter-
mine coordinate speed of light. This leads to not reliable answer and as consequence
of this to the difference of speed of light in different directions.
Paper [32] drew my attention. To explain anomalous acceleration of Pioneer
10 and Pioneer 11 ([21]) Antonio Ranada incorporated the old Einstein’s view
on nature of gravitational field and considered Einstein’s idea about variability of
speed of light. When Einstein started to study the gravitational field he tried to
keep the Minkowski geometry, therefore he assumed that scale of space and time
does not change. As result he had to accept the idea that speed of light should vary
in gravitational field. When Grossman introduced Riemann geometry to Einstein,
Einstein realized that the initial idea was wrong and Riemann geometry solves his
problem better. Einstein never returned to idea about variable speed of light.
Indeed, three values: scale of length and time and speed of light are correlated in
present theory and we cannot change one without changing another. The presence
of gravitational field changes this relation. We have two choices. We keep a priory
given geometry (here, Minkowski geometry) and we accept that the speed of light
changes from point to point. The Riemann geometry gives us another option.
Geometry becomes the result of observation and the measurement tool may change
from point to point. In this case we can keep the speed of light constant. Geometry
becomes a background which depends on physical processes. Physical laws become
background independent.
There are few papers dedicated to a variable speed of light theory [27, 28]. Their
theory is based on idea that metric tensor may be scaleable relative dilatation. This
idea is not new. As soon as Einstein published general relativity Weyl introduced his
idea to make theory invariant relative conformal transformation. However Einstein
was firmly opposed to this idea because it broke dependence between distance and
proper time. You can find detailed analysis in [29].
We have strong relation between the speed of light and units of length and time
in special and general relativity. When we develop new theory and discover that
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speed of light is different we should ask ourselves about the reason. Did we make
accurate measurement? Do we have alternative way to exchange information and
synchronize reference frame? Did transformations between reference frames change
and do they create group?
In some models photon may have small rest mass [30]. In this case speed of light
is different from maximal speed and may depend on direction. Recent experiment
[31] put limitation on parameters of these models.
1.3. Torsion Tensor in general relativity
Close relationship between the metric tensor and the connection is the basis of
the Riemann geometry. At the same time, connection and metric as any geomet-
rical object are objects of measurement. When Hilbert derived Einstein equation,
he introduced the lagrangian where the metric tensor and the connection are inde-
pendent. Later on, Hilbert discovered that the connection is symmetric and fonud
dependence between connection and metric tensor. One of the reasons is in the
simplicity of the lagrangian.
Since an errors of measurement are inescapable, analysis of quantum field the-
ory shows that either symmetry of connection or dependence between connection
and metric may be broken. This assumption leads to metric-affine manifold which
is space with torsion and nonzero covariant derivative of metric (section 6.1). In-
dependence of the metric tensor and the connection allows us to see which object
is responsible for different phenomenon in geometry and therefore in physics. Even
we do not prove empirically existence of torsion and nonmetricity we see here very
interesting geometry.
The metric-affine manifold appears in different physical applications. It is very
important to understand what kind of geometry of this space is, how torsion in-
fluences on physical phenomena. This is why small group of physicists continue to
study gravitation theory with torsion [12, 13, 14, 15, 16].
In particular we have two different definitions of a geodesic curve in the Rie-
mann manifold. We consider a geodesic curve either as line of extreme length (such
line is called extreme), or as line such that tangent vector keep to be tangent to
line during parallel transfer (such line is called auto parallel). Nonmetricity means
that parallel transport does not conserve a length of vector and an angle between
vectors. This leads to a difference between definitions of auto parallel and extreme
lines ([17] and section 8.1) and to a change in the expression of the Frenet trans-
port. The change of geometry influences the second Newton law which we study in
section 9.1. I show in theorems 8.6.1 and 9.1.1 that a free falling particle chooses
an extreme line transporting its momentum along the trajectory without change.
Patern of the Newton second law depends on choice of potential. In case of
scalar potential the Newton second law holds the relationship between force, mass
and acceleration. In case of vector potential analysis of motion in a gravitational
field shows that the field-strength tensor depends on the derivative of the metric
tensor.
Nonmetricity dramatically changes law how orthogonal basis moves in space
time. However learning of parallel transport in space with nonmetricity allows us
to introduce the Cartan transport and an introduction of the connection compat-
ible with the metric tensor (section 8.6). The Cartan transport holds the basis
orthonormal and this makes it valuable tool in dynamics (section 9.1) because the
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observer uses an orthonormal basis as his measurement tool. The dynamics of a
particle follows to the Cartan transport. The question arises from this conclusion.
We can change the connection as we show in section 8.6. Why we need to learn
manifolds with an arbitrary connection and the metric tensor? The learning of the
metric-affine manifold shows why everything works well in the Riemann manifold
and what changes in a general case. What kind of different physical phenomena may
result in different connections? Physical constraints that appear in a model may
lead to appearance of a nonmetricity [15, 18, 19]. Because the Cartan transport is
the natural mechanism to conserve orthogonality we expect that we will interpret
a deviation of the test particle from the extreme line as a result of an external to
this particle force1.2. In this case the difference between two types of a transport
becomes measurable and meaningful. Otherwise another type of a transport and
nonmetricity are not observable and we can use only the transport compatible with
metric.
I see here one more opportunity. As follows from the paper [18] the torsion
may depend on quantum properties of matter. However the torsion is the part
of the connection. This means that the connection may also depend on quantum
properties of matter. This may lead to breaking of the Cartan transport. However
this opportunity demands additional research.
The effects of torsion and a nonmetricity are cumulative. They may be small
but measurable. We can observe their effects not only in strong fields like black hole
or Big Bang but in regular conditions as well. Studying geometry and dynamics
of point particle gives us a way to test this point of view. There is mind to test
this theory in condition when spin of quantum field is accumulated. We can test a
deviation from second Newton law or measure torsion by observing the movement
of two different particles.
To test if the spacetime has the torsion we can test the opportunity to build
a parallelogram in spacetime. We can get two particles or two photons that start
their movement from the same point and using a mirror to force them to move
along opposite sides of the parallelogram. We can start this test when we do not
have quantum field and then repeat the test in the presence of quantum field. If
particles meet in the same place or we have the same interference then we have
torsion equal 0 in this thread. In particular, the torsion may influence the behavior
of virtual particles.
1.4. Tidal Acceleration
Observations in Solar system and outside are very important. They give us an
opportunity to see where general relativity is right and to find out its limitation. It
is very important to be very careful with such observations. NASA provided very
interesting observation of Pioneer 10 and Pioneer 11 and managed complicated
1.2For instance if we extend the definition (9.1.2) of a force to a general case (9.1.1) we can
interpret a deviation of a charged particle in electromagnetic field as result of the force
F j =
e
cu0
gijFliu
l
The same way we can interpret a deviation of the auto parallel line as the force
F i = −
mc
u0
Γ(C)iklu
kul
I remind that the Cartan symbol is the tensor
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calculation of their accelerations. However, one interesting question arises: what
kind of acceleration did we measure?
Pioneer 10 and Pioneer 11 performed free movement in solar system. Therefore
they move along their trajectory without acceleration. However, it is well known
that two bodies moving along close geodesics have relative acceleration that we call
tidal acceleration. Tidal acceleration in general relativity has form
(1.4.1)
D2δxk
ds2
= Rklnkδx
kvnvl
where vl is the speed of body 1 and δxk is the deviation of geodesic of body 2 from
geodesic of body 1. We see from this expression that tidal acceleration depends on
movement of body 1 and how the trajectory of body 2 deviates from the trajectory
of body 1. But this means that even for two bodies that are at the same distance
from a central body we can measure different acceleration relative an observer.
Section 9.3 is dedicated to the problem what kind of changes the tidal force
experiences on metric affine manifolds.
Finally the question arises. Can we use equation (9.3.5) to measure torsion?
We get tidal acceleration from direct measurement. There is a method to measure
curvature (see for instance [20]). However, even if we know the acceleration and
curvature we still have differential equation to find torsion. However, this way may
give direct answer to the question of whether torsion exists or not.
Deviation from tidal acceleration (1.4.1) predicted by general relativity may
have different reason. However we can find answer by combining different type of
measurement.

CHAPTER 2
Space and Time in Physics
2.1. Geometry and Physics
Reason, of course, is weak, when measured
against its never-ending task. Weak, indeed, com-
pared with the follies and passions of mankind,
which, we must admit, almost entirely control
our human destinies, in great things and small.
Yet the works of the understanding outlast the
noisy bustling generations and spread light and
warmth across the centuries.
[6], p. 219
Geometric ideas are not creations of free intellect, but on the contrary, they are
product of human activity. Ideas about space and time changed as knowledge
developed.1.1
Law cannot be exact at least because concepts on the base, which we
formulate it, may develop and may become insufficient. Signs of dogma
of impeccability remain on the bottom of any thesis and any proof.
[7]
Mathematics originated from specific needs of human practice and developed
along complex and contradictory way of knowledge. From one hand, this is the
most abstract area of science. Mathematician freely operates with abstract ideas,
learns their properties, generalizes, creates new ideas and definitions, and wanders
from practice. This makes more surprising success of applied mathematics. Its
success always surprised people, mostly in XX century when such abstract parts
of mathematics like group theory, functional calculus, and differential geometry
became language of modern physics. Contact of mathematics with any other field
of science leads to mutual enrichment of both.
One reason why mathematics enjoys special esteem, above all other
sciences, is that its laws are absolutely certain and indisputable, while
those of all other sciences are to some extent debatable and in constant
danger of being overthrown by newly discovered facts. In spite of this, the
investigator in another department of science would not need to envy the
mathematician since the laws of mathematics referred to objects of our
mere imagination, and not to objects of reality. For it cannot occasion
surprise that different persons should arrive at the same logical conclusions
when they have already agreed upon the fundamental laws (axioms), as
well as the methods by which other laws are to be deduced therefrom.
But there is another reason for the high repute of mathematics, in that it
11
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is mathematics which affords the exact natural sciences a certain measure
of security, to which without mathematics they could not attain.
At this point an enigma presents itself which in all ages has agitated
inquiring minds. How can it be that mathematics, being after all a product
of human thought which is independent of experience, is so admirably
appropriate to the objects of reality? Is human reason, then, without
experience, merely by taking thought, able to fathom the properties of
real things.
[3]
Mathematics has empiric roots. Algebra associated with necessity of calcula-
tions. Geometry was created by necessity of measurement on earth surface. Logic
is abstract expression of causal relationship. Calculus studies movement. This is
exactly why on a certain phase of development it becomes possible to describe real
processes using mathematical models of different level of complexity. Gradually
statements of theoretical mathematics become instrument of applied mathematics;
mathematics becomes empiric field of science.
Only main concepts and such called axioms remain in mathematics as
evidence of empiric origin of geometry. People tried to reduce number of
this logically irreducible concepts and axioms. Tendency to take out all
geometry from dim area of empiric insensibly leads to erroneous conclusion
which we can liken to conversion of heroes of antiquity into gods. People
gradually accustomed to point of view on main concepts as obvious, i.e.
objects and qualities which belong to human mind. According to this point
of view, objects of intuition correspond to main concepts of geometry and
negation of any axiom of geometry cannot be done consistently. In this
case, possibility of application of this main concepts and axioms to objects
of reality becomes the problem from which Kant’s understanding of space
appeared.
Physics gave second cause for denial geometry from its empiric foun-
dation. According to more refined point of view about nature of solid body
and light, in nature there are no such objects, which exactly correspond
to main concepts of Euclidean geometry by their property. We cannot
assume solid body as steady. Ray of light does not reproduce nor straight
line, nor any one-dimension image. According to modern science view,
geometry taken separately does not correspond ... to any tests. It should
be applied to explanation together with mechanics, optics, etc. Geome-
try has to appear as science logically preceding any experience and any
empirical verification because geometry has to precede physics as long as
laws of physics cannot be expressed without help of geometry.
[5], p 170
... As far as the laws of mathematics refer to reality, they are not
certain; and as far as they are certain, they do not refer to reality ...
[3]
... Question about applicability or no applicability of Euclidean geom-
etry obtains clear meaning from this point of view. Euclidean geometry
as geometry in general keeps nature of mathematical science because de-
duction of its theorems from axioms is still logical problem. However, it
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becomes physical science because its axioms hold inside statements rela-
tive objects of nature and correctness of these statements may be proved
only by experiment.
[5], p 181
Form of object is not something external relative to this object. The
form belongs to object and object defines this form. This is why forms of
existence of real world are common structure defined by its fundamental
properties... Efficient theory of spacetime essentially derives properties of
spacetime from properties of matter. This was the source of geometry.
First of all it reflected general properties of relations between solid bodies
which were defined in particular by ability to move.
[9], p 117
... it is certain that mathematics generally, and particularly geometry,
owes its existence to the need which was felt of learning something about
the relations of real things to one another. The very word geometry, which,
of course, means earth measuring, proves this. For earth measuring has to
do with the possibilities of the disposition of certain natural objects with
respect to one another, namely, with parts of the earth, measuring-lines,
measuring-wands, etc. It is clear that the system of concepts of axiomatic
geometry alone cannot make any assertions as to the relations of real
objects of this kind, which we will call practically rigid bodies. To be able
to make such assertions, geometry must be stripped of its merely logical-
formal character by the co-ordination of real objects of experience with
the empty conceptual framework of axiomatic geometry. To accomplish
this, we need only add the proposition:
- Solid bodies are related, with respect to their possible dispositions,
as are bodies in Euclidean geometry of three dimensions. Then the propo-
sitions of Euclid contain affirmations as to the relations of practically rigid
bodies.
Geometry thus completed is evidently a natural science... Its affir-
mations rest essentially on induction from experience, but not on logical
inferences only. We will call this completed geometry practical geometry,
and shall distinguish it in what follows from purely axiomatic geometry.
The question whether the practical geometry of the universe is Euclidean
or not has a clear meaning, and its answer can only be furnished by ex-
perience. All linear measurement in physics is practical geometry in this
sense, so too is geodetic and astronomical linear measurement, if we call
to our help the law of experience that light is propagated in a straight
line, and indeed in a straight line in the sense of practical geometry.
[3]
This discussion shows that mathematics is not separate area of knowledge that
develops independently from cognitive and reformatory practice of human. In deed,
practice is initial source for mathematics and finally mathematics is indispensable
instrument in human practice.
14 2. Space and Time in Physics
2.2. Spacetime
... Space and time are not simple forms of
phenomena but objective and real forms of exis-
tence. There is nothing in the world except mov-
ing matter and moving matter can move only in
space and time... Changeability of human repre-
sentations of space and time deny objective real-
ity of both as little as changeability of scientific
knowledge about structure and forms of move-
ment of matter do not deny of objective reality
of exterior world.
Lenin, 110
... Not objects assume existence of space and
time, but space and time assume existence of ob-
jects because space or extent assumes existence
of something that is extensive and time assumes
movement. Time is only idea derived from move-
ment and assumes existence of something that
moves. Everything is spatial and temporal.
Fuerbach
Before study of interaction of geometry and general relativity we have to make
clear definition of main concepts. Main concept of geometry is space. Space filled
by physical contents is spacetime.
... Idea ”mater object” has to exist before ideas related to space.
This is logically initial idea. We can easily make sure this analyzing such
spatial terms as ”near”, ”contact”, etc. and looking for their equivalence
in experiment.
109, p 135
Physical idea of time responds to idea of intuitive mind. However,
such idea traces back to order in time of sensations of person and we
have to accept this order as something initially given. Somebody feels ...
perception at this moment and this perception is connected with remem-
brance about (previous) perceptions. This is a reason that perceptions
create time series based on estimations ”before” and ”after”. These se-
ries may be repeated and then we can identify them. In addition, they
may be repeated inaccurately, with replacement of some events by oth-
ers. Moreover, we do not lose pattern of repetition. We come this way to
introduction of time like one-dimensional frame that we can fill different
way by sensations. The same series of sensations respond to the same
subjective intervals of time.
Transition from this ”subjective” time ... to concept of time in pre-
scientific mind is linked with rise of idea of existence of real world that
is independent from subject. In the sense, they establish correspondence
between (objective) event and subjective sensation; they compare ”sub-
jective” time of sensation with ”time” of corresponding ”objective” event.
External events and their order claim to truth for all subjects contrary to
sensations.
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... At more detailed examination of idea of objective world of external
events it required to establish more complex dependence between events
and sensations. At first, it was done with help of instinctive rules of mind
where of space plays the most important role. Process of complication of
concepts leads finally to natural fields of science.
109, p 242, 243
Form of object ... is set of relations between its parts. Therefore, we
should speak about matter connections of elements of the world, which in
their totality define spacetime.
The simplest element of world is something that we call event. It
is ”point” phenomenon like flash of bulb. Using visual concepts about
spacetime this is phenomenon that we can disregard its extent in space
and time... Event is like point in geometry... Any phenomenon, any
process occurs as connected set of events.
Abstracting from all properties of event apart from it exists we repre-
sent it as ... ”world point”. spacetime is set of all world points.
[9], p 133, 134
However, such definition is incomplete. It does not consider that any
event ... influences on any other events and it itself is influenced by other
events. In general, an influence is movement that connects one event with
other through row of intermediate events... Using concepts of physics, we
can define influence transmission of momentum and energy.
[9], p 134
Geometry of spacetime in that way is inseparable from physical processes run-
ning in spacetime.
Spacetime is set of all events in the world such that they are abstract
from all its properties except ones that are defined by relation of influence
one event on another.
Spacetime structure of the world is its causal-investigatory structure
acquired in proper abstraction.
[9], p 135
Next question that we want to study is question about physical content of
concept of coordinates. To understand all importance of this question let recall
how introduced Einstein common time in relativity. First, each observer has its own
clock. To insure that time of each observer is coordinate we need synchronization
of the clocks. However, process of synchronization is based on physical phenomena.
If at the point A of space there is a clock, an observer at A can deter-
mine the time values of events in the immediate proximity of A by finding
the positions of the hands which are simultaneous with these events. If
there is at the point B of space another clock in all respects resembling the
one at A”, it is possible for an observer at B to determine the time values
of events in the immediate neighbourhood of B. But it is not possible
without further assumptions to compare, in respect of time, an event at
A with an events at B. We have not defined a common ”time” for A and
B, for the latter cannot be defined at all unless we establish by definition
that the ”time” required by light to travel from A to B equal the ”time”
it requires to travel from B to A. Let a ray of light start at the ”A time”
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tA from A toward B, let it at the ”B time” tB to be reflected at B in the
direction of A, and arrive again at A at ”A-time” t′A.
In accordance with definition the two clocks synchronize if
tB − tA = t
′
A − tB
We assume that this definition of synchronism is free from contra-
dictions, and possible for any number of points; and that the following
relations are universally valid: -
1) If the clock at B synchronizes with the clock at A, the clock at A
synchronizes with the clock at B;
2) If the clock at A synchronizes with the clock at B and also with
the clock at C, the clocks at B and C also synchronize with each other.
[1], pp. 39, 40
Similar construction based on measurement of distance between observers (we
can do it also with help of light signal) leads to concept of space coordinates.
Problem of coordinates in general relativity is more complex; however, its main
point remains: coordinates are concentrated expression of interaction of different
observers in spacetime.
2.3. Covariance Principle
Movement is essence of time and space, be-
cause it is universal; to understand it means to
tell its essence in form of concept.
Gegel, Lectures about history of philosophy
Movement is essence of time and space. Two
main concepts express this essence: (infinite) con-
tinuity and ”punctuality” (= negation of conti-
nuity, discontinuity). Movement is unity of con-
tinuity (of time and space) and discontinuity (of
time and space). Movement is contradiction, is
unity of contradictions.
Lenin, Philosophic notebooks
After definition of space, we can turn to main principles of general relativity. Gen-
eral covariance principle and equivalence principle are main principles of general
relativity. There is close connection between them. Einstein formulates main prin-
ciples guided by Mach principle.
Let K is Galiley coordinate system, i.e. certain mass enough remote
from others moves straightforward and uniformly relative this system (at
least in considered 4 dimension area). Let K ′ is second coordinate sys-
tem which moves uniformly accelerated relative K. Than enough isolated
from other mass performs relative K ′ accelerated movement; moreover
nor acceleration nor direction does not depend from chemical structure or
physical state of this mass.
Can observer, rest relative coordinate system K ′, conclude from this
that he is in ”really” accelerated coordinate system? Answer on this ques-
tion has to be negative because we can differently; explain behavior of
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masses free moving relative K ′. Coordinate system K ′ does not have ac-
celeration, however in considered area of spacetime there is gravitational
field which causes accelerated movement of bodies relative K ′.
[2], pp. 521, 522
However, Einstein made in this manuscript two mistakes. Stating foundations
of general relativity he writes
We see from the considerations that creation of general relativity must
lead to theory of gravitation because we can ”create” gravitational field
simply changing coordinate system.
[2], p. 522
First, close connection of main principles does not mean their equality. Equiv-
alence principle was historically first and the most simple principle formulated in
general covariant form. Later Einstein realized that he cannot reduce general rela-
tivity to gravitational field. He spent the rest of his life to development of covariance
principle.
Second. Einstein by mistake identified Lorentz transformation with general
coordinate transformation as result of identification reference frame and coordinate
system. The grossest error was that Einstein supposed that it is possible to create
gravitational field in inertial reference frame using Lorentz transformation even we
did not observe it before. However this contradicts to covariance principle. Actually,
we have here transfer to noninertial reference frame expressed in appearance of
nonholonomity of coordinates used by observer.
... It is impossible to substitute field of gravity by state of movement of
system without gravitational field as well as it is impossible to transform all
points of arbitrarily moving thread to rest by relativistic transformation.
107, p 166
However, isolated observer does not know which coordinate he uses. From
other side in inertial reference frame and in gravitational field free bodies move
along trajectory which does not depend on mass.
Equivalence principle is statement about complete equivalence of all
physical processes and phenomena in homogeneous field of gravity and
in appropriate uniformly accelerated reference frame. In general case we
speak about enough small spacetime areas. Equality of inertial mass and
gravitational mass follows from equivalence principle because otherwise
mechanical movement in accelerated system would be different from me-
chanical movement in field of gravity.
Ginzburg, 105, p 339
Analysis that I made recently shows that equivalence principle does
not relates to equality of two different types of mass. The main point
of equivalence principle is that no one phenomenon can distinguish one
reference frame from another and laws of physics do not depend on which
reference frame we use. Learning of electro magnetic fields shows that
mass is less important in general relativity than we believed before. Not
mass but momentum-energy tensor creates gravitational field. Light does
not have mass but it has momentum. Einstein fixed his errors and formu-
lated main principles next way: Let K is inertial system without field of
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gravity, K ′ is coordinate system which moves uniformly accelerated rel-
ative K. Then behavior of matter point relative system K ′ will be the
same as when K ′ is inertial system where homogeneous field of gravity ex-
ists. Thus, definition of inertial system appears unfounded on the base of
known from experience properties of gravity. Arises idea, that from point
of view formulating law of nature each any way moving reference frame
tantamount any other and therefore for areas of finite extent there are
no physically chosen (privileged) states of movement (general relativity).
Consistent realization of this idea demands more deep then in special rel-
ativity modification of geometric and kinematics fundamentals of theory...
Generalizing we come to next result: field of gravity and metrics represent
different forms of manifestation of the same physical field.
[4]
Modern formulating of covariance principle does not depend on equivalence
principle. Main point is that Lorentz transformations create definite group and
physical values are invariant structures relative this group.
I want to point out, different erroneous interpretations of statements of general
relativity and Einstein’s statements (in particular, early) deplete content of general
relativity. Thus identifying both principles Fock claimed that general relativity
would be better called gravitation theory. Others authors consider that either
principle like the Mach principle served as midwife and is not the basic principle of
the theory anymore. Ambiguity of definition of Lorentz transformation caused wide
research. Researchers mistaken simplified problem, choosed privileged reference
frame. However, this contradicts to equivalence principle.
Essential achievement of general relativity consists in escape of physics
to introduce ”inertial system”. The latter concept is unsatisfactory be-
cause it chooses some systems from all conceptually possible coordinate
systems without any proof. Then it assumes that laws of physics apply
only for such inertial systems... On this way, space as such receives part
choosing it from other elements of physical description. It plays certain
part in all processes but does not meet back action. Such theory is possi-
ble; however, it does not appear satisfactory. Newton quite realized this
imperfection; but he as well realized that he does not have another way
at his time. Ernst Mach put particular attention on this circumstance
between physicists of posterior time.
106, p 854, 855
Ginzburg writes systematizing erroneous conceptions
... Name ”general relativity” is completely naturally and we do not
have reasons to decline it. Also change of this name seems impossible
because of established custom.
Unfortunately, the questions of terminology and word usage interlace
such close with existing problems that they very often prevent discussion of
these problems ... and force to argue about words... Question about name
of theory ... such clear terminological and cannot create divergence of the
essentials. However, we cannot tell the same about problem of existing
privileged reference frame in general relativity... Privileged reference frame
in general relativity exists for small enough area in spacetime ... i.e. free
falling local inertial reference frame ... where there are no forces of gravity
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and special relativity is correct. However, such systems ... do not coincide
with inertial systems of classical mechanics...
We do not see any analogue of inertial system, any so privileged sys-
tem for area of finite extend. Opportunity of terminological disagreement
appears here. Research of specific problems is associated with simplifica-
tion, approximation, idealization of situation... However quite obviously
particular case of such privilege which is different from privilege of inertial
system of classical mechanics.
105, p 343 - 345
2.4. Spacetime and Quantum
Every man is prisoner of his own ideas, and
everybody must to blow up it in his youth to
try comparing his ideas with reality. However, it
is possible through several centuries that other
man will reject his ideas. It is impossible in case
of artist for his peculiarity. It happens only on
the way to truth. And this is not sorrow.
[7]
Ideas are close associated with physics. In macrophysics, all bodies have accu-
rately definite form and move along accurately definite trajectories and geometry (in
the variety of representations and theories) describes uniquely defined structures.
General relativity is not exception.
In particular simple event is event that we can disregard duration and size.
When we consider quantum processes such definition becomes incorrect. Point in
space, trajectory of movement, form of body become abstractions, which do not
have real analogue. However, we cannot disregard duration or size in most cases.
Disappearance of border existing in macrophysics between waves and particles leads
to washing out accurate geometric forms. Therefore, geometric forms come to
contradiction with physics.
Joint analysis of equations of quantum mechanics and general relativity leads
to paradoxical conclusion: we need to quantize metrics. We still do not have
appropriate geometry. We yet not have corresponding geometry, However simple
constructions allow to say something definite about geometrical structure of space
of general relativistic quantum mechanics.
To understand the kernel of new geometrical consepts let us consider visual
geometrical example. Let us consider the manifold of dimention 2. Assume that as
result of problem solving we have got two metrics describing spheres of raddii R and
r. Thus, in any point of manifold observer will be simultaneously on both spheres.
Assume that we are on north pole. Then we discover that both spheres are tangent
in north pole. Let us move to south. However the question arises: along which
sphere will we move? Assume that we will move along large sphere. Then we stop
to be tangent to small sphere. However this contradicts to assumption. Therefore,
during movement along large sphere we carry along small sphere. Similarly, moving
along small sphere, we carry along large sphere.
Undoubtedly, this picture does not depend neither from dimention of manifold
nor from number and value of metrics. Now we can sum up.
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- Quantization of metric tensor leads to foliating of main manifold (according
to value of metric tensor).
- Quantization of metric tensor pushes out moving object from main manifold
into manifold of tangent plains. We saw this process in general relativity: system
of measuring instruments of observer is in tangent plains. During movement of
observer the main manifold moves without sliding along plains and is tangent to
them all time.
- Parallel transfer along given line is ambiguous and apparently is irreversible
operation. Geodesic line is no more line as we use it in regular geometry and
disintegrate into set of lines. Movement along these lines occurs certain probability.
This leads to ambiguous representation of measuring instrument which observer
uses.
Terra incognita of mathematical and physical effects follows farther. The time
is not far distant when we are witnesses of new achivements in geometry, physics,
phylosophy.
Before I turn to question about completion of general relativity, I must
to state my position relative physical theory that achieved the greatest
progress from all physical theories of our time. I keep in mind statistic
quantum mechanics... This is only modern theory giving orderly explana-
tion to our knowledge of quantum nature of micro-mechanical processes.
This theory from one hand and general relativity from other are considered
correct in a sense although merging these theories did not turn out well
so far though all efforts. This may be the reason that between modern
physicist-theorist there are absolutely different opinions how theoretical
foundation of future physics will look like. Will it be field theory?
[8], p. 288, 289
B. Field theory is not yet completely defined by system field equa-
tions. Must we acknowledge existence of singularity? Must we postulate
boundary conditions?
C. May we think that field theory will allow to understand atomistic
and quantum structure?.. I suppose nobody knows know something re-
liable because we do not know how and to what extent elimination of
singularities reduces set of solutions. We do not have at all any method
for methodical getting of solutions that are free from singularities... Now
prevails opinion that before we need transfer field theory to statistic theory
of probability using ”quantization”... I see here only attempt to describe
relationship of essentially nonlinear nature using linear methods.
D. We can conclusively prove that reality cannot be described by
continuous field. It follows from quantum phenomena that finite system
with finite energy may be described by finite set of numbers (quantum
numbers). It does not allow combining this with theory of continuum and
demand algebraic theory to describe reality. However now nobody knows
how to find basis for such theory.
106, p 872, 873
Before we find new geometry we can study what may happens if we join ideas
of general relativity and quantum mechanics.
CHAPTER 3
Representation of Group
3.1. Representation of Group
Definition 3.1.1. We call the map
t :M →M
nonsingular transformation, if there exists inverse map. 
Definition 3.1.2. Transformations is left-side transformations if it acts from
left
u′ = tu
We denote l(M) the set of left-side nonsingular transformations of set M . 
Definition 3.1.3. Transformations is right-side transformations if it acts from
right
u′ = ut
We denote r(M) the set of right-side nonsingular transformations of set M . 
We denote δ identical transformation.
Definition 3.1.4. Let l(M) be a group and δ be unit of group l(M). Let G be
group. We call a homomorphism of group
f : G→ l(M)
left-side covariant representation of group G in set M if map f holds
(3.1.1) f(ab)u = f(a)(f(b)u)

Definition 3.1.5. Let l(M) be a group and δ be unit of group l(M). Let G be
group. We call an antihomomorphism of group
f : G→ l(M)
left-side contravariant representation of group G in set M if map f holds
(3.1.2) f(ba)u = f(a)(f(b)u)

Definition 3.1.6. Let r(M) be a group and δ be unit of group r(M). Let G be
group. We call a homomorphism of group
f : G→ r(M)
right-side covariant representation of group G in set M if map f holds
(3.1.3) uf(ab) = (uf(a))f(b)

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Definition 3.1.7. Let r(M) be a group and δ be unit of group r(M). Let G be
group. We call an antihomomorphism of group
f : G→ r(M)
right-side contravariant representation of group G in set M if map f holds
(3.1.4) uf(ab) = (uf(a))f(b)

Any statement which holds for left-side representation of group holds also for
right-side representation. For this reason we use the common term representation
of group and use notation for left-side representation in case when it does not lead
to misunderstanding.
Theorem 3.1.8. For any g ∈ G
(3.1.5) f(g−1) = f(g)−1
Proof. Since (3.1.1) and
(3.1.6) f(e) = δ
we have
u = δu = f(gg−1)u = f(g)(f(g−1)u)
This completes the proof. 
Example 3.1.9. The group operation determines two different representations on
the group: the left shift which we introduce by the equation
(3.1.7) b′ = L(a)b = ab
and the right shift which we introduce by the equation
(3.1.8) b′ = R(a)b = ba

Theorem 3.1.10. Let representation
u′ = f(a)u
be covariant representation. Then representation
u′ = h(a)u = f(a−1)u
is contravariant representation.
Proof. Statement follows from chain of equations
h(ab) = f((ab)−1) = f(b−1a−1) = f(b−1)f(a−1) = h(b)h(a)

Definition 3.1.11. Let f be representation of the group G in set M . For any
v ∈M we define orbit of representation of the group G as set
O(v, g ∈ G, f(g)v) = {w = f(g)v : g ∈ G}

Since f(e) = δ we have v ∈ O(v, g ∈ G, f(g)v).
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Theorem 3.1.12. Suppose
(3.1.9) v ∈ O(u, g ∈ G, f(g)u)
Then
O(u, g ∈ G, f(g)u) = O(v, g ∈ G, f(g)v)
Proof. From (3.1.9) it follows that there exists a ∈ G such that
(3.1.10) v = f(a)u
Suppose w ∈ O(v, g ∈ G, f(g)v). Then there exists b ∈ G such that
(3.1.11) w = f(b)v
If we substitute (3.1.10) into (3.1.11) we get
(3.1.12) w = f(b)(f(a)u)
Since (3.1.1), we see that from (3.1.12) it follows that w ∈ O(u, g ∈ G, f(g)u). Thus
O(v, g ∈ G, f(g)v) ⊆ O(u, g ∈ G, f(g)u)
Since (3.1.5), we see that from (3.1.10) it follows that
(3.1.13) u = f(a)−1v = f(a−1)v
From (3.1.13) it follows that u ∈ O(v, g ∈ G, f(g)v) and therefore
O(u, g ∈ G, f(g)u) ⊆ O(v, g ∈ G, f(g)v)
This completes the proof. 
Theorem 3.1.13. Suppose f1 is representation of group G in set M1 and f2 is
representation of group G in set M2. Then we introduce direct product of rep-
resentations f1 and f2 of group
f = f1 ⊗ f2 : G→M1 ⊗M2
f(g) = (f1(g), f2(g))
Proof. To show that f is a representation, it is enough to prove that f satisfies
the definition 3.1.4.
f(e) = (f1(e), f2(e)) = (δ1, δ2) = δ
f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)

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3.2. Single Transitive Representation of Group
Definition 3.2.1. We call kernel of inefficiency of representation of group
G a set
Kf = {g ∈ G : f(g) = δ}
If Kf = {e} we call representation of group G effective. 
Theorem 3.2.2. A kernel of inefficiency is a subgroup of group G.
Proof. Assume f(a1) = δ and f(a2) = δ. Then
f(a1a2)u = f(a1)(f(a2)u) = u
f(a−1) = f−1(a) = δ

If an action is not effective we can switch to an effective one by changing group
G1 = G|Kf using factorization by the kernel of inefficiency. This means that we
can study only an effective action.
Definition 3.2.3. We call a representation of group transitive if for any a, b ∈ V
exists such g that
a = f(g)b
We call a representation of group single transitive if it is transitive and effective.

Theorem 3.2.4. Representation is single transitive if and only if for any a, b ∈ V
exists one and only one g ∈ G such that a = f(g)b
Definition 3.2.5. We call a space V homogeneous space of group G if we have
single transitive representation of group G on V . 
Theorem 3.2.6. If we define a single transitive representation f of the group G
on the manifold A then we can uniquely define coordinates on A using coordinates
on the group G.
If f is a covariant representation than f(a) is equivalent to the left shift L(a)
on the group G. If f is a contravariant representation than f(a) is equivalent to
the right shift R(a) on the group G.
Proof. We select a point v ∈ A and define coordinates of a point w ∈ A as
coordinates of the transformation a such that w = f(a)v. Coordinates defined this
way are unique up to choice of an initial point v ∈ A because the action is effective.
If f is a covariant representation we will use the notation
f(a)v = av
Because the notation
f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v
is compatible with the group structure we see that the covariant representation f
is equivalent to the left shift.
If f is a contravariant representation we will use the notation
f(a)v = va
Because the notation
f(a)(f(b)v) = (vb)a = v(ba) = f(ba)v
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is compatible with the group structure we see that the contravariant representation
f is equivalent to the right shift. 
Theorem 3.2.7. Left and right shifts on group G are commuting.
Proof. This is the consequence of the associativity on the group G
(L(a)R(b))c = a(cb) = (ac)b = (R(b)L(a))c

Theorem 3.2.8. If we defined a single transitive representation f on the manifold
A then we can uniquely define a single transitive representation h such that diagram
M
h(a) //
f(b)

M
f(b)

M
h(a)
// M
is commutative for any a, b ∈ G.3.1
Proof. We use group coordinates for points v ∈ A. For the simplicity we
assume that f is a covariant representation. Then according to theorem 3.2.6 we
can write the left shift L(a) instead of the transformation f(a).
Let points v0, v ∈ A. Then we can find one and only one a ∈ G such that
v = v0a = R(a)v0
We assume
h(a) = R(a)
For some b ∈ G we have
w0 = f(b)v0 = L(b)v0 w = f(b)v = L(b)v
According to theorem 3.2.7 the diagram
(3.2.1) v0
h(a)=R(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)=R(a)
// w
is commutative.
Changing b we get that w0 is an arbitrary point of A.
We see from the diagram that if v0 = v than w0 = w and therefore h(e) = δ. On
other hand if v0 6= v then w0 6= w because the representation f is single transitive.
Therefore the representation h is effective.
In the same way we can show that for given w0 we can find a such that w =
h(a)w0. Therefore the representation is single transitive.
In general the representation f is not commutative and therefore the represen-
tation h is different from the representation f . In the same way we can create a
representation f using the representation h. 
3.1The theorem 3.2.8 is really very interesting. However its meaning becomes more clear when
we apply this theorem to basis manifold, see section 4.1.
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Remark 3.2.9. It is clear that transformations L(a) and R(a) are different until
the group G is nonabelian. However they both are maps onto. Theorem 3.2.8
states that if both right and left shift presentations exist on the manifold A we
can define two commuting representations on the manifold A. The left shift or the
right shift only cannot present both types of representation. To understand why
it is so let us change diagram (3.2.1) and assume h(a)v0 = L(a)v0 = v instead of
h(a)v0 = R(a)v0 = v and let us see what expression h(a) has at the point w0. The
diagram
v0
h(a)=L(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)
// w
is equivalent to the diagram
v0
h(a)=L(a) // v
f(b)=L(b)

w0
h(a)
//
f−1(b)=L(b−1)
OO
w
and we have w = bv = bav0 = bab
−1w0. Therefore
h(a)w0 = (bab
−1)w0
We see that the representation of h depends on its argument. 
3.3. Linear Representation of Group
Suppose we introduce additional structure on set M . Then we create an addi-
tional requirement for the representation of group.
Since we introduce continuity on set M , we suppose that transformation
u′ = f(a)u
is continuous in u. Therefore, we get∣∣∣∣∂u′∂u
∣∣∣∣ 6= 0
Suppose M is a group. Then representations of left and right shifts have great
importance.
Definition 3.3.1. LetM be vector space V over field F . We call the representation
of group G in vector space V linear representation if f(a) is homomorphism of
space V for any a ∈ G. 
Remark 3.3.2. Let transformation f(a) be linear homogeneous transformation.
fβγ (a) are elements of the matrix of transformation. We usually assume that
the lower index enumerates rows in the matrix and the upper index enumerates
columns.
According to the matrix product rule we can present coordinates of a vector as
a row of a matrix. We call such vector a row vector. We can also study a vector
whose coordinates form a column of a matrix. We call such vector a column
vector.
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Left-side linear representation in column vector space
u′ = f(a)u u′α = f
β
α (a)uβ a ∈ G
is covariant representation
u′′γ = f
β
γ (ba)uβ = f
α
γ (b)(f
β
α (a)uβ) = (f
α
γ (b)f
β
α (a))uβ
Left-side linear representation in row vector space
u′ = f(a)u u′α = fαβ (a)u
β a ∈ G
is contravariant representation
u′′γ = fγβ (ba)u
β = fγα(b)(f
α
β (a)u
β) = (fαβ (a)f
γ
α(b))u
β
Right-side representation in column vector space
u′ = uf(a) u′α = uβf
β
α (a) a ∈ G
is contravariant representation
u′′γ = uβf
β
γ (ab) = (uβf
β
α (a))f
α
γ (b) = uβ(f
α
γ (b)f
β
α (a))
Right-side representation in row vector space
u′ = uf(a) u′α = uβfαβ (a) a ∈ G
is covariant representation
u′′γ = uβfγβ (ab) = (u
βfαβ (a))f
γ
α(b) = u
β(fαβ (a)f
γ
α(b))

Remark 3.3.3. Studying linear representations we clearly use tensor notation. We
can use only upper index and notation u•.α instead of uα. Then we can write the
transformation of this object in the form
u′•.α = f
•.
α•
β
. u
•.
β
This way we can hide the difference between covariant and contravariant represen-
tations. This similarity goes as far as we need. 

CHAPTER 4
Basis Manifold
4.1. Basis in Vector Space
Assume we have vector space V and contravariant right-side effective linear
representation of group G = G(V). We usually call group G(V) symmetry group.
Without loss of generality we identify element g of group G with corresponding
transformation of representation and write its action on vector v ∈ V as vg.
This point of view allows introduction of two types of coordinates for element
g of group G. We can either use coordinates defined on the group, or introduce
coordinates as elements of the matrix of the corresponding transformation. The
former type of coordinates is more effective when we study properties of group G.
The latter type of coordinates contains redundant data; however, it may be more
convenient when we study representation of group G. The latter type of coordinates
is called coordinates of representation.
A maximal set of linearly independent vectors e =< e(i) > is called a basis. In
case when we want to show clearly that this is the basis in vector V we use notation
eV .
Any homomorphism of the vector space maps one basis into another. Thus we
can extend a covariant representation of the symmetry group to the set of bases.
We write the action of element g of group G on basis e as R(g)e. However not every
two bases can be mapped by a transformation from the symmetry group because
not every nonsingular linear transformation belongs to the representation of group
G. Therefore, we can present the set of bases as a union of orbits of group G.
Properties of basis depend on the symmetry group. We can select basis e vectors
of which are in a relationship which is invariant relative to symmetry group. In this
case all bases from orbit O(e, g ∈ G,R(g)e) have vectors which satisfy the same
relationship. Such a basis we call G-basis. In each particular case we need to prove
the existence of a basis with certain properties. If such a basis does not exist we
can choose an arbitrary basis.
Definition 4.1.1. We call orbit O(e, g ∈ G,R(g)e) of the selected basis e the basis
manifold B(V) of vector space V . 
Theorem 4.1.2. Representation of group G on basis manifold is single transitive
representation.
Proof. According to definition 4.1.1 at least one transformation of represen-
tation is defined for any two bases. To prove this theorem it is sufficient to show
that this transformation is unique.
Consider elements g1, g2 of group G and a basis e such that
(4.1.1) Rg1e = Rg2e
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From (4.1.1) it follows that
(4.1.2) Rg−1
2
Rg1e = Rg1g−12
e = e
Because any vector has a unique expansion relative to basis e it follows from (4.1.2)
that Rg1g−12
is an identical transformation of vector space V . g1 = g2 because
representation of group G is effective on vector space V . Statement of the theorem
follows from this. 
Theorem 4.1.2 means that the basis manifold B(V) is a homogenous space of
group G. We constructed contravariant right-side single transitive linear repre-
sentation of group G on the basis manifold. Such representation is called active
representation. A corresponding transformation on the basis manifold is called
active transformation ([24]) because the homomorphism of the vector space in-
duced this transformation.
According to theorem 3.2.6 because basis manifold B(V) is a homogenous space
of group G we can introduce on B(V) two types of coordinates defined on group G.
In both cases coordinates of basis e are coordinates of the homomorphism mapping
a fixed basis e0 to the basis e. Coordinates of representation are called standard
coordinates of basis. We can show that standard coordinates eik of basis e for
certain value of k are coordinates of vectors ek ∈ e relative to a fixed basis e0.
Basis e creates coordinates in V . In different types of space it may be done
in different ways. In affine space if node of basis is point A than point B has the
same coordinates as vector
−→
AB relative basis e. In a general case we introduce
coordinates of a vector as coordinates relative to the selected basis. Using only
bases of type G means using of specific coordinates on An. To distinguish them we
call this G-coordinates. We also call the space V with such coordinates G-space.
According to theorem 3.2.8 another representation, commuting with passive,
exists on the basis manifold. As we see from remark 3.2.9 transformation of this
representation is different from a passive transformation and cannot be reduced
to transformation of space V . To emphasize the difference this transformation is
called a passive transformation of vector space V and the representation is called
passive representation. We write the passive transformation of basis e, defined
by element g ∈ G, as L(g)e.
4.2. Basis in Affine Space
We identify vectors of the affine space An with pair of points
−→
AB. All vectors
that have a common beginning A create a vector space that we call a tangent vector
space TAAn.
A topology that An inherits from the map An → R
n allows us to study smooth
transformations of An and their derivatives. More particularly, the derivative of
transformation f maps the vector space TAAn into Tf(A)An. If f is linear then its
derivative is the same at every point. Introducing coordinates A1, ..., An of a point
A ∈ An we can write a linear transformation as
A′i = P ijA
j +Ri detP 6= 0(4.2.1)
Derivative of this transformation is defined by matrix ‖P ij‖. and does not depend
on point A. Vector (R1, ..., Rn) expresses displacement in affine space. Set of
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transformations (4.2.1) is the group Lie which we denote as GL(An) and call affine
transformation group.
Definition 4.2.1. Affine basis e =< O, ei > is set of linear independent vectors
ei =
−→
OAi = (e
1
i , ..., e
n
i ) with common start point O = (O
1, ..., On). 
Definition 4.2.2. Basis manifold B(An) of affine space is set of bases of this
space. 
An active transformation is called affine transformation. A passive trans-
formation is called quasi affine transformation.
If we do not concern about starting point of a vector we see little different type
of space which we call central affine space CAn. In the central affine space we can
identify all tangent spaces and denote them TCAn. If we assume that the start
point of vector is origin O of coordinate system in space then we can identify any
point A ∈ CAn with the vector a =
−→
OA. This leads to identification of CAn and
TCAn. Now transformation is simply map
a′i = P ija
j detP 6= 0
and such transformations build up Lie group GLn.
Definition 4.2.3. Central affine basis e =< ei > is set of linearly independent
vectors ei = (e
1
i , ..., e
n
i ). 
Definition 4.2.4. Basis manifold B(CAn) of central affine space is set of
bases of this space. 
4.3. Basis in Euclid Space
When we introduce a metric in a central affine space we get a new geometry
because we can measure a distance and a length of vector. If a metric is positive
defined we call the space Euclid En otherwise we call the space pseudo Euclid Enm.
Transformations that preserve length form Lie group SO(n) for Euclid space
and Lie group SO(n,m) for pseudo Euclid space where n and m number of positive
and negative terms in metrics.
Definition 4.3.1. Orthonornal basis e =< ei > is set of linearly independent
vectors ei = (e
1
i , ..., e
n
i ) such that length of each vector is 1 and different vectors
are orthogonal. 
We can prove existence of orthonormal basis using Gram-Schmidt orthogonal-
ization procedure.
Definition 4.3.2. Basis manifold B(En) of Euclid space is set of orthonornal
bases of this space. 
A active transformation is called movement. An passive transformation is
called quasi movement.
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An active transformation changes bases and vectors uniformly and coordinates
of vector relative basis do not change. A passive transformation changes only the
basis and it leads to change of coordinates of vector relative to basis.
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Let passive transformation L(a) ∈ G defined by matrix (aij) maps basis e =<
ei >∈ B(V) into basis e
′ =< e′i >∈ B(V)
(4.4.1) e′j = a
i
jei
Let vector v ∈ V have expansion
(4.4.2) v = viei
relative to basis e and have expansion
(4.4.3) v = v′ie′i
relative to basis e′. From (4.4.1) and (4.4.3) it follows that
(4.4.4) v = v′jaijei
Comparing (4.4.2) and (4.4.4) we get
(4.4.5) vi = v′jaij
Because aij is nonsingular matrix we get from (4.4.5)
(4.4.6) v′i = vja−1ij
Coordinate transformation (4.4.6) does not depend on vector v or basis e, but is
defined only by coordinates of vector v relative basis e.
Suppose we select basis e. Then the set of coordinates (vi) relative to this basis
forms a vector space V˜ isomorphic to vector space V . This vector space is called co-
ordinate vector space. This isomorphism is called coordinate isomorphism.
Denote by δk = (δ
i
k) the image of vector ek ∈ e under this .
Theorem 4.4.1. Coordinate transformations (4.4.6) form right-side contravariant
effective linear representation of group G which is called coordinate representa-
tion.
Proof. Suppose we have two consecutive passive transformations L(a) and
L(b). Coordinate transformation (4.4.6) corresponds to passive transformation
L(a). Coordinate transformation
(4.4.7) v′′k = v′ib−1ki
corresponds to passive transformation Lb. Product of coordinate transformations
(4.4.6) and (4.4.7) has form
(4.4.8) v′′k = vja−1ijb
−1k
i = v
j(ba)−1kj
and is coordinate transformation corresponding to passive transformation Lba. It
proves that coordinate transformations form contravariant right-side linear repre-
sentation of group G.
Suppose coordinate transformation does not change vectors δk. Then unit of
group G corresponds to it because representation is single transitive. Therefore,
coordinate representation is effective. 
Let homomorphism of group G to the group of passive transformations of vec-
tor space W be coordinated with symmetry group of vector space V . This means
that passive transformation L(a) of vector space W corresponds to passive trans-
formation L(a) of vector space V .
(4.4.9) E′α = A
β
α(a)Eβ
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Then coordinate transformation in W gets form
(4.4.10) w′α = wβA(a−1)αβ = w
βA(a)−1αβ
Definition 4.4.2. Orbit
O((w, eV), a ∈ G, (wA(a)
−1, L(a)eV))
is called geometrical object in coordinate representation defined in vector
space V . For any basis e′V = L(a)eV corresponding point (4.4.10) of orbit defines
coordinates of geometrical object relative basis e′V . 
Definition 4.4.3. Orbit
O((w, eW , eV), a ∈ G, (wA(a)
−1, L(a)eW , L(a)eV))
is called geometrical object defined in vector space V . For any basis e′V =
L(a)eV corresponding point (4.4.10) of orbit defines coordinates of a geometrical
object relative to basis e′V and the corresponding vector
w = w′αE′α
is called representative of geometrical object in basis e′V . 
We also say that w is a geometrical object of type A
Since a geometrical object is an orbit of representation, we see that according
to theorem 3.1.12 the definition of the geometrical object is a proper definition.
Definition 4.4.2 introduces a geometrical object in coordinate space. We assume
in definition 4.4.3 that we selected a basis in vector space W . This allows using a
representative of the geometrical object instead of its coordinates.
Theorem 4.4.4 (invariance principle). Representative of geometrical object does
not depend on selection of basis e′V .
Proof. To define representative of geometrical object, we need to select basis
eV , basis eW = (Eα) and coordinates of geometrical object w
α. Corresponding
representative of geometrical object has form
w = wαEα
Suppose we map basis eV to basis e
′
V by passive transformation L(a). According
building this forms passive transformation (4.4.9) and coordinate transformation
(4.4.10). Corresponding representative of geometrical object has form
w′ = w′αE′α = w
βA(a)−1αβA
γ
α(a)Eγ = w
′βE′β = w
Therefore representative of geometrical object is invariant relative selection of basis.

Definition 4.4.5. Let
w1 = w
α
1Eα
w2 = w
α
2Eα
be geometrical objects of the same type defined in vector space V . Geometrical
object
w = (wα1 + w
α
2 )Eα
is called sum
w = w1 + w2
of geometrical objects w1 and w2. 
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Definition 4.4.6. Let
w1 = w
α
1Eα
be geometrical object defined in vector space V over field F . Geometrical object
w2 = (kw
α
1 )Eα
is called product
w2 = kw1
of geometrical object w1 and constant k ∈ F . 
Theorem 4.4.7. Geometrical objects of type A defined in vector space V over field
F form vector space over field F .
Proof. The statement of the theorem follows from immediate verification of
the properties of vector space. 
CHAPTER 5
Reference Frame in Event Space
5.1. Reference Frame on Manifold
As is shown in section 4.1 we can identify frame manifold of vector space and
symmetry group of this space. Our interest was not details of structure of basis,
and stated theory can be generalized and extended on an arbitrary manifold. The
details of structure of basis did not interest us and stated theory can be generalized.
In this section we generalize the definition of a frame and introduce a reference frame
on a manifold. In case of an event space of general relativity it leads us to a natural
definition of a reference frame and the Lorentz transformation.
When we study manifold V the geometry of tangent space is one of important
factors. In this section, we will make the following assumption.
• All tangent spaces have the same geometry.
• Tangent space is vector space V of finite dimension n.
• Symmetry group of tangent space is Lie group G.
Definition 5.1.1. Set e =< e(i), i ∈ I > of vector fields e(i) is called G-reference
frame, if for any x ∈ V set e(x) =< e(i)(x), i ∈ I > is a G-basis
5.1 in tangent space
Tx.
5.2 We use notation e(i) ∈ e for vector fields which form G-reference frame e. 
Vector field a has expansion
(5.1.1) a = a(i)e(i)
relative reference frame e.
If we do not limit definition of a reference frame by symmetry group, then
at each point of the manifold we can select reference frame ∂ =< ∂i > based on
vector fields tangent to lines xi = const. We call this field of bases the coordinate
reference frame. Vector field a has expansion
(5.1.2) a = ai∂i
relative coordinate reference frame. Then standard coordinates of reference frame
e have form ek(i)
(5.1.3) e(i) = e
k
(i)∂k
Because vectors e(i) are linearly independent at each point matrix ‖e
k
(i)‖ has inverse
matrix ‖e
(i)
k ‖
(5.1.4) ∂k = e
(i)
k e(i)
5.1According to section 4.1 we can identify basis e(x) with an element of group G.
5.2In each particular case we need to prove existence of G-reference frame on manifold.
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We use also a more extensive definition for reference frame on manifold, pre-
sented in form e = (e(k), e
(k)) where we use the set of vector fields e(k) and dual
forms e(k) such that
(5.1.5) e(k)(e(l)) = δ
(k)
(l)
at each point. Forms e(k) are defined uniquely from (5.1.5).
In a similar way, we can introduce a coordinate reference frame (∂i, ds
i). These
reference frames are linked by the relationship
e(k) = e
i
(k)∂i(5.1.6)
e(k) = e
(k)
i dx
i(5.1.7)
From equations (5.1.6), (5.1.7), (5.1.5) it follows
(5.1.8) e
(k)
i e
i
(l) = δ
(k)
(l)
In particular we assume that we have GL(n)-reference frame (∂, dx) raised by
n differentiable vector fields ∂i and 1-forms dx
i, that define field of bases ∂ and
cobases dx dual them.
If we have function ϕ on V than we define pfaffian derivative
dϕ = ∂iϕdx
i
5.2. Reference Frame in Event Space
Starting from this section, we consider orthogonal reference frame e = (e(k), e
(k))
in Riemann space with metric gij . According to definition, at each point of Riemann
space vector fields of orthogonal reference frame satisfy to equation
gije
i
(k)e
j
(l) = g(k)(l)
where g(k)(l) = 0, if (k) 6= (l), and g(k)(k) = 1 or g(k)(k) = −1 depending on signature
of metric.
We can define the reference frame in event space V as O(3, 1)-reference
frame. To enumerate vectors, we use index k = 0, ..., 3. Index k = 0 corresponds to
time like vector field.
Remark 5.2.1. We can prove the existence of a reference frame using the or-
thogonolization procedure at every point of space time. From the same procedure
we get that coordinates of basis smoothly depend on the point.
A smooth field of time like vectors of each basis defines congruence of lines
that are tangent to this field. We say that each line is a world line of an observer
or a local reference frame. Therefore a reference frame is set of local reference
frames. 
We define the Lorentz transformation as transformation of a reference frame
x′
i
= f i(x0, x1, x2, x3)
(5.2.1) e′
i
(k) = a
i
jb
(l)
(k)e
j
(l)
where
aij =
∂x′i
∂x′j
δ(i)(l)b
(i)
(j)b
(l)
(k) = δ(j)(k)
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We call the transformation aij the holonomic part and transformation b
(l)
(k) the an-
holonomic part.
5.3. Anholonomic Coordinates
Let E(V,G, π) be the principal bundle, where V is the differential manifold of
dimension n and class not less than 2. We also assume that G is symmetry group
of tangent plain.
We define connection form on principal bundle
(5.3.1) ωL = λLNda
N + ΓLi dx
i ω = λNda
N + Γdx
We call functions Γi connection components.
If fiber is group GL(n), than connection has form
(5.3.2) ωab = Γ
a
bcdx
c
ΓAi = Γ
a
bi
A vector field a has two types of coordinates: holonomic coordinates ai
relative coordinate reference frame and anholonomic coordinates a(i) relative
reference frame. These two forms of coordinates also hold the relation
(5.3.3) ai(x) = ei(i)(x)a
(i)(x)
at any point x.
We can study parallel transfer of vector fields using any form of coordinates.
Because (5.2.1) is a linear transformation we expect that parallel transfer in an-
holonomic coordinates has the same representation as in holonomic coordinates.
Hence we write
dak = −Γkija
idxj
da(k) = −Γ
(k)
(i)(j)a
(i)dx(j)
It is required to establish link between holonomic coordinate of connection
Γkij and anholonomic coordinates of connection Γ
(k)
(i)(j)
(5.3.4) ai(x+ dx) = ai(x) + dai = ci(x) − Γikpc
k(x)dxp
(5.3.5) a(i)(x+ dx) = a(i)(x) + da(i) = c(i)(x)− Γ
(i)
(k)(p)c
(k)(x)dx(p)
Considering (5.3.4), (5.3.5), and (5.3.3) we get
(5.3.6)
ai(x)− Γikpa
k(x)dxp
= ei(i)(x+ dx)
(
a(i)(x)− Γ
(i)
(k)(p)e
(k)
i (x)a
i(x)e
(p)
p (x)dxp
)
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It follows from (5.3.6) that
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x)a
i(x)dxp = a(i)(x) − e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)e
(i)
i (x)− e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)
(
e
(i)
i (x) − e
(i)
i (x+ dx)
)
+ e
(i)
j (x)Γ
j
ipa
i(x)dxp
= e
(i)
j (x)Γ
j
ipa
i(x)dxp − ai(x)
∂e
(i)
i (x)
∂xp
dxp
=
(
e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
)
ai(x)dxp
Because ai(x) and dxp are arbitrary we get
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x) = e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
(5.3.7) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
i
(k)e
p
(p)
∂e
(i)
i
∂xp
We introduce symbolic operator
(5.3.8)
∂
∂x(p)
= ep(p)
∂
∂xp
From (5.1.8) it follows
(5.3.9) ei(l)
∂e
(k)
i
∂xp
+ e
(k)
i
∂ei(l)
∂xp
= 0
Substitude (5.3.8) and (5.3.9) into (5.3.7)
(5.3.10) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
(i)
i
∂ei(k)
∂x(p)
Equation (5.3.10) shows some similarity between holonomic and anholonomic
coordinates. We introduce symbol ∂(k) for the derivative along vector field e(k)
∂(k) = e
i
(k)∂i
Then (5.3.10) takes the form
Γ
(k)
(l)(p) = e
i
(l)e
r
(p)e
(k)
j Γ
j
ir − e
i
(l)∂(p)e
(k)
i
Therefore when we move from holonomic coordinates to anholonomic, the con-
nection transforms the way similarly to when we move from one coordinate system
to another. This leads us to the model of anholonomic coordinates.
The vector field e(k) generates lines defined by the differential equations
ej(l)
∂t
∂xj
= δ
(k)
(l)
or the symbolic system
(5.3.11)
∂t
∂x(l)
= δ
(k)
(l)
Keeping in mind the symbolic system (5.3.11) we denote the functional t as x(k) and
call it the anholonomic coordinate. We call the regular coordinate holonomic.
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From here we can find derivatives and get
(5.3.12)
∂x(i)
∂xk
= e
(i)
k
The necessary and sufficient conditions of complete integrability of system (5.3.12)
are
c
(i)
(k)(l) = 0
where we introduced anholonomity object
(5.3.13) c
(i)
(k)(l) = e
k
(k)e
l
(l)
(
∂e
(i)
k
∂xl
−
∂e
(i)
l
∂xk
)
Therefore each reference frame has n vector fields
∂(k) =
∂
∂x(k)
= ei(k)∂i
which have commutator
[∂(i), ∂(j)] =
(
ek(i)∂ke
l
(j) − e
k
(j)∂ke
l
(i)
)
e
(m)
l ∂(m) =
ek(i)e
l
(i)
(
−∂ke
(m)
l + ∂le
(m)
l
)
∂(m) = c
(m)
(k)(l)∂(m)
For the same reason we introduce forms
dx(k) = e(k) = e
(k)
l dx
l
and an exterior differential of this form is
d2x(k) = d
(
e
(k)
i dx
i
)
=
(
∂je
(k)
i − ∂ie
(k)
j
)
dxi ∧ dxj
= −c
(m)
(k)(l)dx
(k) ∧ dx(l)
(5.3.14)
Therefore when c
(i)
(k)(l) 6= 0, the differential dx
(k) is not an exact differential
and the system (5.3.12) in general cannot be integrated. However we can create
a meaningful object that models the solution. We can study how function x(i)
changes along different lines. We call such cordinates anholonomic coordinates
on manifold.
Remark 5.3.1. Function x(i) is a natural parameter along a flow line of vector
field e(i). We study an instance of such function in section 7.1. The proper time
is defined along world line of local reference frame. As we see in remark 5.2.1
world lines of local reference frames cover spacetime. To make proper time of local
reference frames as time of reference frame we expect that proper time smoothly
changes from point to point. To synchronize clocks of local reference frames we use
classical procedure of exchange light signals.
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From mathematical point of view this is problem to integrate differential form.
However, a change of function along a loop is
∆x(i) =
∮
dx(i)
=
∫ ∫
c
(i)
(k)(l)dx
(k) ∧ dx(l)
=
∫ ∫
c
(i)
(k)(l)e
(k)
k e
(l)
l dx
k ∧ dxl
(5.3.15)
Somebody may have impression that we cannot synchronize clock, however
this conflicts with our observation. We accept that synchronization is possible until
we introduce time along non closed lines. Synchronization breaks when we try
synchronize clocks along closed line.
This means ambiguity in definition of anholonomic coordinates. 
From now on we will not make a difference between holonomic and anholonomic
coordinates. Also, we will denote b
(l)
(k) as a
−1(l)
(k) in the Lorentz transformation
(5.2.1).
Even form dx(k) is not exact differential, we can see that form d2x(k) is exterior
differential of form dx(k). Therefore
(5.3.16) d3x(k) = 0
We can represent exterior differential of form, written in anholonomic coordi-
nates, as
d(a(i1)...(in)dx
(i1) ∧ ... ∧ dx(in))
=a(i1)...(in),pdx
p ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)ddx
(i1) ∧ ... ∧ dx(in) − ...− (−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ ddx(in)
=a(i1)...(in),(p)e
(p)
p e
p
(r)dx
(r) ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)c
(i1)
(p)(r)dx
(p) ∧ dx(r) ∧ ... ∧ dx(in) − ...
−(−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ c
(in)
(p)(r)dx
(p) ∧ dx(r)
=(a(i1)...(in),(p) − a(r)...(in)c
(r)
(p)(i1)
− ...− a(i1)...(r)c
(r)
(p)(in)
)dx(p) ∧ dx(i1) ∧ ... ∧ dx(in)
In case of form d3x(k) we get equation
(5.3.17)
d(c
(k)
(i)(j)dx
(i) ∧ dx(j))
= (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j)
From equations (5.3.16) and (5.3.17) it follows
(5.3.18) (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j) = 0
It is easy to see that
(5.3.19)
(−c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= (−c
(k)
(r)(j)c
(r)
(p)(i) + c
(k)
(r)(i)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= −2c
(k)
(r)(j)c
(r)
(p)(i)dx
(i) ∧ dx(j)
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Substituting from (5.3.19) into (5.3.18) gives
(5.3.20) (c
(k)
(i)(j),(p) − 2c
(k)
(r)(j)c
(r)
(p)(i))dx
(p) ∧ dx(i) ∧ dx(j) = 0
From (5.3.20), it follows
(5.3.21)
c
(k)
(i)(j),(p) + c
(k)
(j)(p),(i) + c
(k)
(p)(i),(j)
= 2c
(k)
(r)(j)c
(r)
(p)(i) + 2c
(k)
(r)(p)c
(r)
(i)(j) + 2c
(k)
(r)(i)c
(r)
(j)(p)
We define the curvature form for connection (5.3.1)
Ω = dω + [ω, ω]
ΩD = dωD + CDABω
A ∧ ωB = RDijdx
i ∧ dxj
where we defined a curvature object
RDij = ∂iΓ
D
j − ∂jΓ
D
i + C
D
ABΓ
A
i Γ
B
j + Γ
D
k c
k
ij
The curvature form for the connection (5.3.2) is
(5.3.22) Ωac = dω
a
c + ω
a
b ∧ ω
b
c
where we defined a curvature object
(5.3.23) RDij = R
a
bij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi + Γ
a
bkc
k
ij
We introduce Ricci tensor
Rbj = R
a
baj = ∂aΓ
a
bj − ∂jΓ
a
ba + Γ
a
caΓ
c
bj − Γ
a
cjΓ
c
ba + Γ
a
bkc
k
aj
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Geometrical Object
6.1. Metric-affine Manifold
For connection (5.3.2) we defined the torsion form
(6.1.1) T a = d2xa + ωab ∧ dx
b
From (5.3.2) it follows
(6.1.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c ∧ dxb
Putting (6.1.2) and (5.3.14) into (6.1.1) we get
(6.1.3) T a = T acbdx
c ∧ dxb = −cacbdx
c ∧ dxb + (Γabc − Γ
a
cb)dx
c ∧ dxb
where we defined torsion tensor
(6.1.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Commutator of second derivatives has form
(6.1.5) uα;kl − u
α
;lk = R
α
βlku
β − T plku
α
;p
From (6.1.5) it follows that
(6.1.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d − T pbcξ
a
;p
In Rieman space we have metric tensor gij and connection Γ
k
ij . One of the
features of the Rieman space is symetricity of connection and covariant derivative of
metric is 0. This creates close relation between metric and connection. However the
connection is not necessarily symmetric and the covariant derivative of the metric
tensor may be different from 0. In latter case we introduce the nonmetricity
(6.1.7) Qijk = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Due to the fact that derivative of the metric tensor is not 0, we cannot raise
or lower index of a tensor under derivative as we do it in regular Riemann space.
Now this operation changes to next
ai;k = g
ijaj;k + g
ij
;kaj
This equation for the metric tensor gets the following form
gab;k = −g
aigbjgij;k
Definition 6.1.1. We call a manifold with a torsion and a nonmetricity the
metric-affine manifold [12]. 
If we study a submanifold Vn of a manifold Vn+m, we see that the immersion
creates the connection Γαβγ that relates to the connection in manifold as
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
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Therefore there is no smooth immersion of a space with torsion into the Riemann
space.
6.2. Geometrical Meaning of Torsion
Suppose that a and b are non collinear vectors in a point A (see figure 6.2.1).
We draw the geodesic La through the
point A using the vector a as a tan-
gent vector to La in the point A. Let
τ be the canonical parameter on La
and
dxk
dτ
= ak
We transfer the vector b along the
geodesic La from the point A into a
point B that defined by any value of
the parameter τ = ρ > 0. We mark
the result as b′.
We draw the geodesic Lb through the
point A using the vector b as a tan-
gent vector to Lb in the point A. Let
ϕ be the canonical parameter on Lb
and
dxk
dϕ
= bk
We transfer the vector a along the
geodesic Lb from the point A into a
point D that defined by any value of
the parameter ϕ = ρ > 0. We mark
the result as a′.
We draw the geodesic Lb′ through
the point B using the vector b′ as a
tangent vector to Lb′ in the point B.
Let ϕ′ be the canonical parameter on
Lb′ and
dxk
dϕ′
= b′k
We define a point C on the geodesic
Lb′ by parameter value ϕ
′ = ρ
We draw the geodesic La′ through
the point D using the vector a′ as a
tangent vector to La′ in the point D.
Let τ ′ be the canonical parameter on
La′ and
dxk
dτ ′
= a′k
We define a point E on the geodesic
La′ by parameter value τ
′ = ρ
Formally lines AB and DE as well as lines AD and BC are parallel lines.
Lengths of AB and DE are the same as well as lengths of AD and BC are the
same. We call this figure a parallelogram based on vectors a and b with the origin
in the point A.
Theorem 6.2.1. Suppose CBADE is a parallelogram with a origin in the point
A; then the resulting figure will not be closed [17]. The value of the difference of
coordinates of points C and E is equal to surface integral of the torsion over this
parallelogram6.1
∆CEx
k =
∫∫
T kmndx
m ∧ dxn
Proof. We can find an increase of coordinate xk along any geodesic as
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
where τ is canonical parameter and we take values of derivatives and components
Γkmn in the initial point. In particular we have
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
6.1Proof of this statement I found in [22]
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Figure 6.2.1. Meaning of Torsion
along the geodesic La and
(6.2.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
along the geodesic Lb′ . Here
(6.2.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
is the result of parallel transfer of bk from A to B and
(6.2.3) dxk = ∆ABx
k = akρ
with precision of small value of first level. Putting (6.2.3) into (6.2.2) and (6.2.2)
into (6.2.1) we will receive
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Common increase of coordinate xK along the way ABC has form
∆ABCx
k = ∆ABx
k +∆BCx
k =
(6.2.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
Similar way common increase of coordinate xK along the way ADE has form
∆ADEx
k = ∆ADx
k +∆DEx
k =
(6.2.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
From (6.2.4) and (6.2.5), it follows that
∆ADEx
k −∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
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For small enough value of ρ underlined terms annihilate each other and we get
integral sum for expression
∆ADEx
k −∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m ∧ dxn
However it is not enough to find the difference
∆ADEx
k −∆ABCx
k
to find the difference of coordinates of points C and E. Coordinates may be anholo-
nomic and we have to consider that coordinates along closed loop change (5.3.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m ∧ dxn
where c is anholonomity object.
Finally the difference of coordinates of points C and E is
∆CEx
k = ∆ADEx
k −∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m ∧ dxn
Using (6.1.4) we prove the statement. 
6.3. Relation between Connection and Metric
Now we want to find how we can express connection if we know metric and
torsion. According to definition
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
We move derivative of g and torsion to the left-hand side.
(6.3.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Changing order of indexes we write two more equations
(6.3.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(6.3.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
If we substruct equation (6.3.1) from sum of equations (6.3.2) and (6.3.1) we get
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Finally we get
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)
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Application in General Relativity
7.1. Synchronization of Reference Frame
Because an observer uses an orthogonal basis for measurement at each point
we can expect that he uses anholonomic coordinates as well. We also see that the
time coordinate along a local reference frame is the observer’s proper time. Because
the reference frame consists of local reference frames, we expect that their proper
times are synchronized.
We introduce the synchronization of reference frame as the anholonomic
time coordinate.
Because synchronization is the anholonomic coordinate it introduces new physi-
cal phenomena that we should keep in mind when working with strong gravitational
fields or making precise measurements. I describe one of these phenomena below.
7.2. Anholonomic Coordinates in Central Body Gravitational Field
We will study an observer orbiting around a central body. The results are only
estimation and are good when eccentricity is near 0 because we study circular orbits.
However, the main goal of this estimation is to show that we have a measurable
effect of anholonomity.
We use the Schwarzschild metric of a central body
(7.2.1) ds2 =
r − rg
r
c2dt2 −
r
r − rg
dr2 − r2dφ2 − r2sin2φdθ2
rg =
2Gm
c2
G is the gravitational constant, m is the mass of the central body, c is the speed of
light.
Connection in this metric is
Γ010 =
rg
2r(r − rg)
Γ100 =
rg(r − rg)
2r3
Γ111 = −
rg
2r(r − rg)
Γ122 = −(r − rg)
Γ133 = −(r − rg) sin
2 φ
Γ212 = −
1
r
Γ233 = − sinφ cosφ
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Γ313 = −
1
r
Γ323 = cotφ
I want to show one more way to calculate the Doppler shift. The Doppler shift
in gravitational field is well known issue, however the method that I show is useful
to better understand physics of gravitational field.
We can describe the movement of photon in gravitational field using its wave
vector ki. The length of this vector is 0; k
i
dxi
= const; a trajectory is geodesic and
therefore coordinates of this vector satisfy to differential equation
(7.2.2) dki = −Γiklk
kdxl
We looking for the frequency ω of light and k0 is proportional ω. Let us consider
the radial movement of a photon. In this case wave vector has form k = (k0, k1, 0, 0).
In the central field with metric (7.2.1) we can choose
k0 =
ω
c
√
r
r − rg
k1 = ω
√
r − rg
r
dt =
k0
k1
dr =
1
c
r
r − rg
dr
Then the equation (7.2.2) gets form
dk0 = −Γ010(k
1dt+ k0dr)
d
(
ω
c
√
r
r − rg
)
= −
rgω
2r(r − rg)
(√
r − rg
r
r
r − rg
+
√
r
r − rg
)
dr
c
dω
√
r
r − rg
− ω
1
2
√
r − rg
r
rgdr
(r − rg)2
= −
rgωdr
r(r − rg)
√
r
r − rg
dω
ω
= −
rg
2r(r − rg)
dr
lnω =
1
2
ln
r
r − rg
+ lnC
If we define ω = ω0 when r =∞, we get finally
ω = ω0
√
r
r − rg
7.3. Time Delay in Central Body Gravitational Field
We will study orbiting around a central body. The results are only an estimation
and are good when eccentricity is near 0 because we study circular orbits. However,
the main goal of this estimation is to show that we have a measurable effect of
anholonomity.
Let us compare the measurements of two observers. The first observer fixed his
position in the gravitational field
t =
s
c
√
r
r − rg
r = const, φ = const, θ = const
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The second observer orbits the center of the field with constant speed
t = s
√
r
(r − rg)c2 − α2r3
φ = α s
√
r
(r − rg)c2 − α2r3
r = const, θ = const
We choose a natural parameter for both observers.
The second observer starts his travel when s = 0 and finishes it when returning
to the same spatial point. Because φ is a cyclic coordinate the second observer
finishes his travel when φ = 2π. We have at this point
s2 =
2π
α
√
(r − rg)c2 − α2r3
r
t = T =
2π
α
The value of the natural parameter for the first observer at this point is
s1 =
2π
α
c
√
r − rg
r
The difference between their proper times is
∆s = s1 − s2 =
2π
α
(
c
√
r − rg
r
−
√
(r − rg)c2 − α2r3
r
)
We have a difference in centimeters. To get this difference in seconds we should
divide both sides by c.
∆t =
2π
α
(√
r − rg
r
−
√
r − rg
r
−
α2r2
c2
)
Now we get specific data.
The mass of the Sun is 1.9891033 g, the Earth orbits the Sun at a distance of
1.4959851013 cm from its center during 365.257 days. In this case we get ∆t =
0.155750625445089 s. Mercury orbits the Sun at a distance of 5.7911012 cm from
its center during 58.6462 days. In this case we get ∆t = 0.145358734930827 s.
The mass of the Earth is 5.9771027 g. The spaceship that orbits the Earth at
a distance of 6.916108 cm from its center during 95.6 mins has ∆t = 1.831810 − 6
s. The Moon orbits the Earth at a distance of 3.841010 cm from its center during
27.32 days. In this case we get ∆t = 1.37210 − 5 s.
For better presentation I put these data to tables 7.3.1, 7.3.2, and 7.3.3.
Because clocks of first observer show larger time at meeting, first observer
estimates age of second one older then real. Hence, if we get parameters of S2 orbit
from [10], we get that if first observer estimates age of S2 as 10 Myr then S2 will
be .297 Myr younger.
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Table 7.3.1. Sun is central body, mass is 1.9891033 g
Sputnik Earth Mercury
distance, cm 1.4959851013 5.7911012
orbit period, days 365.257 58.6462
Time delay s 0.15575 0.14536
Table 7.3.2. Earth is central body, mass is 5.9771027 g
Sputnik spaceship Moon
distance, cm 6.916108 3.841010
orbit period 95.6 mins 27.32 days
Time delay, s 1.831810 − 6 1.37210 − 5
Table 7.3.3. Sgr A is central body, S2 is sputnik
mass, M⊙ 4.1106 3.7106
distance sm 1.46921016 1.15651016
orbit period, years 15.2 15.2
Time delay, min 164.7295 153.8326
7.4. Lorentz Transformation in Orbital Direction
The reason for the time delay that we estimated above is in Lorentz transforma-
tion between stationary and orbiting observers. This means that we have rotation
in plain (e(0), e(2)). The basis vectors for stationary observer are
e(0) = (
1
c
√
r
r − a
, 0, 0, 0)
e(2) = (0, 0,
1
r
, 0)
We assume that for orbiting observer changes of φ and t are proportional and
dφ = ωdt
Unit vector of speed in this case should be proportional to vector
(7.4.1) (1, 0, ω, 0)
The length of this vector is
(7.4.2) L2 =
r − a
r
c2 − r2ω2
We see in this expression very familiar pattern and expect that linear speed of
orbiting observer is V = ωr.
However we have to remember that we make measurement in gravitational field
and coordinates are just tags to label points in spacetime. This means that we need
a legal method to measure speed.
If an object moves from point (t, φ) to point (t+dt, φ+dφ) we need to measure
spatial and time intervals between these points. We assume that in both points
there are observers A and B. Observer A sends the same time light signal to B
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and ball that has angular speed ω. Whatever observer B receives, he sends light
signal back to A.
When A receives first signal he can estimate distance to B. When A receives
second signal he can estimate how long ball moved to B.
The time of travel of light in both directions is the same. Trajectory of light is
determined by equation ds2 = 0. In our case we have
r − rg
r
c2dt2 − r2dφ2 = 0
When light returns back to observer A the change of t is
dt = 2
√
r
r − rg
c−1rdφ
The proper time of first observer is
ds2 =
r − rg
r
c24
r
r − rg
c−2r2dφ2
Therefore spatial distance is
L = rdφ
When object moving with angular speed ω gets to B change of t is dφ
ω
. The proper
time at this point is
ds2 =
r − rg
r
c2dφ2ω−2
T =
√
r − rg
r
ω−1dφ
Therefore the observer A measures speed
V =
L
T
=
√
r
r − rg
rω
We can use speed V as parameter of Lorentz transformation. Then length
(7.4.2) of vector (7.4.1) is
L =
√
r − rg
r
(
c2 −
r
r − rg
r2ω2
)
=
√
r − rg
r
c
√(
1−
V 2
c2
)
Therefore time ort of moving observer is
e′(0) =
(
1
L
, 0,
ω
L
, 0
)
e′(0) =

√ r
r − rg
c−1
1√(
1− V
2
c2
) , 0, ω
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0


Spatial ort e′(2) = (A, 0, B, 0) is orthogonal e
′
(0) and has length −1. Therefore
(7.4.3)
r − rg
r
c2
1
L
A− r2
ω
L
B = 0
(7.4.4)
r − rg
r
c2A2 − r2B2 = −1
We can express A from (7.4.3)
A = c−2
r
r − rg
r2ωB
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and substitute into (7.4.4)
c−2
r
r − rg
r4ω2B2 − r2B2 = −1
V 2
c2
r2B2 − r2B2 = −1
Finally spatial ort in direction of movement is
e′(2) =

c−2 r
r − rg
rω
1√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


e′(2) =

c−2√ r
r − rg
V√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


Therefore we get transformation
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(2)
e′(2) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(2)
(7.4.5)
If a stationary observer sends light in a radial direction, the orbiting observer ob-
serves Doppler shift
ω′ =
ω√
1− V
2
c2
We need to add Doppler shift for gravitational field if the moving observer receives
a radial wave that came from infinity. In this case the Doppler shift will take the
form
ω′ =
√
r
r − rg
ω√
1− V
2
c2
We see the estimation for dynamics of star S2 that orbits Sgr A in tables 7.4.1
and 7.4.2. The tables are based on two different estimations for mass of Sgr A.
If we get mass Sgr 4.1106M⊙ [10] then in pericentre (distance 1.8681015 cm)
S2 has speed 738767495.4 cm/s and Doppler shift is ω′/ω = 1.000628. In this case
we measure length 2.16474µm for emitted wave with length 2.1661µm (Br γ). In
apocentre (distance 2.7691016cm) S2 has speed 49839993.28cm/s and Doppler shift
is ω′/ω = 1.0000232. We measure length 2.166049µm for the same wave. Difference
between two measurements of wave length is 13.098A˚
If we get mass Sgr 3.7106M⊙ [11] then in pericentre (distance 1.8051015cm)
S2 has speed 713915922.3cm/s and Doppler shift is ω′/ω = 1.000587. In this
case we measure length 2.16483µm for emitted wave with length 2.1661µm (Br γ).
In apocentre (distance 2.6761016cm) S2 has speed 48163414.05cm/s and Doppler
shift is ω′/ω = 1.00002171. We measure length 2.1666052µm for the same wave.
Difference between two measurements of wave length is 12.232A˚
Difference between two measurements of wavelength in pericentre is 0.9A˚. An-
alyzing this data we can conclude that the use of Doppler shift can help improve
estimation of the mass of Sgr A.
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Table 7.4.1. Doppler shift on the Earth of a wave emitted from
S2; mass of Sgr A is 4.1106M⊙ [10]
pericentre apocentre
distance cm 1.8681015 2.7691016
speed cm/s 738767495.4 49839993.28
ω′/ω 1.000628 1.0000232
emitted wave (Br γ) µm 2.1661 2.1661
observed wave µm 2.16474 2.166049
Difference between two measurements of wavelength is 13.098A˚
Table 7.4.2. Doppler shift on the Earth of wave emitted from S2;
mass of Sgr A is 3.7106M⊙ [11]
pericentre apocentre
distance cm 1.8051015 2.6761016
speed cm/s 713915922.3 48163414.05
ω′/ω 1.000587 1.00002171
emitted wave (Br γ) µm 2.1661 2.1661
observed wave µm 2.16483 2.1666052
Difference between two measurements of wavelength is 12.232A˚
7.5. Lorentz Transformation in Radial Direction
We see that the Lorentz transformation in orbial direction has familiar form.
It is very interesting to see what form this transformation has for radial direction.
We start from procedure of measurement speed and use coordinate speed v
(7.5.1) dr = vdt
The time of travel of light in both directions is the same. Trajectory of light is
determined by equation ds2 = 0.
r − rg
r
c2dt2 −
r
r − rg
dr2 = 0
When light returns back to observer A the change of t is
dt = 2
r
r − rg
c−1dr
The proper time of observer A is
ds2 =
r − rg
r
c24
r2
r − rg2
c−2dr2 =
= 4
r
r − rg
dr2
Therefore spatial distance is
L =
√
r
r − rg
dr
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When object moving with speed (7.5.1) gets to B change of t is dr
v
. The proper
time of observer A at this point is
ds2 =
r − rg
r
c2dr2v−2
T =
√
r − rg
r
v−1dr
Therefore the observer A measures speed
V =
L
T
==
√
r
r−rg
dr√
r−rg
r
v−1dr
=
=
r
r − rg
v
Now we are ready to find out Lorentz transformation. The basis vectors for
stationary observer are
e(0) =
(
1
c
√
r
r − rg
, 0, 0, 0
)
e(1) =
(
0,
√
r − rg
r
, 0, 0
)
Unit vector of speed should be proportional to vector
(7.5.2) (1, v, 0, 0)
The length of this vector is
L2 =
r − rg
r
c2 −
r
r − rg
v2 =
=
r − rg
r
c2
(
1−
V 2
c2
)(7.5.3)
Therefore time ort of moving observer is
e′(0) =
(
1
L
,
v
L
, 0, 0
)
=
=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , v
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0, 0


=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , Vc
√
r − rg
r
1√(
1− V
2
c2
) , 0, 0


Spatial ort e′(1) = (A,B, 0, 0) is orthogonal e
′
(0) and has length −1. Therefore
(7.5.4)
r − rg
r
c2
1
L
A−
r
r − rg
v
L
B = 0
(7.5.5)
r − rg
r
c2A2 −
r
r − rg
B2 = −1
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We can express A from (7.5.4)
A = c−2
r2
(r − rg)2
vB = c−2
r
r − rg
V B
and substitute into (7.5.5)
r − rg
r
c2c−4
r2
(r − rg)2
V 2B2 −
r
r − rg
B2 = −1
r
r − rg
B2
(
1−
V 2
c2
)
= 1
B2 =
r − rg
r
1
1− V
2
c2
B =
√
r − rg
r
1√
1− V
2
c2
A = c−2
r
r − rg
V
√
r − rg
r
1√
1− V
2
c2
= c−2V
√
r
r − rg
1√
1− V
2
c2
Finally spatial ort in direction of movement is
e′(1) =

c−2V√ r
r − rg
1√
1− V
2
c2
,
√
r − rg
r
1√
1− V
2
c2
, 0, 0


Therefore we get transformationin in familiar form
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(1)
e′(1) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(1)
(7.5.6)
7.6. Doppler Shift in Friedman Space
We consider another example in Friedman space. Metric of the space is
ds2 = a2(dt2 − dχ2 − sin2 χ(dθ2 − sin2 θdφ2))
for closed model and
ds2 = a2(dt2 − dχ2 − sinh2 χ(dθ2 − sin2 θdφ2))
for open one. Connection in this space is (α, β get values 1, 2, 3)
Γ000 =
a˙
a
Γ0αα = −
a˙
a2
gαα
Γα0β =
a˙
a
δαβ
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Because space is homogenius we do not care about direction of light. In this
case
dk0 = −Γ0ijk
ikj
Because k is isotropic vector tangent to its trajectory we have
dxα =
kα
k0
dt
Because k0 = ω
a
, than
d
ω
a
= −
da
a2
ω +
da
ωa
gααk
αkα = −2
da
a2
ω
adω + ωda = 0
aω = const
Therefore when a grows ω becomes smaller and length of waves grows as well.
a grows during light travel through spacetime and this leads to red shift. We
observe red shift because geometry changes, but not because galaxies runs away
one from other.
Now we want to see how red shift changes with time if initial and final points
do not move. For simplicity I will change only χ. Initial value is χ1 and final value
is χ2. Because dt = dχ on light trajectory we have
χ = χ1 + t− t1 t2 = χ2 − χ1 + t1
Therefore a(t1)ω1 = a(t2)ω2. Doppler shift is
K(t1) =
ω2
ω1
=
a(t1)
a(t2)
If initial time changes t’1 = t1 + dt then K(t1 + dt) = a(t1 + dt) / a(t2 + dt)
Time derivative of K is
K˙ =
a˙1a2 − a1a˙2
a22
For closed space a = cosh t. Then a˙ = sinh t.
K˙ =
sinh t1 cosh t2 − sinh t2 cosh t1
cosh2 t2
=
sinh(t1 − t2)
cosh2 t2
K decreases when t1 increases.
7.7. Lorentz Transformation in Friedman Space
To learn Lorentz transformation in Friedman space I want to use metric in form
ds2 = c2dt2 − a2(dχ2 + b2(dθ2 − sin2 θdφ2))
Now I have 2 observers. One does not move and has speed (1, 0, 0, 0), and another
moves along χ and his speed is C = (1, v, 0, 0) and we assme V = av.
Metric is diagonal and coordinates θ, φ do not change. We have transformation
in plane t, χ.
Unit speed of first observer is
e0 = (
1
c
, 0, 0, 0)
and vector orthonormal this one is
e1 = (0,
1
a
, 0, 0)
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The length of vector C is
L =
√
c2 − a2v2 = c
√
1−
V 2
c2
Therefore unit vector of speed of second observer is
e′0 = (
1
L
,
v
L
, 0, 0)
We look for vector
e′1 = (A,B, 0, 0)
that is orthogonal to vector e′0. For this we have
(7.7.1) c2A2 − a2B2 = −1
(7.7.2) c2A
1
L
− a2B
v
L
= 0
We get from the equation (7.7.2)
(7.7.3) A =
a2
c2
vB
We substitute (7.7.3) into (7.7.1) and get
B2(
a4
c2
v2 − a2) = −1
B =
1
a
√
1− V
2
c2
Therefore basis of second observer is
e′0 = (
1
c
√
1− V
2
c2
,
V
ca
√
1− V
2
c2
, 0, 0)
e′1 = (
V
c2
√
1− V
2
c2
,
1
a
√
1− V
2
c2
, 0, 0)
Now we can express e′ through e
e′0 =
1√
1− V
2
c2
e0 +
V
c
1√
1− V
2
c2
e1
e′1 =
V
c
1√
1− V
2
c2
e0 +
1√
1− V
2
c2
e1

CHAPTER 8
Geometry of Metric-Affine Manifold
8.1. Line with Extreme Length
There are two different definitions of a geodesic curve in the Riemann man-
ifold. One of them relies on the parallel transport. We call an appropriate line
auto parallel. Another definition depends on the length of trajectory. We call
an appropriate line extreme. In a metric-affine manifold these lines have differ-
ent equations [17]. Equation of auto parallel line does not change. However, the
equation of extreme line changes8.1.
Theorem 8.1.1. Let xi = xi(t, α) be a line depending on a parameter α with fixed
points at t = t1 and t = t2 and we define its length as
(8.1.1) s =
∫ t2
t1
√
gij
dxi
dt
dxj
dt
dt
Then
(8.1.2) δs =
∫ t2
t1
(
1
2
(gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
where δxk is the change of a line when α changes.
Proof. We have
ds
dt
=
√
gij
dxi
dt
dxj
dt
and
δs =
∫ t2
t1
δ
(
gij
dxi
dt
dxj
dt
)
2 ds
dt
dt
We can estimate the numerator of this fraction as
gij,kδx
k dx
i
dt
dxj
dt
+ 2gijδ
dxi
dt
dxj
dt
=
= gij;kδx
kdxidt
dxj
dt
+ 2gijΓ
i
lkδx
k dx
l
dt
dxj
dt
+ 2gijd
δxi
dt
dxj
dt
=
= gij;kδx
k dx
i
dt
dxj
dt
+ 2gij
Dδxi
dt
dxj
dt
and we have
δs =
∫ t2
t1
gij;kδx
kdxi dx
j
dt
+ 2gijDδx
i dx
j
dt
2 ds
dt
8.1To derive the equation (8.1.3) I follow the ideas that Rashevsky [23] implemented for the
Riemann manifold
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=
∫ t2
t1
(
1
2
gij;kδx
kdxi
dxj
ds
+ gijDδx
i dx
j
ds
)
=
∫ t2
t1
(
1
2
gkj;iδx
i dx
k
ds
ds
dxj
ds
+ d
(
gijδx
i dx
j
ds
)
− gij;k
dxk
ds
ds
dxj
ds
δxi − gijD
dxj
ds
δxi
)
=
(
gijδx
i dx
j
ds
)∣∣∣∣t2
t1
+
∫ t2
t1
(
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
First term is 0 because points, when t = t1 and t = t2, are fixed. Therefore, we
have got the statement of the theorem. 
Theorem 8.1.2. An extreme line satisfies equation
(8.1.3)
D dx
l
ds
ds
=
1
2
gil (gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
Proof. To find a line with extreme length we use the functional (8.1.1). Since
δs = 0,
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
= 0
follows from (8.1.2). 
Theorem 8.1.3. Parallel transport along an extreme line holds length of tangent
vector.
Proof. Let
vi =
dxi
ds
be the tangent vector to extreme curve. From theorem 8.1.2 it follows that
Dvl
ds
= gil
1
2
(gkj;i − gik;j − gij;k) v
kvj
and
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl + gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Therefore length of the vector vi does not change along extreme curve. 
8.2. Frenet Transport
All equations that we derived before are different, however they have something
common in their structure. All these equations express movement along a line and
in the right side of them we can see the curvature of this line.
By definition curvature of a line is
ξ(s) =
∣∣∣∣∣D
dxl
ds
ds
∣∣∣∣∣
Therefore we can introduce unit vector e1 such that
D dx
l
ds
ds
= ξel1
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Knowledge of the transport of a basis along a line is very important, because it
allows us to study how spacetime changes when an observer moves through it. Our
task is to discover equations similar to the Frenet transport in the Riemann space.
We design the accompaniment basis νik the same way we do it in the Riemann
space.
Vectors
ξi(t) =
dxi(t)
dt
,
Dξi
dt
, ...
Dn−1ξi
dtn−1
in general are linearly independent. We call plane that we create on the base of
first p vectors as p-th osculating plane Rp. This plane does not depend on choice
of parametr t.
Our next task is to create orthogonal basis which shows us how line changes.
We get vector νi1 ∈ R1 so it is tangent to line. We get vector ν
i
p ∈ Rp, p > 1 such
that νip is orthogonal to Rp−1. If original line is not isotropic then each ν
i
p also is
not isotropic and we can get unit vector in the same direction. We call this basis
accompaniment.
Theorem 8.2.1. The Frenet transport in the metric-affine manifold gets the
form
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p−
−ǫpǫp−1ξp−1ν
i
p−1 + ξpν
i
p+1
(8.2.1)
ǫk = sign(gpqν
p
kν
q
k)
Here νak is vector of basis, moving along line,
ǫk = sign(gpqν
p
kν
q
k)
Proof. We introduce vectors νak in this way that
(8.2.2)
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p + a
q
pν
i
q
where aqp = 0 when q > p + 1. Now we can determine coefficients a
q
p. If we get
derivative of the equation
gijν
i
pν
j
q = const
and substitute (8.2.2) we get the equation
dgijν
i
aν
j
b
ds
=
Dgij
ds
νiaν
j
b + gij
Dνia
ds
νjb + gijν
i
a
Dνjb
ds
=
= gij;kν
k
1 ν
i
aν
j
b+
+gij(
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
a + a
q
aν
i
q)ν
j
b+
+gijν
i
a(
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + a
q
bν
i
q) =
= gij;kν
k
1 ν
i
aν
j
b+
+gij
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
aν
j
b + gija
q
aν
i
qν
j
b+
+gijν
i
a
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + gijν
i
aa
q
bν
i
q =
=
1
2
νk1 ν
i
aν
j
b (2gij;k + gki;j − gkj;i − gji;k + gkj;i − gki;j − gij;k)+
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+ǫba
b
a ++ǫaa
a
b = 0
aqp = 0 when q > p + 1 by definition. Therefore a
q
p = 0 when q < p − 1.
Introducing ξp = a
p+1
p we get
app+1 = −ǫpǫp+1ξp
When q = p we get
app = 0
We get (8.2.1) when substitute aqp in (8.2.2). 
8.3. Lie Derivative
Vector field ξk on manifold generates infinitesimal transformation
(8.3.1) x′k = xk + ǫξk
which leads to the Lie derivative. Lie derivative tells us how the object changes
when we move along the vector field.
Theorem 8.3.1. Lie derivative of metric has form
(8.3.2) Lξgab = ξ
k
;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k
Proof. We start from transformation (8.3.1). Then
gab(x
′) = gab(x) + gab,cǫξ
c
g′ab(x
′) =
∂xc
∂x′a
∂xd
∂x′b
gcd(x)
= gab − ǫξ
c
,agcb − ǫξ
c
,bgac
According to definition of Lie derivative we have
Lξgab = gab(x
′)− g′ab(x
′)
= gab,cǫξ
c + ǫξc,agcb + ǫξ
c
,bgac
= (gab;<c> + Γdacgdb + Γ
d
bcgad)ǫξ
c
+ ǫ(ξc;<a> − Γ
c
daξ
d)gcb + ǫ(ξ
c
;<b> − Γ
c
dbξ
d)gac
Lξgab = gab;<c>ξ
c + Γdacgdbξ
c + Γdbcgadξ
c
+ ξc;<a>gcb − Γ
c
daξ
dgcb + ξ
c
;<b>gac − Γ
c
dbξ
dgac
(8.3.3)
(8.3.2) follows from (8.3.3) and (6.1.4). 
Theorem 8.3.2. Lie derivative of connection has form
(8.3.4) LξΓ
a
bc = −R
a
bcpξ
p − T abp;<c>ξ
p − T abeξ
e
;<c> + ξ
a
;<bc>
Proof. We start from transformation (8.3.1). Then
Γabc(x
′) = Γabc(x
′) +Aabc(x
′)
= Γabc(x) + Γ
a
bc,pǫξ
p +Aabc(x) +A
a
bc,pǫξ
p
= Γabc(x) + Γ
a
bc,pǫξ
p
(8.3.5)
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Γ′abc(x
′) = Γ′abc(x
′) +A′abc(x
′)
=
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Γefg(x) +
∂x′a
∂xe
∂2xe
∂x′b∂x′c
+
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Aefg(x)
= Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be + (δ
a
e + ǫξ
a
,e)(−ǫξ
e
,cb))
+Aabc + ǫξ
a
,eA
e
bc − ǫξ
e
,bA
a
ec − ǫξ
e
,cA
a
be
(8.3.6) Γ′abc(x
′) = Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be − ǫξ
a
,cb
By definition
ξa;<e> = ξ
a
,e + Γ
a
peξ
p
(8.3.7) ξa,e = ξ
a
;<e> − Γ
a
peξ
p
ξa;<ef> = ξ
a
;<e>,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
;<f> − Γ
a
peΓ
p
rfξ
r + Γapfξ
p
;<e> − Γ
p
ef ξ
a
;<p>
(8.3.8) ξa,ef = ξ
a
;<ef> − Γ
a
pe,fξ
p − Γapeξ
p
;<f> + Γ
a
peΓ
p
rfξ
r − Γapfξ
p
;<e> + Γ
p
efξ
a
;<p>
We substitute (8.3.8) and (8.3.7) into (8.3.6) and get
Γ′abc(x
′)
= Γabc + ǫ(ξ
a
;<e>
4:T
− Γapeξ
p)Γebc − ǫ(ξ
e
;<b>
2
− Γepbξ
p
1
)Γaec − ǫ(ξ
e
;<c>
3:T
− Γepcξ
p)Γabe
− ǫ(ξa;<cb> − Γ
a
pc,bξ
p − Γapcξ
p
;<b>
2
+ ΓapcΓ
p
rbξ
r
1
− Γapbξ
p
;<c>
3
+ Γpcbξ
a
;<p>
4
)
(8.3.9)
Γ′abc(x
′) = Γabc + ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p)
According definition of Lie derivative we have using (8.3.5) and (8.3.9)
LξΓabc = (Γ
a
bc(x
′)− Γ′abc(x
′))ǫ−1
= (Γabc + Γ
a
bc,pǫξ
p
− Γabc − ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p))ǫ−1
(8.3.10)
LξΓabc = Γ
a
bc,pξ
p − ξa;<e>T
e
cb + Γ
a
peξ
pΓebc − ξ
e
;<c>T
a
be − Γ
e
pcξ
pΓabe + ξ
a
;<cb> − Γ
a
pc,bξ
p
From (8.3.10) and (6.1.4) it follows
LξΓabc = Γ
a
cb,pξ
p − Γacp,bξ
p
+ ΓapeΓ
e
bcξ
p
3:T
− ΓaepΓ
e
bcξ
p
3
+ ΓaepΓ
e
bcξ
p
4:T
− ΓaepΓ
e
cbξ
p
4
+ ΓaepΓ
e
cbξ
p
− ΓepcΓ
a
beξ
p
1:T
+ ΓepcΓ
a
ebξ
p
1
− ΓaebΓ
e
pcξ
p
2:T
+ ΓaebΓ
e
cpξ
p
2
− ΓaebΓ
e
cpξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb> − T
a
cp,bξ
p − T abc,pξ
p
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LξΓabc = Γ
a
cb,pξ
p − Γacp,bξ
p + ΓaepΓ
e
cbξ
p − ΓaebΓ
e
cpξ
p
− T apeΓ
e
bcξ
p
4:T
− ΓaepT
e
bcξ
p
1
− ΓepcT
a
ebξ
p
3:T
− ΓaebT
e
cpξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p + ΓaebT
e
cpξ
p
2
− ΓecbT
a
epξ
p
4
− ΓepbT
a
ceξ
p
5:T
− T abc;<p>ξ
p + ΓaepT
e
bcξ
p
1
− ΓebpT
a
ecξ
p
5
− ΓecpT
a
beξ
p
3
(8.3.11)
From (8.3.11) and (5.3.23) it follows
LξΓabc = R
a
cpbξ
p
− T ecpT
a
ebξ
p − T apeT
e
cbξ
p − T ebpT
a
ceξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p − T abc;<p>ξ
p
LξΓabc = −R
a
cbpξ
p
− (T aebT
e
cp + T
a
epT
e
bc + T
a
ecT
e
pb)ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p − T abc;<p>ξ
p
(8.3.12)
From (8.3.12) and (8.4.1) it follows
LξΓabc = R
a
cpbξ
p
1
−Rabcpξ
p −Rapbcξ
p −Racpbξ
p
1
+ T abc:<p>ξ
p
3
+ T apb;<c>ξ
p + T acp;<b>ξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
2
− T abc;<p>ξ
p
3
(8.3.13) LξΓabc = −R
a
bcpξ
p −Rapbcξ
p − T abp;<c>ξ
p − ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
We substitute (6.1.6) into (8.3.13)
(8.3.14) LξΓabc = −R
a
bcpξ
p−T abp;<c>ξ
p−T ecbξ
a
;<e>
1
−T abeξ
e
;<c>−T
p
bcξ
a
;<p>
1
+ ξa;<bc>
(8.3.4) follows from (8.3.14). 
Corollary 8.3.3. Lie derivative of connection in Rieman space has form
(8.3.15) LξΓ
a
bc = −R
a
cbpξ
p + ξa;cb
Proof. (8.3.15) follows from (8.3.4) when T abc = 0 
8.4. Bianchi Identity
Theorem 8.4.1. The first Bianchi identity for the space with torsion has form
T kij;<m> + T
k
mi;<j> + T
k
jm;<i> + T
k
piT
p
jm + T
k
pmT
p
ij + T
k
pjT
p
mi
= Rkjmi +R
k
ijm + R
k
mij
(8.4.1)
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Proof. Differential of equation (6.1.3) has form
T kij,mθ
m ∧ θi ∧ θj = (Γkji,m − Γ
k
ij,m)θ
m ∧ θi ∧ θj
Two forms are equal when their coefficients are equal. Therefore
T kij,m + T
k
mi,j + T
k
jm,i = Γ
k
ji,m − Γ
k
ij,m + Γ
k
im,j − Γ
k
mi,j + Γ
k
mj,i − Γ
k
jm,i
We express derivatives using covariant derivatives and change order of terms
T kij;<m> − Γ
k
pmT
p
ij
4
+ ΓpimT
k
pj
2:T
− ΓpjmT
k
pi
3:T
+ T kmi;<j> − Γ
k
pjT
p
mi
5
+ ΓpmjT
k
pi
3
− ΓpijT
k
pm
1:T
+ T kjm;<i> − Γ
k
piT
p
jm
6
+ ΓpjiT
k
pm
1
− ΓpmiT
k
pj
2
= Γkji,m − Γ
k
jm,i + Γ
k
pmΓ
p
ji − Γ
k
piΓ
p
jm − Γ
k
pmΓ
p
ji
4
+ ΓkpiΓ
p
jm
6
+ Γkim,j − Γ
k
ij,m + Γ
k
pjΓ
p
im − Γ
k
pmΓ
p
ij − Γ
k
pjΓ
p
im
5
+ ΓkpmΓ
p
ij
4
+ Γkmj,i − Γ
k
mi,j + Γ
k
piΓ
p
mj − Γ
k
pjΓ
p
mi − Γ
k
piΓ
p
mj
6
+ ΓkpjΓ
p
mi
5
T kij;<m> + T
p
miT
k
pj + T
p
jmT
k
pi + T
k
mi;<j> + T
p
ijT
k
pm + T
k
jm;<i>
= Rkjmi +R
k
ijm + R
k
mij
(8.4.2)
(8.4.1) follows from (8.4.2). 
If we get a derivative of form (5.3.22) we will see that the second Bianchi
identity does not depend on the torsion.
8.5. Killing Vector
Invariance of the metric tensor g under the infinitesimal coordinate transfor-
mation (8.3.1) leads to the Killing equation.
Theorem 8.5.1. Killing equation in the metric-affine manifold has form
(8.5.1) ξk;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k = 0
Proof. Invariance of the metric tensor g means that its Lie derivative equal 0
(8.5.2) Lξgab = 0
(8.5.1) folows from (8.5.2) and (8.3.2). 
Theorem 8.5.2. The condition of invariance of the connection in the metric-affine
manifold has form
ξa;<bc> = R
a
bcpξ
p + T abp;<c>ξ
p + T abpξ
p
;<c>(8.5.3)
Proof. Because connection is invariant under the infinitesimal transformation
we have
(8.5.4) LξΓabc = 0
(8.5.3) follows from (8.5.4) and (8.3.4). 
We call equation (8.5.3) the Killing equation of second type and vector ξa
Killing vector of second type.
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Theorem 8.5.3. Killing vector of second type satisfies equation
0 = Rabcpξ
p +Racpbξ
p +Rapbcξ
p
+ T abp;cξ
p + T apc;bξ
p + T pcbξ
a
;<p> + T
a
bpξ
p
;<c> + T
a
pcξ
p
;<b>
(8.5.5)
Proof. From (8.5.3) and (6.1.6) it follows that
Rapbcξ
p − T pbcξ
a
;<p> = R
a
cbpξ
p + T acp;<b>ξ
p + T acpξ
p
;<b>
−Rabcpξ
p − T abp;<c>ξ
p − T abpξ
p
;<c>
(8.5.6)
(8.5.5) follows from (8.5.6). 
Corollary 8.5.4. The Killing equation of second type in the Riemann space is the
identity. The connection in the Riemann space is invariant under any infinitesimal
transformation (8.3.1)
Proof. First of all the torsion is 0. The rest is the consequence of the first
Bianchi identity. 
8.6. Cartan Transport
Theorems 8.1.2 and 8.2.1 state that the movement along a line causes an addi-
tional to the parallel transport transformation of a vector. This transformation is
very important and we call it the Cartan transport. We introduce the Cartan
symbol
Γ(C)ikl =
1
2
gim(gkl;m − gkm;l − gml;k)
and the Cartan connection︷︸︸︷
Γikl = Γ
i
kl − Γ(C)
i
kl = Γ
i
kl −
1
2
gim(gkl;m − gkm;l − gml;k)
Using the Cartan connection we can write the Cartan transport as
dai = −
︷︸︸︷
Γikl a
kdxl
Respectively we define the Cartan derivative︷︸︸︷
∇l a
i = ai;{l} = ∂la
i +
︷︸︸︷
Γikl a
k
︷︸︸︷
D ai = dai +
︷︸︸︷
Γikl a
kdxl
Theorem 8.6.1. The Cartan transport along an extreme line holds length of the
tangent vector.
Proof. Let
vi =
dxi
ds
be the tangent vector to an extreme curve. From theorem 8.1.2 it follows that
Dvl
ds
=
1
2
gil (gkj;i − gik;j − gij;k) v
kvj
and
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl
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+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl+
+gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Therefore the length of the vector vi does not change along the extreme curve. 
We extend the Cartan transport to any geometrical object like we do for the
parallel transport.
Theorem 8.6.2.
gij;{l} = 0
Proof. ︷︸︸︷
∇l gij = ∂lgij −
︷︸︸︷
Γkil gkj −
︷︸︸︷
Γkjl gik =
= gij;l +
1
2
gkm(gil;m − gim;l − gml;i)gkj +
1
2
gkm(gjl;m − gjm;l − gml;j)gik = 0

The Cartan connection
︷︸︸︷
Γikl differs from the connection Γ
i
kl by additional term
which is symmetric tensor. For any connection we introduce standard way de-
rivative and curvature. Statemants of geometry and physics have the same form
independently of whether I use the connection Γikl or the Cartan connection. To
show this we can generalize the idea of the Cartan connection and consider connec-
tion defined by equation
(8.6.1) Γikl = Γ
i
kl +A
i
kl
where A is 0, or the Cartan symbol or any other symmetric tensor. Respectively
we define the derivative
∇la
i = ai;<l> = ∂la
i + Γikla
k
Dai = dai + Γikla
kdxl
and curvature
(8.6.2) Rabij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi
This connection has the same torsion
(8.6.3) T acb = Γ
a
bc − Γ
a
cb
In this context theorem 8.6.1 means that extreme line is geodesic line for the
Cartan connection.
Theorem 8.6.3. Curvature of connection (8.6.1) has form
(8.6.4) Rabde = R
a
bde +A
a
be;d −A
a
bd;e +A
a
cdA
c
be −A
a
ceA
c
bd + S
p
deA
a
bp
where Rabde is curvature of connection Γ
i
kl
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Proof.
Rabde = Γ
a
be,d − Γ
a
bd,e + Γ
a
cd Γ
c
be − Γ
a
ce Γ
c
bd
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ (Γacd +A
a
cd)(Γ
c
be +A
c
be)− (Γ
a
ce +A
a
ce)(Γ
c
bd +A
c
bd)
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ ΓacdΓ
c
be + Γ
a
cdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
− ΓaceΓ
c
bd −A
a
ceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde + A
a
be,d −A
a
bd,e
+ ΓacdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
−AaceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde
+Aabe;d − Γ
a
pdA
p
be2
+ ΓpbdA
a
pe
4
+ ΓpedA
a
bp
1:S
−Aabd;e + Γ
a
peA
p
bd3
− ΓpbeA
a
pd
5
− ΓpdeA
a
bp
1
+ ΓacdA
c
be2
+ ΓcbeA
a
cd5
+AacdA
c
be
− ΓcbdA
a
ce4
− ΓaceA
c
bd3
−AaceA
c
bd

Corollary 8.6.4. Cartan curvature has next form︷︸︸︷
Rabde = R
a
bde − Γ(C)
a
be;d + Γ(C)
a
bd;e
+ Γ(C)acdΓ(C)
c
be − Γ(C)
a
ceΓ(C)
c
bd − T
p
deΓ(C)
a
bp
(8.6.5)
CHAPTER 9
Metric Affine Gravity
9.1. Newton’s Laws: Scalar Potential
The knowledge of dynamics of a point particle is important for us because we
can study how the particle interacts with external fields as well as the properties
of the particle itself.
To study the movement of a point particle we can use a potential of a certain
field. The potential may be scalar or vector.
In case of scalar potential we assume that a point particle has rest mass m and
we use lagrangian function in the following form
L = −mcds− Udx0
where U is scalar potential or potential energy.
Theorem 9.1.1. (First Newton law) If U = 0 (therefore we consider free move-
ment) a body chooses trajectory with extreme length.
Theorem 9.1.2. (Second Newton law) A trajectory of point particle satisfies
the differential equation
(9.1.1)
︷︸︸︷
D ul
ds
=
u0
mc
F l
uj =
dxl
ds
where we introduced force
(9.1.2) F l = gil
∂U
∂xi
Proof. Using (8.1.2), we can write variation of the lagrangian as
1
2
mc (gkl;i − gik;l − gil;k)u
kujds−mcgijDu
j +
∂U
∂xi
dx0 = 0
The statement of the theorem follows from this. 
9.2. Newton’s Laws: Vector Potential
In section 9.1 we learned dynamics when potential is scalar. However in elec-
trodynamics we have vector potential Ak. In this case action is
S =
∫ t2
t1
(
−mcds−
e
c
Aldx
l
)
Ac = gcdA
d
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Theorem 9.2.1. The trajectory of a particle moving in the vector field satisfies
the differential equation ︷︸︸︷
D uj
ds
=
e
mc2
gijFliu
l
uj =
dxl
ds
where we introduce a field-strength tensor
Fdc = Ad;c −Ac;d + S
p
dcAp =
︷︸︸︷
∇c Ad −
︷︸︸︷
∇d Ac + S
p
dcAp
Proof. Using (8.1.2), we can write the variation of the action as
δS =
=
∫ t2
t1
(
−mc
(
1
2
(gkj;i − gij;k − gik;j) u
kujds− gijDu
j
)
δxi −
e
c
(
δAldx
l +Alδdx
l
))
We can estimate the second term like
−
e
c
(
Al,kdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Al;kdx
lδxk + ΓplkApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Ak;ldx
lδxk + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk + ΓpklApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
DAkδx
k +AkDδx
k + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk
)
=
= −
e
c
(
d
(
Akδx
k
)
+ (Al;k −Ak;l + S
p
lkAp) dx
lδxk
)
The integral of the underlined term is 0 because points, when t = t1 and t = t2,
are fixed. Therefore
−mc
(
1
2
(gkj;i − gij;k − gik;j)u
kujds− gijDu
j
)
−
e
c
Flidx
l = 0
The statement of the theorem follows from this. 
The dependence of field-strength tensor on derivative of metric follows from
this theorem. It changes form of Einstein equation and momentum of gravitational
field appears in case of vector field.
Theorem 9.2.2. A field-strength tensor does not change when vector potential
changes like
A′j = Aj + ∂jΛ
where Λ is an arbitrary function of x.
Proof. Change in a field-strength tensor is
(∂dΛ);c − (∂cΛ);d + S
p
dc∂pΛ =
∂cdΛ− Γ
p
dc∂pΛ− ∂dcΛ + Γ
p
cd∂pΛ + S
p
dc∂pΛ = 0
This proves the theorem. 
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9.3. Tidal Equation
I consider generalized connection (8.6.1). We assume that considered bodyes
perform not geodesic but arbitrary movement.
We assume that both observers start their travel from the same point9.1 and
their speed satisfy to differential equations
(9.3.1)
DviI
dsI
= aiI
where I = 1, 2 is the number of the observer and dsI is infinitesimal arc on geodesic
I. Observer I follows the geodesic of connection (8.6.1) when aI = 0. We assume
also that ds1 = ds2 = ds.
Deviation of trajectories (9.3.1) δxk is vector connecting observers. The
lines are infinitesimally close in the neighborhood of the start point
xi2(s2) = x
i
1(s1) + δx
i(s1)
vi2(s2) = v
i
1(s1) + δv
i(s1)
Derivative of vector δxi has form
dδxi
ds
=
d(xi2 − x
i
1)
ds
= vi2 − v
i
1 = δv
i
Speed of deviation δxi is covariant derivative
Dδxi
ds
=
dδxi
ds
+ Γiklδx
kvl1
= δvi + Γiklδx
kvl1
(9.3.2)
From (9.3.2) it follows that
(9.3.3) δvi =
Dδxi
ds
− Γiklδx
kvl1
Finally we are ready to estimate second covariant of vector δxi
D2δxi
ds2
=
dDδx
i
ds
ds
+ Γikl
Dδxk
ds
vl1
=
d(δvi + Γiklδx
kvl1)
ds
+ Γikl
Dδxk
ds
vl1
=
dδvi
ds
+
dΓikl
ds
δxkvl1 + Γ
i
kl
dδxk
ds
vl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
(9.3.4)
D2δxi
ds2
=
dδvi
ds
+ Γikl,nv
n
1 δx
kvl1 + Γ
i
klδv
kvl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
Theorem 9.3.1. Tidal acceleration of connection (8.6.1) has form
D2δxi
ds2
= T iln
Dδxn
ds
vl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(9.3.5)
9.1I follow [20], page 33
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Proof. The trajectory of observer 1 satisfies equation
(9.3.6)
Dvi1
ds
=
dvi1
ds
+ Γikl(x1)v
k
1v
l
1 = a
i
1
(9.3.7)
dvi1
ds
= ai1 − Γ
i
klv
k
1v
l
1
The same time the trajectory of observer 2 satisfies equation
Dvi2
ds
=
dvi2
ds
+ Γikl(x2)v
k
2v
l
2
=
d(vi1 + δv
i)
ds
+ Γikl(x1 + δx)(v
k
1 + δv
k)(vl1 + δv
l)
=
dvi1
ds
+
dδvi
ds
+ (Γikl + Γ
i
kl,mδx
m)(vk1v
l
1 + δv
kvl1 + v
k
1δv
l + δvkδvl)
= ai2
We can rewrite this equation up to order 1
dvi1
ds
+
dδvi
ds
+ Γiklv
k
1v
l
1 + Γ
i
kl(δv
kvl1 + v
k
1 δv
l) + Γikl,mδx
mvk1v
l
1 = a
i
2
Using (9.3.6) we get
ai1 +
dδvi
ds
+ Γiklδv
kvl1 + Γ
i
klv
k
1δv
l + Γikl,mδx
mvk1v
l
1 = a
i
2
(9.3.8)
dδvi
ds
= −Γiklδv
kvl1 − Γ
i
lkδv
kvl1 − Γ
i
kl,mδx
mvk1v
l
1 + a
i
2 − a
i
1
We substitute (9.3.3), (9.3.7), and (9.3.8) into (9.3.4)
D2δxi
ds2
= −Γiklδv
kvl11
− Γiln(
Dδxn
ds
− Γnmkδx
mvk1 )v
l
1 − Γ
i
kl,mδx
mvk1v
l
1
+ ai2 − a
i
1
+ Γimk,lv
k
1δx
mvl1 + Γ
i
klδv
kvl11
+ Γimnδx
m(an1 − Γ
n
klv
k
1v
l
1) + Γ
i
nl
Dδxn
ds
vl1
D2δxi
ds2
= (Γimk,l − Γ
i
kl,m + Γ
i
lnΓ
n
mk − Γ
i
mnΓ
n
kl)δx
mvk1v
l
1
+ Γinl
Dδxn
ds
vl1 − Γ
i
ln
Dδxn
ds
vl1
+ ai2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= (Γimk,l − Γ
i
km,l + Γ
i
km,l − Γ
i
kl,m
+ ΓilnΓ
n
mk − Γ
i
nlΓ
n
mk + Γ
i
nlΓ
n
mk − Γ
i
nlΓ
n
km + Γ
i
nlΓ
n
km
− ΓimnΓ
n
kl + Γ
i
nmΓ
n
kl − Γ
i
nmΓ
n
kl)δx
mvk1v
l
1
+ T iln
Dδxn
ds
vl1 + a
i
2 − a
i
1 + Γ
i
mnδx
man1
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D2δxi
ds2
= T iln
Dδxn
ds
vl1
+ (T ikm,l
2
+ Γikm,l
1
− Γikl,m
1
+ T inlΓ
n
mk2
+ ΓinlT
n
km2
+ ΓinlΓ
n
km1
− T inmΓ
n
kl2
− ΓinmΓ
n
kl1
)δxmvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(9.3.9)
Terms underscored with symbol 1 are curvature and terms underscored with symbol
2 are covariant derivative of torsion. (9.3.5) follows from (9.3.9). 
Remark 9.3.2. The body 2 may be remote from body 1. In this case we can use
procedure (like in [21]) based on parallel transfer. For this purpose we transport
vector of speed of observer 2 to the start point of observer 1 and then estimate tidal
acceleration. This procedure works in case of not strong gravitational field. 
Remark 9.3.3. If in central field observer 1 has orbital speed Vφ, observer 2 moves
in radial direction and both observers follow geodesic then tidal acceleration has
form
D2δx1
ds2
= R1lnkδx
kvnvl
= (R1001v
0v0 +R1221v
2v2)δx1
= (
rg
r3c2
1
1−
V 2
φ
c2
− (−1 +
rg
2r
−
r − rg
r
)V 2φ )δx
1

Remark 9.3.4. If observer 2 follows geodesic in central field, but observer 1 fixed
his position at distance r then
a1 = Γ1klv
kvl =
rg
2r2c2
Acceleration follows inverse square law as follows from (9.3.5). 
Remark 9.3.5. Theorem 9.3.1 has one specific case. If observer 1 moves along
an extreme line we can use Cartan connection. In this case ai1 = 0. If observer 2
moves along geodesic then
(9.3.10) ai2 = −Γ(C)
i
klv
k
2v
k
2 = −Γ(C)
i
kl(v
k
1v
k
1 + 2v
l
1δv
k)
If we substitute (9.3.3) into (9.3.10) we get
ai2 = −Γ(C)
i
klv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
Dδxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
In this case (9.3.5) gets form︷︸︸︷
D2 δxi
ds2
= (
︷︸︸︷
Rilnk +
︷︸︸︷
∇n T
i
lk)v
l
1v
n
1 δx
k + T ilk
︷︸︸︷
D δxk
ds
vl1
− Γ(C)iklv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
︷︸︸︷
D δxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
(9.3.11)
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In case of initial conditions
δxk = 0
Dδxk
ds
= 0
(9.3.11) is estimation of acceleration (9.1.1). 
9.4. Tidal Acceleration and Lie Derivative
(9.3.5) reminds expression of Lie derivative (8.3.4). To see this similarity we
need to write equation (9.3.5) different way.
By definition
Dak
ds
=
dak
ds
+ Γklpa
l dx
p
ds
= ak,pv
p + Γklpa
lvp
(9.4.1)
Dak
ds
= ak;<p>v
p
Because Da
k
ds
is vector we can easy find second derivative
D2ak
ds2
=
DDa
k
ds
ds
=
D(ak;<p>v
p)
ds
= ak;<pr>v
pvr + ak;<p>v
p
;rv
r
(9.4.2)
On the last step we used (9.4.1) when ak = vk. When vp is tangent vector of
trajectory of observer 1 from (9.3.1) it follows that
(9.4.3)
Dvi
ds
= vi;rv
r = ai1
and from (9.4.2) and (9.4.3) it follows that
(9.4.4)
D2ak
ds2
= ak;prv
pvr + ak;<p>a
p
1
Theorem 9.4.1. Speed of deviation of two trajectories (9.3.1) satisfies equation
(9.4.5) LDδxn
ds
Γiklv
kvl = ai2 − a
i
1 + Γ
i
mlδx
mal1
Proof. We substitute (9.4.1) and (9.4.4) into (9.3.5).
δxi;<kl>v
kvl + δxk;<p>a
p
1 = T
i
lnδx
n
;<k>v
kvl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
0 = (T ilnδx
n
;<k> − δx
i
;<kl> +R
i
klmδx
m + T ikm;<l>δx
m)vk1v
l
1
+ ai2 − a
i
1 − δx
k
,pa
p
1
(9.4.6)
(9.4.5) follows from (9.4.6) and (8.3.4). 
At a first glance one can tell that the speed of deviation of geodesics is the
Killing vector of second type. This is an option, however equation
LDδxn
ds
Γikl = 0
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does not follow from equation
(9.4.7) LDδxn
ds
Γiklv
kvl = 0
However equation (9.4.7) shows a close relationship between deep symmetry of
spacetime and gravitational field.
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Àííîòàöèÿ. ß ðàññêàçûâàþ î ðàçëè÷íûõ ìàòåìàòè÷åñêèõ èíñòðóìåíòàõ,
êîòîðûå âàæíû â îáùåé òåîðèè îòíîñèòåëüíîñòè. Òåêñò êíèãè âêëþ÷àåò
îïðåäåëåíèå ãåîìåòðè÷åñêîãî îáúåêòà, êîíöåïöèþ ñèñòåìû îòñ÷¼òà, ãåî-
ìåòðèþ ìåòðèêî-àèííîãî ìíîãîîáðàçèÿ. Îïèðàÿñü íà ýòè ïîíÿòèÿ ÿ
èçó÷àþ íåñêîëüêî èçè÷åñêèõ ïðèëîæåíèé: äèíàìèêà è ïðåîáðàçîâàíèå
Ëîðåíöà â ãðàâèòàöèîííîì ïîëå, ýåêò Äîïïëåðà.
Ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé - ýòî íåïðåðûâíîå ïîëå îðòî-
íîðìàëüíûõ áàçèñîâ. Êàæäàÿ ñèñòåìà îòñ÷¼òà ñíàáæåíà íåãîëîíîìíûìè
êîîðäèíàòàìè. Èñïîëüçîâàíèå íåãîëîíîìíûõ êîîðäèíàò ïîçâîëÿåò íàéòè
îòíîñèòåëüíóþ ñêîðîñòü äâóõ íàáëþäàòåëåé è ñîîòâåòñòâóþùåå ïðåîáðà-
çîâàíèå Ëîðåíöà.
Ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà - ýòî íåãîëîíîìíàÿ êîîðäèíàòà âðå-
ìåíè. Ïðîñòûå ðàññ÷¼òû ïîêàçûâàþò, êàê ñèíõðîíèçàöèÿ âëèÿåò íà èç-
ìåðåíèå âðåìåíè â îêðåñòíîñòè Çåìëè. Èçìåðåíèå ýåêòà Äîïïëåðà îò
çâåçäû, âðàùàþùåéñÿ âîêðóã ÷¼ðíîé äûðû ïîìîãàåò îïðåäåëèòü ìàññó
÷¼ðíîé äûðû. Ñîãëàñíî íàáëþäåíèÿì Sgr A, åñëè íåïîäâèæíûé íàáëþäà-
òåëü îöåíèâàåò âîçðàñò S2 ïîðÿäêà 10 Myr, òî ýòà çâåçäà ìîëîæå íà 0.297
Myr.
Ìû áóäåì íàçûâàòü ìíîãîîáðàçèå ñ êðó÷åíèåì è íåìåòðè÷íîñòüþ
ìåòðèêî-àèííûì ìíîãîîáðàçèåì. Íåìåòðè÷íîñòü ïðèâîäèò ê ðàçëè÷èþ
ìåæäó àâòîïàðàëëåëüíûìè è ýêñòðåìàëüíûìè êðèâûìè è ê èçìåíåíèþ â
âûðàæåíèè ïåðåíîñà Ôðåíå è ïîäâèæíîãî áàçèñà. Êðó÷åíèå ïðèâîäèò ê
èçìåíåíèþ â óðàâíåíèè Êèëèíãà. Íàì íóæíî òàêæå äîáàâèòü àíàëîãè÷-
íîå óðàâíåíèå äëÿ ñâÿçíîñòè.
Àíàëèç ïåðåíîñà Ôðåíå âåä¼ò ê êîíöåïöèè ïåðåíîñà Êàðòàíà è ââåäå-
íèþ ñâÿçíîñòè, ñîâìåñòèìîé ñ ìåòðè÷åñêèì òåíçîðîì. Äèíàìèêà ÷àñòèöû
ïðèâîäèò ê ïåðåíîñó Êàðòàíà. Íåîáõîäèìû äîïîëíèòåëüíûå èçè÷åñêèå
óñëîâèÿ, ÷òîáû ñäåëàòü íåìåòðè÷íîñòü íàáëþäàåìîé.
Èçó÷åíèå, êàê êðó÷åíèå âëèÿåò íà ïðèëèâíóþ ñèëó îáíàðóæèâàåò
ñõîäñòâî ìåæäó ïðèëèâíûì óðàâíåíèåì äëÿ ãåîäåçè÷åñêîé è óðàâíåíèåì
Êèëèíãà âòîðîãî òèïà. Ñâÿçü ìåæäó ïðèëèâíûì óñêîðåíèåì, êðèâèçíîé è
êðó÷åíèåì äà¼ò âîçìîæíîñòü èçìåðèòü êðó÷åíèå.
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Ââåäåíèå
1.1. Îá ýòîé êíèãå
Èíîãäà î÷åíü òðóäíî äàòü èìÿ êíèãå, êîòîðóþ òû õî÷åøü íàïèñàòü. Äàæå
åñëè òâ ïèñàë ýòó êíèãó âñþ æèçíü. À ìîæåò áûòü ïî ýòîé ïðè÷èíå. Ïóòü íå
çàâåðø¼í. Íî ÿ ÷óâñòâóþ, íàñòàëî âðåìÿ ïîäåëèòüñÿ ñ äðóãèìè ìîèìè îòêðûòè-
ÿìè. Òîëüêî áóäóùåå ïîêàæåò, êàêàÿ ÷àñòü ýòîãî èññëåäîâàíèÿ áóäåò ïîëåçíà.
Ýòà êíèãà íà÷èíàåòñÿ ñ èçó÷åíèÿ ãåîìåòðè÷åñêîãî îáúåêòà, ïåðåõîäèò ê ñèñòå-
ìå îòñ÷¼òà â èçèêå, çàòåì âíåçàïíî ìåíÿåò íàïðàâëåíèå ê èçó÷åíèþ ìåòðèêî
-àèííîãî ìíîãîîáðàçèÿ.
Ñ òåõ ïîð, êàê Ýéíøòåéí ñîçäàë îáùóþ òåîðèþ îòíîñèòåëüíîñòè, òåñíàÿ
ñâÿçü ìåæäó ãåîìåòðèåé è èçèêîé ñòàëà ðåàëüíîñòüþ. Â òîæå âðåìÿ êâàíòî-
âàÿ ìåõàíèêà ââîäèò íîâûå êîíöåïöèè, êîòîðûå ïðîòèâîðå÷àò òðàäèöèè, óñòà-
íîâëåííîé íà ïðîòÿæåíèè ñòîëåòèé. Ýòî îçíà÷àåò, ÷òî íàì íóæíû íîâûå ãåî-
ìåòðè÷åñêèå êîíöåïöèè, êîòîðûå ñòàíóò ÷àñòüþ ÿçûêà êâàíòîâîé ìåõàíèêè.
Ýòî ïðè÷èíà, ÷òîáû âåðíóòüñÿ ê èñòîêàì.
Âñÿ ìîÿ æèçíü áûëà ïîñâÿùåíà ðåøåíèþ îäíîé èç ñàìûõ áîëüøèõ çàãà-
äîê, êîòîðóþ ÿ âñòðåòèë â íà÷àëå ìîåé æèçíè. Êîãäà ÿ ïîçíàêîìèëñÿ ñ îáùåé
òåîðèåé îòíîñèòåëüíîñòè è êâàíòîâîé ìåõàíèêîé, ÿ ïî÷óâñòâîâàë, ÷òî ÿçûê
êâàíòîâîé ìåõàíèêè íå àäåêâàòåí ÿâëåíèÿì, êîòîðûå îíà íàáëþäàåò. ß èìåþ
â âèäó ãåîìåòðèþ.
ß ïîñâÿòèë ãëàâó 2 íåáîëüøîìó ñî÷èíåíèþ, íàïèñàííîìó ìíîé, êîãäà ÿ
áûë ìîëîä.
1.1
1.2. åîìåòðè÷åñêèé îáúåêò è ïðèíöèï èíâàðèàíòíîñòè
àçäåëû 4.1 è 4.4 áûëè íàïèñàíû ïîä áîëüøèì âëèÿíèåì êíèãè [23℄. Èçó-
÷åíèå îäíîðîäíîãî ïðîñòðàíòâà ãðóïïû ñèììåòðèè âåêòîðíîãî ïðîñòðàíñòâà
âåä¼ò íàñ ê îïðåäåëåíèþ áàçèñà ýòîãî ïðîñòðàíñòâà. Ìíîãîîáðàçèå áàçèñîâ -
ýòî ìíîæåñòâî áàçèñîâ èçó÷àåìîãî âåêòîðíîãî ïðîñòðàíñòâà è ÿâëÿåòñÿ ïðè-
ìåðîì îäíîðîäíîãî ïðîñòðàíòâà. Êàê ïîêàçàíî â [23℄, ýòî äà¼ò âîçìîæíîñòü
îïðåäåëèòü êîíöåïöèþ èíâàðèàíòíîñòè è ãåîìåòðè÷åñêîãî îáúåêòà.
Ìû îïðåäåëÿåì äâà òèïà ïðåîáðàçîâàíèé ìíîãîîáðàçèÿ áàçèñîâ: àêòèâíûå
è ïàñèâíûå ïðåîáðàçîâàíèÿ. àçëè÷èå ìåæäó íèìè ñîñòîèò â òîì, ÷òî ïàñèâ-
íîå ïðåîáðàçîâàíèå ìîæåò áûòü âûðàæåíî êàê ïðåîáðàçîâàíèå èñõîäíîãî ïðî-
ñòðàíñòâà.
Ýòî îïðåäåëåíèå ìîæåò áûòü ðàñïðîñòðàíåíî íà ïðîèçâîëüíîå ìíîãîîáðà-
çèå. Îäíàêî â ýòîì ñëó÷àå ìû îáîáùàåì îïðåäåëåíèå áàçèñà è ââîäèì ñèñòåìó
îòñ÷¼òà. Â ñëó÷àå ïðîñòðàíòâà ñîáûòèé îáùåé òåîðèåé îòíîñèòåëüíîñòè ýòî
1.1
Ê ñîæàëåíèþ, íåêîòîðûå ññûëêè ïîòåðÿíû. ß áóäó ïðèçíàòåëåí, åñëè êòî-òî óçíàåò
çíàêîìûé òåêñò è äàñò ìíå çíàòü òî÷íóþ ññûëêó.
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ïðèâîäèò íàñ ê åñòåñòâåííîìó îïðåäåëåíèþ ñèñòåìû îòñ÷¼òà è ïðåîáðàçîâà-
íèþ Ëîðåíöà. Ñèñòåìà îòñ÷¼òà â ïðîñòðàíòâå ñîáûòèé - ýòî íåïðåðûâíîå ïîëå
îðòîíîðìàëüíûõ áàçèñîâ.
Ïðèíöèï èíâàðèàíòíîñòè, ðàññìîòðåííûé â òåîðåìå 4.4.4 îãðàíè÷åí âåê-
òîðíûìè ïðîñòðàíñòâàìè è ïðèìåíèì òîëüêî â ðàìêàõ ñïåöèàëüíîé òåîðèè
îòíîñèòåëüíîñòè. Íàøà çàäà÷à îïèñàòü êîíñòðóêöèè, êîòîðûå ïîçâîëÿþò ðàñ-
ïðîñòðàíèòü ïðèíöèï èíâàðèàíòíîñòè íà îáùóþ òåîðèþ îòíîñèòåëüíîñòè.
Èçìåðåíèå ïðîñòðàíñòâåííîãî èíòåðâàëà è âðåìåííûõ îòðåçêîâ ÿâëÿåòñÿ
îäíîé èç âàæíûõ çàäà÷ îáùåé òåîðèè îòíîñèòåëüíîñòè. Ýòî èçè÷åñêèé ïðî-
öåññ, êîòîðûé ïîçâîëÿåò èçó÷àòü ãåîìåòðèþ â îïðåäåë¼ííîé îáëàñòè ïðîñòðàí-
ñòâà âðåìåíè. Ñ òî÷êè çðåíèÿ ãåîìåòðèè, íàáëþäàòåëü ïîëüçóåòñÿ îðòîãîíàëü-
íûì áàçèñîì â êàñàòåëüíîé ïëîñêîñòè êàê ñâîèì èçìåðèòåëüíûì èíñòðóìåí-
òîì, òàê êàê îðòîãîíàëüíûé áàçèñ ïðèâîäèò ê ïðîñòåéøåé ëîêàëüíîé ãåîìåò-
ðèè. Äâèãàÿñü îò òî÷êè ê òî÷êå, íàáëþäàòåëü ïåðåíîñèò ñ ñîáîé ñâîé èçìåðè-
òåëüíûé ïðèáîð.
Ïîíÿòèå ãåîìåòðè÷åñêîãî îáúåêòà òåñíî ñâÿçàíî ñ èçè÷åñêèìè âåëè÷èíà-
ìè, èçìåðÿåìûìè â ïðîñòðàíñòâå âðåìåíè. Ïðèíöèï èíâàðèàíòíîñòè ïîçâîëÿåò
âûðàçèòü èçè÷åñêèå çàêîíû íåçàâèñèìî îò âûáîðà áàçèñà. Ñ äðóãîé ñòîðîíû,
åñëè ìû õîòèì ïðîâåðèòü ïîëó÷åííîå ñîîòíîøåíèå â îïûòå, ìû äîëæíû çàèê-
ñèðîâàòü èçìåðèòåëüíûé ïðèáîð. Â íàøåì ñëó÷àå - ýòî áàçèñ. Âûáðàâ áàçèñ,
ìû ìîæåì îïðåäåëèòü êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà, ñîîòâåòñòâóþùå-
ãî èçó÷àåìîé èçè÷åñêîé âåëè÷èíå. Ñëåäîâàòåëüíî ìû ìîæåì îïðåäåëèòü èç-
ìåðÿåìîå çíà÷åíèå.
Êàæäàÿ ñèñòåìà îòñ÷¼òà ñíàáæåíà íåãîëîíîìíûìè êîîðäèíàòàìè. Íàïðè-
ìåð, ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà - ýòî íåãîëîíîìíàÿ êîîðäèíàòà âðåìåíè.
Ïðîñòûå ðàñ÷¼òû ïîêàçûâàþò êàê ñèíõðîíèçàöèÿ âëèÿåò íà èçìåðåíèå âðåìåíè
â îêðåñòíîñòè Çåìëè. Èçìåðåíèå ýåêòà Äîïïëåðà îò çâåçäû, âðàùàþùåéñÿ
âîêðóã ÷¼ðíîé äûðû, ïîìîãàåò îïðåäåëèòü ìàññó ÷¼ðíîé äûðû.
àçäåëû 7.3 è 7.4 ïîêàçûâàþò âàæíîñòü ðàñ÷¼òîâ â îðòîãîíàëüíîì áàçèñå.
Êîîðäèíàòû, êîòîðûìè ìû ïîëüçóåìñÿ â ïðîñòðàíñòâå ñîáûòèé, - ýòî ïðîñòî
ìåòêè è ðàñ÷¼òû, êîòîðûå ìû âûïîëíÿåì â êîîðäèíàòàõ ìîãóò îêàçàòüñÿ íå
íàä¼æíûìè. Íàïðèìåð, â ñòàòüÿõ [25, 26℄ àâòîðû îïðåäåëÿþò êîîðäèíàòíóþ
ñêîðîñòü ñâåòà. Ýòî âåä¼ò ê íåâåðíîìó îòâåòó è â ðåçóëüòàòå ýòîãî ê ðàçëè÷èþ
ñêîðîñòè ñâåòà â ðàçíûõ íàïðàâëåíèÿõ.
Ìî¼ âíèìàíèå ïðèâëåêëà ñòàòüÿ [32℄. ×òîáû îáúÿñíèòü àíîìàëüíîå óñêî-
ðåíèå Pioneer 10 è Pioneer 11 ([21℄), Àíòîíèî àíàäà ïðèâëåêàåò ñòàðóþ òî÷êó
çðåíèÿ Ýéíøòåéíà î ïðèðîäå ãðàâèòàöèîííîãî ïîëÿ è èñïîëüçóþò èäåþ Ýéí-
øòåéíà î ïåðåìåííîé ñêîðîñòè ñâåòà. Êîãäà Ýéíøòåéí íà÷àë èçó÷àòü ãðàâèòà-
öèîííîå ïîëå, îí ñòàðàëñÿ ñîõðàíèòü ãåîìåòðèþ Ìèíêîâñêîãî è, ñëåäîâàòåëüíî,
ïðåäïîëàãàë, ÷òî ìàñøòàá ïðîñòðàíñòâà è âðåìåíè íå ìåíÿþòñÿ. Â ðåçóëüòà-
òå îí áûë âûíóæäåí ïðèíÿòü ãèïîòåçó, ÷òî ñêîðîñòü ñâåòà ìîæåò ìåíÿòüñÿ
â ãðàâèòàöèîííîì ïîëå. Êîãäà ðîññìàí ïîçíàêîìèë Ýéíøòåéíà ñ ðèìàíîâîé
ãåîìåòðèåé, Ýéíøòåéí ïîíÿë, ÷òî íà÷àëüíàÿ ãèïîòåçà áûëà îøèáî÷íà è ðèìà-
íîâà ãåîìåòðèÿ ëó÷øå ðåøèò åãî çàäà÷ó. Ýéíøòåéí íèêîãäà íå âîçâðàùàëñÿ ê
èäåå î ïåðåìåííîé ñêîðîñòè ñâåòà.
Äåéñòâèòåëüíî, òðè çíà÷åíèÿ: ìàñøòàá ïðîñòðàíñòâà è âðåìåíè è ñêîðîñòü
ñâåòà ÿâëÿþòñÿ ñâÿçàííûìè â ñîâðåìåííîé òåîðèè è ìû íå ìîæåì èçìåíèòü
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îäíó âåëè÷èíó áåç èçìåíåíèÿ äðóãîé. Ïðèñóòñòâèå ãðàâèòàöèîííîãî ïîëÿ ìå-
íÿåò ýòî ñîîòíîøåíèå. Ìû èìååì äâà âûáîðà. Ìû ñîõðàíÿåì èñõîäíî çàäàí-
íóþ ãåîìåòðèþ (çäåñü, ãåîìåòðèþ Ìèíêîâñêîãî) è ìû ñîãëàñíû, ÷òî ñêîðîñòü
ñâåòà ìåíÿåòñÿ îò òî÷êè ê òî÷êå. èìàíîâà ãåîìåòðèÿ ïðåäëàãàåò íàì äðóãîé
âûáîð. åîìåòðèÿ ñòàíîâèòñÿ ðåçóëüòàòîì èçìåðåíèÿ è èçìåðèòåëüíûé èíñòðó-
ìåíò ìîæåò ìåíÿòüñÿ îò òî÷êè ê òî÷êå. Â ýòîì ñëó÷àå ìû ìîæåì ñîõðàíèòü
ñêîðîñòü ñâåòà ïîñòîÿííîé. åîìåòðèÿ ñòàíîâèòñÿ îíîì, êîòîðûé çàâèñèò îò
èçè÷åñêèõ ïðîöåññîâ. Ôèçè÷åñêèå çàêîíû ñòàíîâÿòñÿ íåçàâèñèìûìè îò îíà.
Íåêîòîðûå ñòàòüè ïîñâÿùåíû òåîðèè ïåðåìåííîé ñêîðîñòè ñâåòà [27, 28℄.
Èõ òåîðèÿ îñíîâàíà íà èäåå, ÷òî ìåòðè÷åñêèé òåíçîð ìîæåò áûòü èíâàðèàí-
òåí îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ïîäîáèÿ. Ýòà èäåÿ íå íîâà. Êàê òîëüêî Ýéí-
øòåéí îïóáëèêîâàë îáùóþ òåîðèè îòíîñèòåëüíîñòè, Âåéëü ïðåäëîæèë ñâîþ
èäåþ ñäåëàòü òåîðèþ èíâàðèàíòíîé îòíîñèòåëüíî êîíîðìíîãî ïðåîáðàçîâà-
íèÿ. Òåì íå ìåíåå, Ýéíøòåéí âîçðàæàë ýòîé èäåå, òàê êàê îíà ðàçðóøàëà
çàâèñèìîñòü ìåæäó ðàññòîÿíèåì è ñîáñòâåííûì âðåìåíåì. Ìû ìîæåì íàéòè
äåòàëüíûé àíàëèç â [29℄.
Ìû èìååì òåñíóþ ñâÿçü ìåæäó ñêîðîñòüþ ñâåòà è åäèíèöàìè äëèíû è âðå-
ìåíè â ñïåöèàëüíîé è îáùåé òåîðèè îòíîñèòåëüíîñòè. Êîãäà ìû ðàçâèâàåì íî-
âóþ òåîðèþ è îáíàðóæèâàåì, ÷òî ñêîðîñòü ñâåòà ìåíÿåòñÿ, ìû äîëæíû ñïðî-
ñèòü ñåáÿ î ïðè÷èíå. Ñäåëàëè ëè ìû àêêóðàòíîå èçìåðåíèå? Èìååì ëè ìû
àëüòåðíàòèâíûé ïóòü äëÿ îáìåíà èíîðìàöèåé è ñèíõðîíèçàöèè ñèñòåìû îò-
ñ÷¼òà? Ìåíÿþòñÿ ëè ïðåîáðàçîâàíèÿ ìåæäó ñèñòåìàìè îòñ÷¼òà è îáðàçóþò ëè
îíè ãðóïïó?
Â íåêîòîðûõ ìîäåëÿõ îòîí ìîæåò èìåòü íåáîëüøóþ ìàññó ïîêîÿ [30℄. Â
ýòîì ñëó÷àå ñêîðîñòü ñâåòà îòëè÷íà îò ìàêñèìàëüíîé ñêîðîñòè è ìîæåò çà-
âèñåòü îò íàïðàâëåíèÿ. Íåäàâíèé ýêñïåðèìåíò [31℄ íàëîæèë îãðàíè÷åíèÿ íà
ïàðàìåòðû ýòèõ ìîäåëåé.
1.3. Òåíçîð êðó÷åíèÿ â îáùåé òåîðèè îòíîñèòåëüíîñòè
Òåñíàÿ ñâÿçü ìåæäó ìåòðè÷åñêèì òåíçîðîì è ñâÿçíîñòüþ ÿâëÿåòñÿ îñíî-
âîé ðèìàíîâîé ãåîìåòðèè. Â òî æå âðåìÿ, ñâÿçíîñòü è ìåòðèêà, êàê ëþáîé
ãåîìåòðè÷åñêèé îáúåêò, ÿâëÿþòñÿ îáúåêòîì èçìåðåíèÿ. Êîãäà èëüáåðò âûâî-
äèë óðàâíåíèå Ýéíøòåéíà, îí îïðåäåëèë ëàãðàíæèàí, â êîòîðîì ìåòðè÷åñêèé
òåíçîð è ñâÿçíîñòü íåçàâèñèìû. Ïîçæå èëüáåðò îáíàðóæèë, ÷òî ñâÿçíîñòü
ñèììåòðè÷íà, è íàø¼ë çàâèñèìîñòü ìåæäó ñâÿçíîñòüþ è ìåòðè÷åñêèì òåíçî-
ðîì. Îäíà èç ïðè÷èí ýòîãî - ïðîñòîòà ëàãðàíæèàíà.
Àíàëèç êâàíòîâîé òåîðèè ïîëÿ ïîêàçûâàåò,÷òî ëèáî ñèììåòðèÿ ñâÿçíî-
ñòè, ëèáî çàâèñèìîñòü ñâÿçíîñòè è ìåòðèêè ìîãóò áûòü íàðóøåíû, ïîñêîëüêó
íåèçáåæíû îøèáêè èçìåðåíèÿ. Ýòî äîïóùåíèå ïðèâîäèò ê ìåòðèêî-àèííî-
ìó ìíîãîîáðàçèþ, êîòîðîå ÿâëÿåòñÿ ïðîñòðàíñòâîì ñ êðó÷åíèåì è íåíóëåâîé
êîâàðèàíòíîé ïðîèçâîäíîé ìåòðè÷åñêîãî òåíçîðà (ðàçäåë 6.1). Íåçàâèñèìîñòü
ìåòðè÷åñêîãî òåíçîðà è ñâÿçíîñòè ïîçâîëÿåò íàì âèäåòü, êàêèå îáúåêòû îòâåò-
ñòâåííû çà ðàçëè÷íûå ÿâëåíèÿ â ãåîìåòðèè è, ñëåäîâàòåëüíî, â èçèêå. Äàæå
íåñìîòðÿ íà òî, ÷òî ìû íå äîêàçàëè ýìïèðè÷åñêè ñóùåñòâîâàíèå êðó÷åíèÿ è
íåìåòðè÷íîñòè, ìû âèäèì çäåñü î÷åíü èíòåðåñíóþ ãåîìåòðèþ.
Ìåòðèêî-àèííîå ìíîãîîáðàçèå ïîÿâëÿåòñÿ â ðàçíûõ èçè÷åñêèõ ïðèëî-
æåíèÿõ. Î÷åíü âàæíî ïîíÿòü êàêîâà ãåîìåòðèÿ ýòîãî ïðîñòðàíñòâà, êàê êðó÷å-
íèå ìîæåò âëèÿòü íà èçè÷åñêèå ïðîöåññû. Èìåííî ïîýòîìó íåáîëüøàÿ ãðóïïà
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èçèêîâ ïðîäîëæàåò èçó÷àòü òåîðèþ ãðàâèòàöèè ñ êðó÷åíèåì [12, 13, 14, 15,
16℄.
Â ÷àñòíîñòè, ìû èìååì äâà ðàçëè÷íûõ îïðåäåëåíèÿ ãåîäåçè÷åñêîé â ðèìà-
íîâîì ìíîãîîáðàçèå. Ìû ìîæåì ðàññìàòðèâàòü ãåîäåçè÷åñêóþ ëèáî êàê êðè-
âóþ ýêñòðåìàëüíîé äëèíû (ñîîòâåòñòâóþùóþ êðèâóþ ìû íàçûâàåì ýêñòðå-
ìàëüíîé), ëèáî êàê êðèâóþ, âäîëü êîòîðîé êàñàòåëüíûé âåêòîð ïåðåíîñèòñÿ
ïàðàëëåëüíî, îñòàâàÿñü êàñàòåëüíûì ê êðèâîé (ñîîòâåòñòâóþùóþ êðèâóþ ìû
íàçûâàåì àâòîïàðàëëåëüíîé). Íåìåòðè÷íîñòü ïðèâîäèò ê òîìó, ÷òî ïàðàëëåëü-
íûé ïåðåíîñ íå ñîõðàíÿåò äëèíó âåêòîðà è óãîë ìåæäó âåêòîðàìè. Ýòî ïðè-
âîäèò ê ðàçëè÷èþ ìåæäó îïðåäåëåíèÿìè àâòîïàðàëëåëüíîé è ýêñòðåìàëüíîé
êðèâûõ ([17℄ è ðàçäåë 8.1) è ê èçìåíåíèþ â âûðàæåíèè ïåðåíîñà Ôðåíå. Èç-
ìåíåíèå ãåîìåòðèè âëèÿåò íà âòîðîé çàêîí Íüþòîíà, êîòîðûé ìû èçó÷àåì â
ðàçäåëå 9.1. ß ïîêàçûâàþ â òåîðåìàõ 8.6.1 è 9.1.1, ÷òî ñâîáîäíî ïàäàþùàÿ
÷àñòèöà ïðåäïî÷èòàåò ýêñòðåìàëüíóþ êðèâóþ, ïåðåíîñÿ ñâîé èìïóëüñ âäîëü
òðàåêòîðèè áåç èçìåíåíèÿ.
Ôîðìà âòîðîãî çàêîíà Íüþòîíà çàâèñèò îò âûáîðà îðìû ïîòåíöèàëà. Â
ñëó÷àå ñêàëÿðíîãî ïîòåíöèàëà âòîðîé çàêîí Íüþòîíà ñîõðàíÿåò ñîîòíîøåíèå
ìåæäó ñèëîé, ìàññîé è óñêîðåíèåì. Â ñëó÷àå âåêòîðíîãî ïîòåíöèàëà àíàëèç
äâèæåíèÿ â ãðàâèòàöèîííîì ïîëå ïîêàçûâàåò, ÷òî òåíçîð íàïðÿæ¼ííîñòè ïîëÿ
çàâèñèò îò ïðîèçâîäíîé ìåòðè÷åñêîãî òåíçîðà.
Íåìåòðè÷íîñòü çíà÷èòåëüíî èçìåíÿåò çàêîí äâèæåíèÿ â ïðîñòðàíñòâå âðå-
ìåíè îðòîãîíàëüíîãî áàçèñà. Îäíàêêî èçó÷åíèå ïàðàëëåëüíîãî ïåðåíîñà â ïðî-
ñòðàíñòâå ñ íåìåòðè÷íîñòüþ ïîçâîëÿåò íàì ââåñòè ïåðåíîñ Êàðòàíà è ââåäåíèå
ñâÿçíîñòè, ñîâìåñòèìîé ñ ìåòðè÷åñêèì òåíçîðîì (ðàçäåë 8.6). Ïåðåíîñ Êàðòà-
íà ñîõðàíÿåò áàçèñ îðòîíîðìàëüíûì è ýòî äåëàåò åãî âàæíûì èíñòðóìåíòîì â
äèíàìèêå (ðàçäåë 9.1), òàê êàê íàáëþäàòåëü èñïîëüçóåò îðòîíîðìàëüíûé áàçèñ
êàê èíñòðóìåíò èçìåðåíèÿ. Äèíàìèêà ÷àñòèöû îñíîâàíà íà ïåðåíîñå Êàðòàíà.
Òîãäà ïîÿâëÿåòñÿ âîïðîñ. Ìû ìîæåì èçìåíèòü ñâÿçíîñòü êàê ìû ïîêàçàëè â
ðàçäåëå 8.6. Ïî÷åìó ìû äîëæíû èçó÷àòü ìíîãîîáðàçèÿ ñ ïðîèçâîëüíîé ñâÿç-
íîñòüþ è ìåòðè÷åñêèì òåíçîðîì? Èçó÷åíèå ìåòðèêî-àèííîãî ìíîãîîáðàçèÿ
ïîêàçûâàåò, ïî÷åìó âñ¼ ðàáîòàåò õîðîùî â ðèìàíîâîì ìíîãîîáðàçèè è ÷òî ìå-
íÿåòñÿ â îáùåì ñëó÷àå. Ê êàêîãî ðîäà ðàçëè÷íûå èçè÷åñêèå ÿâëåíèÿ ÿâëÿþò-
ñÿ ñëåäñòâèåì ðàçëè÷íûõ ñâÿçíîñòåé? Ôèçè÷åñêèå îãðàíè÷åíèÿ, êîòîðûå ïî-
ÿâëÿþòñÿ â ìîäåëè, ìîãóò âåñòè ê ïîÿâëåíèþ íåìåòðè÷íîñòè [15, 18, 19℄. Òàê
êàê ïåðåíîñ Êàðòàíà - åñòåñòâåííûé ìåõàíèçì ñîõðàíåíèÿ îðòîãîíàëüíîñòè,
ìû îæèäàåì, ÷òî ìû áóäåì èíòåðïðåòèðîâàòü îòêëîíåíèå ïðîáíîé ÷àñòèöû
îò ýêñòðåìàëüíîé êðèâîé êàê ðåçóëüòàò ñèëû, âíåøíåé ïî îòíîøåíèþ ê ýòîé
÷àñòèöå
1.2
. Â ýòîì ñëó÷àå ðàçëè÷èå ìåæäó äâóìÿ òèïàìè ïåðåíîñà ñòàíîâèò-
ñÿ èçìåðèìûì è îñìûñëåííûì. Â ïðîòèâíîì ñëó÷àå äðóãîé òèï ïåðåíîñà è
1.2
Íàïðèìåð, åñëè ìû ðàñïðîñòðàíèì îïðåäåëåíèå (9.1.2) ñèëû íà îáùèé ñëó÷àé (9.1.1),
ìû ìîæåì èíòåðïðåòèðîâàòü îòêëîíåíèå çàðÿæ¼ííîé ÷àñòèöû â ýëåêòðîìàãíèòíîì ïîëå êàê
ðåçóëüòàò ñèëû
F j =
e
cu0
gijFliu
l
Àíàëîãè÷íî, ìû ìîæåì èíòåðïðåòèðîâàòü îòêëîíåíèå àâòîïàðàëëåëüíîé êðèâîé êàê ñèëó
F i = −
mc
u0
Γ(C)iklu
kul
ß íàïîìèíàþ, ÷òî ñèìâîë Êàðòàíà - òåíçîð
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íåìåòðè÷íîñòü íå íàáëþäàåìû è ìû ìîæåì ïîëüçîâàòüñÿ òîëüêî ïåðåíîñîì,
ñîâìåñòèìûì ñ ìåòðèêîé.
ß âèæó åù¼ îäíó âîçìîæíîñòü. Êàê ñëåäóåò èç ñòàòüè [18℄, êðó÷åíèå ìî-
æåò çàâèñåòü îò êâàíòîâûõ ñâîéñòâ ìàòåðèè. Òåì íå ìåíåå, êðó÷åíèå ÿâëÿåòñÿ
÷àñòüþ ñâÿçíîñòè. Ñëåäîâàòåëüíî, ñâÿçíîñòü ìîæåò òàêæå çàâèñåòü îò êâàí-
òîâûõ ñâîéñòâ ìàòåðèè. Ýòî ìîæåò ïðèâåñòè ê íàðóøåíèþ ïåðåíîñà Êàðòàíà.
Îäíàêî ýòà âîçìîæíîñòü òðåáóåò äîïîëíèòåëüíîãî èñëåäîâàíèÿ.
Êðó÷åíèå è íåìåòðè÷íîñòü èìåþò èíòåãðàëüíûå ýåêòû. Îíè ìîãóò áûòü
ìàëûìè, íî èçìåðèìûìè. Ìû ìîæåì íàáëþäàòü ýòè ýåêòû íå òîëüêî â ñèëü-
íûõ ïîëÿõ, ïîäîáíûõ ÷¼ðíîé äûðå èëè áîëüøîìó âçðûâó, íî òàêæå â îáû÷íûõ
óñëîâèÿõ. Èçó÷åíèå ãåîìåòðèè è ëèíàìèêè òî÷å÷íîé ÷àñòèöû äà¼ò íàì âîç-
ìîæíîñòü ïðîâåðèòü ýòó òî÷êó çðåíèÿ. Åñòü ñìûñë ïðîâåðèòü ýòó òåîðèþ â
óñëîâèÿõ, êîãäà ñïèí êâàíòîâîãî ïîëÿ íàêîïëåí. Ìû ìîæåì ïðîâåðèòü îòêëî-
íåíèå îò âòîðîãî çàêîíà Íüþòîíà ëèáî èçìåðèòü êðó÷åíèå, íàáëþäàÿ äâèæåíèå
äâóõ ðàçëè÷íûõ ûàñòèö.
×òîáû ïðîâåðèòü, èìååò ëè ïðîñòðàíñòâî âðåìÿ êðó÷åíèå, ìû ìîæåì ïðî-
âåðèòü âîçìîæíîñòü ïîñòðîèòü ïàðàëëåëîãðàìì â ïðîñòðàíñòâå âðåìåíè. Ìû
ìîæåì âçÿòü äâå ÷àñòèöû èëè äâà îòîíà, êîòîðûå íà÷èíàþò ñâî¼ äâèæåíèå
èç îäíîé è òîé æå òî÷êè è, ïîëüçóÿñü çåðêàëîì, çàñòàâèòü èõ äâèãàòüñÿ âäîëü
ïðîòèâîïîëîæíûõ ñòîðîí ïàðàëëåëîãðàììà. Ìû ìîæåì íà÷àòü ýòîò ýêñïåðè-
ìåíò, êîãäà êâàíòîâîãî ïîëÿ íåò, è çàòåì ïîâòîðèòü ýêñïåðèìåíò â ïðèñóòñòâèè
êâàíòîâîãî ïîëÿ. Åñëè ÷àñòèöû âñòðåòÿòñÿ â îäíîì è òîì æå ìåñòå èëè ìû èìå-
åì îäèíàêîâóþ èíòåðåðåíöèþ, òî ìû èìååì êðó÷åíèå ðàâíîå 0 â ýòîé ñðåäå.
Â ÷àñòíîñòè, êðó÷åíèå ìîæåò äåéñòâîâàòü íà ïîâåäåíèå âèðòóàëüíûõ ÷àñòèö.
×òîáû ïðîâåðèòü, èìååò ëè ïðîñòðàíñòâî âðåìÿ íåìåòðè÷íîñòü, ìû ìîæåì
èçìåðèòü îòêëîíåíèå ýêñòðåìàëüíîé êðèâîé îò àâòîïàðàëëåëüíîé ëèáî îòêëî-
íåíèå åäèíè÷íîãî âåêòîðà ñêîðîñòè îò åãî ïàðàëëåëüíîãî ïåðåíîñà.
1.4. Ïðèëèâíîå óñêîðåíèå
Íàáëþäåíèÿ â Ñîëíå÷íîé ñèñòåìå è âíå î÷åíü âàæíû. Îíè äàþò íàì âîç-
ìîæíîñòü âèäåòü, ãäå îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè ïðàâà è íàéòè å¼ îãðà-
íè÷åíèÿ. Î÷åíü âàæíî áûòü îñòîðîæíûì ñ òàêèìè íàáëþäåíèÿìè. NASA âû-
ïîëíèëî î÷åíü èíòåðåñíûå íàáëþäåíèÿ Pioneer 10 è Pioneer 11 è âûïîëíèëî
ñëîæíûå ðàñ÷¼òû èõ óñêîðåíèÿ. Îäíàêî, âîçíèêàåò îäèí èíòåðåñíûé âîïðîñ:
êàêîãî òèïà óñêîðåíèÿ ìû ìåðÿëè?
Pioneer 10 è Pioneer 11 ñîâåðøàþò ñâîáîäíîå äâèæåíèå â ñîëíå÷íîé ñèñòå-
ìå. Ñëåäîâàòåëüíî, îíè äâèæóòñÿ âäîëü ñâîåé òðàåêòîðèè áåç óñêîðåíèÿ. Îä-
íàêî, õîðîøî èçâåñòíî, ÷òî äâà òåëà, äâèãàÿñü âäîëü áëèçêèõ ãåîäåçè÷åñêèõ,
èìåþò îòíîñèòåëüíîå óñêîðåíèå, êîòîðîå íàçûâàåòñÿ ïðèëèâíûì óñêîðåíèåì.
Ïðèëèâíîå óñêîðåíèå â îáùåé òåîðèè îòíîñèòåëüíîñòè èìååò âèä
(1.4.1)
D2δxk
ds2
= Rklnkδx
kvnvl
ãäå vl - ñêîðîñòü òåëà 1 è δxk - îòêëîíåíèå ãåîäåçè÷åñêîé òåëà 2 îò ãåîäåçè÷å-
ñêîé òåëà 1. Ìû âèäèì èç ýòîãî âûðàæåíèÿ, ÷òî ïðèëèâíîå óñêîðåíèå çàâèñèò
îò äâèæåíèÿ òåëà 1 è êàê òðàåêòîðèÿ òåëà 2 îòêëîíÿåòñÿ îò òðàåêòîðèè òåëà
1. Íî ýòî çíà÷èò, ÷òî äàæå äëÿ äâóõ òåë, êîòîðûå íàõîäÿòñÿ íà îäíîì è òîì
æå ðàññòîÿíèè îò öåíòðàëüíîãî òåëà, ìû ìîæåì èçìåðèòü ðàçíîå óñêîðåíèå
îòíîñèòåëüíî íàáëþäàòåëÿ.
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àçäåë 9.3 ïîñâÿù¼í ðåøåíèþ çàäà÷è, êàêèå èçìåíåíèÿ èñïûòûâàåò ïðè-
ëèâíàÿ ñèëà íà ìåòðèêî-àèííîì ìíîãîîáðàçèè.
Âîçíèêàåò âîïðîñ: ìîæåì ëè ìû èñïîëüçîâàòü óðàâíåíèå (9.3.5), ÷òîáû
èçìåðèòü êðó÷åíèå? Ìû ïîëó÷èì ïðèëèâíîå óñêîðåíèå èç ïðÿìûõ èçìåðåíèé.
Ñóùåñòâóåò ìåòîä èçìåðÿòü êðèâèçíó (ñì. íàïðèìåð [20℄). Îäíàêî, äàæå åñëè
ìû çíàåì óñêîðåíèå è êðèâèçíó, ìû ïî-ïðåæíåìó èìååì äèåðåíöèàëüíîå
óðàâíåíèå, ÷òîáû íàéòè êðó÷åíèå. Îäíàêî, ýòîò ïóòü ìîæåò äàòü ïðÿìîé îòâåò
íà âîïðîñ ñóùåñòâóåò ëè êðó÷åíèå.
Îòêëîíåíèå îò ïðèëèâíîãî óñêîðåíèÿ (1.4.1), ïðåäñêàçàííîãî îáùåé òåî-
ðèåé îòíîñèòåëüíîñòè ìîæåò èìåòü ðàçëè÷íûå ïðè÷èíû. Îäíàêî ìû ìîæåì
íàéòè îòâåò, êîìáèíèðóÿ ðàçíûå ìåòîäû èçìåðåíèÿ.
ëàâà 2
Ïðîñòðàíñòâî è âðåìÿ â èçèêå
2.1. åîìåòðèÿ è èçèêà
Íåñîìíåííî, ÷òî ðàçóì êàæåòñÿ íàì ñëà-
áûì, êîãäà ìû äóìàåì î ñòîÿùèõ ïåðåä íèì
çàäà÷àõ; îñîáåííî ñëàáûì îí êàæåòñÿ, êîãäà
ìû ïðîòèâîïîñòàâëÿåì åãî áåçóìñòâó è ñòðà-
ñòÿì ÷åëîâå÷åñòâà, êîòîðûå, íàäî ïðèçíàòü,
ïî÷òè ïîëíîñòüþ ðóêîâîäÿò ñóäüáàìè ÷åëîâå-
÷åñêèìè êàê â ìàëîì, òàê è â áîëüøîì. Íî
òâîðåíèÿ èíòåëåêòà ïåðåæèâàþò øóìíóþ ñó-
åòó ïîêîëåíèé è íà ïðîòÿæåíèè âåêîâ îçàðÿþò
ìèð ñâåòîì è òåïëîì.
[6℄, ñòð. 78
åîìåòðè÷åñêèå ïðåäñòàâëåíèÿ íå ÿâëÿþòñÿ òâîðåíèÿìè ñâîáîäíîãî óìà, à íà-
îáîðîò, ïðåäñòàâëÿþò ïðîäóêò ïðàêòè÷åñêîé äåÿòåëüíîñòè ÷åëîâåêà. Ïî ìåðå
ðàçâèòèÿ ïîçíàíèÿ ìåíÿëèñü ïðåäñòàâëåíèÿ î ïðîñòðàíñòâå è âðåìåíè.
1.1
Çàêîí íå ìîæåò áûòü òî÷íûì õîòÿ áû ïîòîìó, ÷òî ïîíÿòèÿ, ñ ïîìî-
ùüþ êîòîðûõ ìû åãî îðìóëèðóåì, ìîãóò ðàçâèâàòüñÿ è â áóäóùåì
îêàçàòüñÿ íåäîñòàòî÷íûìè. Íà äíå ëþáîãî òåçèñà è ëþáîãî äîêàçà-
òåëüñòâà îñòàþòñÿ ñëåäû äîãìàòà íåïîãðåøèìîñòè.
[7℄, ñòð. 143
Âîçíèêíóâ èç êîíêðåòíûõ ïîòðåáíîñòåé ïðàêòèêè ÷åëîâåêà, ìàòåìàòèêà
ðàçâèâàëàñü ïî ñëîæíîìó è ïðîòèâîðå÷èâîìó ïóòè ïîçíàíèÿ. Ñ îäíîé ñòîðî-
íû, ýòî íàèáîëåå àáñòðàêòíàÿ îáëàñòü íàóêè. Ìàòåìàòèê ñîâåðøåíî ñâîáîäíî
îïåðèðóåò ñ àáñòðàêòíûìè ïîíÿòèÿìè, èçó÷àåò èõ ñâîéñòâà, îáîáùàåò, ñîçäà¼ò
íîâûå ïîíÿòèÿ, åù¼ áîëåå óäàëÿÿñü îò ðåàëüíîé ïðàêòèêè. È òåì áîëåå óäèâè-
òåëüíû óñïåõè ïðèêëàäíîé ìàòåìàòèêè. Å¼ óñïåõè âñåãäà ïîòðÿñàëè ÷åëîâåêà,
îñîáåííî â XX âåêå, êîãäà òàêèå àáñòðàêòíûå ðàçäåëû ìàòåìàòèêè êàê òåîðèÿ
ãðóïï, óíêöèîíàëüíûé àíàëèç, äèåðåíöèàëüíàÿ ãåîìåòðèÿ ñòàëè ÿçûêîì
ñîâðåìåííîé èçèêè. Ñîïðèêîñíîâåíèå ìàòåìàòèêè ñ ëþáîé äðóãîé îáëàñòüþ
íàóêè ïðèâîäèò ê âçàèìíîìó îáîãàùåíèþ îáåèõ.
Èç âñåõ íàóê ìàòåìàòèêà ïîëüçóåòñÿ îñîáûì îñîáûì óâàæåíèåì,
ïîòîìó ÷òî å¼ òåîðåìû àáñîëþòíî âåðíû è íåîñïîðèìû, òîãäà êàê çà-
êîíû äðóãèõ íàóê â èçâåñòíîé ñòåïåíè ñïîðíû è âñåãäà ñóùåñòâóåò
îïàñíîñòü èõ îïðîâåðæåíèÿ íîâûìè îòêðûòèÿìè. Îäíàêî èññëåäîâà-
òåëþ, ðàáîòàþùåìó â êàêîé-ëèáî äðóãîé îáëàñòè íàóêè, íå ïðèõîäèò-
ñÿ çàâèäîâàòü ìàòåìàòèêó, òàê êàê ïîëîæåíèÿ ìàòåìàòèêè ïîêîÿòñÿ
íå íà ðåàëüíûõ îáúåêòàõ, à èñêëþ÷èòåëüíî íà îáúåêòàõ íàøåãî âîîá-
ðàæåíèÿ. Â ñàìîì äåëå, íåò íè÷åãî óäèâèòåëüíîãî â òîì, ÷òî ìîæíî
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ïðèéòè ê ëîãè÷åñêè ñîãëàñîâàííûì âûâîäàì, åñëè ñíà÷àëà ïðèøëè
ê ñîãëàøåíèþ îòíîñèòåëüíî îñíîâíûõ ïîëîæåíèé (àêñèîì), à òàêæå
îòíîñèòåëüíî òåõ ïðè¼ìîâ, ïðè ïîìîùè êîòîðûõ èç ýòèõ îñíîâíûõ ïî-
ëîæåíèé âûâîäÿòñÿ äðóãèå òåîðåìû. Â òî æå âðåìÿ ýòî ãëóáîêîå óâà-
æåíèå ê ìàòåìàòèêå èìååò è äðóãîå îñíîâàíèå, à èìåííî: ìàòåìàòèêà
ÿâëÿåòñÿ òåì, ÷òî äà¼ò òî÷íûì íàóêàì èçâåñòíóþ ìåðó óâåðåííîñòè;
áåç ìàòåìàòèêè îíè å¼ íå ìîãëè áû äîñòè÷ü.
Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ, êîòîðûé âîëíîâàë èññëåäîâàòå-
ëåé âñåõ âðåì¼í. Ïî÷åìó âîçíèêëî òàêîå ïðåâîñõîäíîå ñîîòâåòñòâèå
ìàòåìàòèêè ñ ðåàëüíûìè ïðåäìåòàìè, åñëè ñàìà îíà ÿâëÿåòñÿ ïðîèç-
âåäåíèåì òîëüêî ÷åëîâå÷åñêîé ìûñëè, íå ñâÿçàíîíé íè ñ êàêèì îïû-
òîì? Ìîæåò ëè ÷åëîâå÷åñêèé ðàçóì áåç âñÿêîãî îïûòà, ïóò¼ì òîëüêî
îäíîãî ðàçìûøëåíèÿ ïîíÿòü ñâîéñòâà ðåàëüíûõ âåùåé.
[3℄
Ìàòåìàòèêà èìååò ýìïèðè÷åñêèå êîðíè - àëãåáðà ñâÿçàíà ñ íåîáõîäèìî-
ñòüþ ðàñ÷¼òîâ, ãåîìåòðèÿ ïîðîæäåíà íåîáõîäèìîñòüþ èçìåðåíèé íà ïîâåðõíî-
ñòè çåìëè, ëîãèêà ÿâëÿåòñÿ àáñòðàêòíûì âûðàæåíèåì ïðè÷èíî-ñëåäñòâåííîé
ñâÿçè, àíàëèç èçó÷àåò äâèæåíèå. Èìåííî ïîýòîìó íå ñëó÷àéíî, ÷òî íà îïðåäå-
ë¼ííûõ ýòàïàõ ðàçâèòèÿ ïîçíàíèÿ ñòàíîâèòñÿ âîçìîæíûì îïèñàòü ðåàëüíûé
ïðîöåññ ñ ïîìîùüþ ìàòåìàòè÷åñêèõ ìîäåëåé ðàçíîé ñòåïåíè ñëîæíîñòè. Òàê
øàã çà øàãîì óòâåðæäåíèÿ òåîðåòè÷åñêîé ìàòåìàòèêè ñòàíîâÿòñÿ àïïàðàòîì
ïðèêëàäíîé ìàòåìàòèêè, ìàòåìàòèêà ñòàíîâèòñÿ ýìïèðè÷åñêîé íàóêîé.
Ñâèäåòåëüñòâàìè ýìïèðè÷åñêîãî ïðîèñõîæäåíèÿ ãåîìåòðèè îñòà-
ëèñü â åå ñèñòåìå òîëüêî îñíîâíûå ïîíÿòèÿ ... è òàê íàçûâàåìûå àêñèî-
ìû. ×èñëî ýòèõ ëîãè÷åñêè íåïðèâîäèìûõ îñíîâíûõ ïîíÿòèé è àêñèîì
ñòðåìèëèñü ñâåñòè ê ìèíèìóìó. Ñòðåìëåíèå èçâëå÷ü âñþ ãåîìåòðèþ èç
ñìóòíîé îáëàñòè ýìïèðè÷åñêîãî íåçàìåòíî ïðèâåëî ê îøèáî÷íîìó çà-
êëþ÷åíèþ, êîòîðîå ìîæíî óïîäîáèòü ïðåâðàùåíèþ ãåðîåâ äðåâíîñòè
â áîãîâ. Ìàëî-ïîìàëó ïðèâûêëè ê âçãëÿäó íà îñíîâíûå ïîíÿòèÿ êàê íà
"î÷åâèäíûå", ò.å. êàê íà ïðåäìåòû è êà÷åñòâà ïðåäñòàâëåíèÿ, ïðèñó-
ùèå ÷åëîâå÷åñêîìó äóõó; ñîãëàñíî ýòîìó âçãëÿäó, îñíîâíûì ïîíÿòèÿì
ãåîìåòðèè ñîîòâåòñòâóþò ïðåäìåòû èíòóèöèè, è îòðèöàíèå òîé èëè
èíîé àêñèîìû ãåîìåòðèè íèêîèì îáðàçîì íå ìîæåò áûòü îñóùåñòâëå-
íî íåïðîòèâîðå÷èâî. Íî òîãäà ñàìàÿ âîçìîæíîñòü ïðèëîæåíèÿ ýòèõ
îñíîâíûõ ïîíÿòèé è àêñèîì ê îáúåêòàì äåéñòâèòåëüíîñòè ñòàíîâèòñÿ
òîé ñàìîé çàäà÷åé, èç êîòîðîé âîçíèêëî êàíòîâñêîå ïîíèìàíèå ïðî-
ñòðàíñòâà.
Âòîðîé ìîòèâ äëÿ îòêàçà ãåîìåòðèè îò åå ýìïèðè÷åñêîé îñíîâû
äàëà èçèêà. Ñîãëàñíî ñòàâøåìó ãîðàçäî áîëåå óòîí÷åííûì âçãëÿäó
èçèêè íà ïðèðîäó òâåðäûõ òåë è ñâåòà, â ïðèðîäå íå ñóùåñòâóåò òà-
êèõ îáüåêòîâ, êîòîðûå áû ïî ñâîèì ñâîéñòâàì òî÷íî ñîîòâåòñòâîâàëè
îñíîâíûì ïîíÿòèÿì ýâêëèäîâîé ãåîìåòðèè. Òâåðäîå òåëî íå ìîæåò
ñ÷èòàòüñÿ àáñîëþòíî íåèçìåíÿåìûì, à ëó÷ ñâåòà òî÷íî íå âîñïðîèç-
âîäèò íè ïðÿìóþ ëèíèþ, íè äàæå âîîáùå êàêîé ëèáî îáðàç îäíîãî
èçìåðåíèÿ. Ïî âîçðåíèþ ñîâðåìåííîé íàóêè ãåîìåòðèÿ, âçÿòàÿ â îò-
äåëüíîñòè, íå ñîîòâåòñòâóåò ... íèêàêèì îïûòàì; îíà äîëæíà áûòü ïðè-
ëîæåíà ê îáúÿñíåíèþ èõ ñîâìåñòíî ñ ìåõàíèêîé, îïòèêîé è ò.ä. Òàê
2.1. åîìåòðèÿ è èçèêà 13
êàê, ñâåðõ òîãî, ãåîìåòðèÿ äîëæíà ïðåäøåñòâîâàòü èçèêå, ïîñêîëü-
êó çàêîíû ïîñëåäíåé íå ìîãóò áûòü âûðàæåíû áåç ïîìîùè ãåîìåòðèè,
òî ãåîìåòðèÿ è äîëæíà êàçàòüñÿ íàóêîé, ëîãè÷åñêè ïðåäøåñòâóþùåé
âñÿêîìó îïûòó è âñÿêîé îïûòíîé ïðîâåðêå.
[5℄, ñòð. 179
... Åñëè òåîðåìû ìàòåìàòèêè ïðèëàãàþòñÿ ê îòðàæåíèþ ðåàëüíîãî
ìèðà, îíè íå òî÷íû; îíè òî÷íû äî òåõ ïîð, ïîêà îíè íå ññûëàþòñÿ íà
äåéñòâèòåëüíîñòü.
[3℄
... Ñ ýòîé òî÷êè çðåíèÿ âîïðîñ î ïðèìåíèìîñòè èëè íåïðèìåíèìî-
ñòè ýâêëèäîâîé ãåîìåòðèè ïðèîáðåòàåò ÿñíûé ñìûñë. Ýâêëèäîâà ãåî-
ìåòðèÿ, êàê è ãåîìåòðèÿ âîîáùå, ñîõðàíÿåò õàðàêòåð ìàòåìàòè÷åñêîé
íàóêè, òàê êàê âûâîä åå òåîðåì èç àêñèîì ïî-ïðåæíåìó îñòàåòñÿ ÷èñòî
ëîãè÷åñêîé çàäà÷åé, íî â òî æå âðåìÿ îíà ñòàíîâèòñÿ è èçè÷åñêîé
íàóêîé, òàê êàê åå àêñèîìû ñîäåðæàò â ñåáå óòâåðæäåíèÿ îòíîñèòåëü-
íî îáüåêòîâ ïðèðîäû, ñïðàâåäëèâîñòü êîòîðûõ ìîæåò áûòü äîêàçàíà
òîëüêî îïûòîì.
[5℄, ñòð. 181
Ôîðìà ïðåäìåòà íå åñòü íå÷òî âíåøíåå ïî îòíîøåíèþ ê íåìó, îíà
ïðèíàäëåæèò åìó è îïðåäåëÿåòñÿ èì ñàìèì. Ïîýòîìó îðìû ñóùå-
ñòâîâàíèÿ ìàòåðèàëüíîãî ìèðà - ýòî îáùàÿ ñòðóêòóðà, îïðåäåëÿåìàÿ
åãî êîðåííûìè ñâîéñòâàìè, à íå ÷òî-òî òàêîå, âî ÷òî ìèð êàê áû âëî-
æåí ... àöèîíàëüíàÿ òåîðèÿ ïðîñòðàíñòâà è âðåìåíè íåîáõîäèìî âû-
âîäèò ñâîéñòâà ïîñëåäíèõ êàê ñâîéñòâà òàêîé îáùåé ñòðóêòóðû èç ñà-
ìèõ ñâîéñòâ ìàòåðèè. Òàêîâ áûë èñòî÷íèê ãåîìåòðèè - îíà îòðàæàëà
ïðåæäå âñåãî îáùåå ñâîéñòâî îòíîøåíèé òâåðäûõ òåë, îïðåäåëÿåìûõ
â ïåðâóþ î÷åðåäü âîçìîæíîñòüþ èõ äâèæåíèÿ.
[9℄, p 117
... Ìàòåìàòèêà âîîáùå è ãåîìåòðèÿ â ÷àñòíîñòè îáÿçàíû ñâîèì
ïðîèñõîæäåíèåì íåîáõîäèìîñòè óçíàòü ÷òî-ëèáî î ïîâåäåíèè ðåàëüíî
ñóùåñòâóþùèõ ïðåäìåòîâ. Íà ýòî óêàçûâàåò äàæå ñàìî ñëîâî "ãåî-
ìåòðèÿ", îçíà÷àþùåå "èçìåðåíèå çåìëè". Èçìåðåíèå æå çåìëè èìååò
äåëî ñ âîçìîæíûìè ðàñïîëîæåíèÿìè òåë â ïðèðîäå ... Èç ñèñòåìû ïî-
íÿòèé àêñèîìàòè÷åñêîé ãåîìåòðèè íåëüçÿ ïîëó÷èòü íèêàêèõ ñóæäå-
íèé î òàêèõ ðåàëüíî ñóùåñòâóþùèõ ïðåäìåòàõ, êîòîðûå ìû íàçûâàåì
ïðàêòè÷åñêè òâåðäûìè òåëàìè. ×òîáû òàêîãî ðîäà ñóæäåíèÿ áûëè
âîçìîæíû, ìû äîëæíû ëèøèòü ãåîìåòðèþ åå îðìàëüíî-ëîãè÷åñêîãî
õàðàêòåðà, ñîïîñòàâèâ ïóñòîé ñõåìå ïîíÿòèé àêñèîìàòè÷åñêîé ãåîìåò-
ðèè ðåàëüíûå îáüåêòû íàøåãî îïûòà. Äëÿ ýòîé öåëè äîñòàòî÷íî ïðè-
áàâèòü òîëüêî òàêîå óòâåðæäåíèå:
òâåðäûå òåëà âåäóò ñåáÿ â ñìûñëå ðàçëè÷íûõ âîçìîæíîñòåé âçàèì-
íîãî ðàñïîëîæåíèÿ, êàê òåëà ýâêëèäîâîé ãåîìåòðèè òðåõ èçìåðåíèé;
òàêèì îáðàçîì, òåîðåìû ýâêëèäîâîé ãåîìåòðèè ñîäåðæàò â ñåáå óòâåð-
æäåíèÿ, îïðåäåëÿþùèå ïîâåäåíèå ïðàêòè÷åñêè òâåðäûõ òåë.
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Äîïîëíåíííàÿ òàêèì óòâåðæäåíèåì ãåîìåòðèÿ ñòàíîâèòñÿ, î÷å-
âèäíî, åñòåñòâåííîé íàóêîé ... Åå óòâåðæäåíèÿ ïîêîÿòñÿ ñóùåñòâåí-
íûì îáðàçîì íà âûâîäàõ èç îïûòà, à íå òîëüêî íà ëîãè÷åñêèõ çàêëþ-
÷åíèÿõ. Áóäåì â äàëüíåéøåì íàçûâàòü äîïîëíåííóþ òàêèì îáðàçîì
ãåîìåòðèþ "ïðàêòè÷åñêîé ãåîìåòðèåé" ... Âîïðîñ î òîì, ÿâëÿåòñÿ ëè
ïðàêòè÷åñêàÿ ãåîìåòðèÿ ýâêëèäîâîé èëè íåò, ïðèîáðåòàåò ñîâåðøåííî
ÿñíûé ñìûñë; îòâåò íà íåãî ìîæåò äàòü òîëüêî îïûò. Âñÿêèå èçìåðå-
íèÿ äëèíû â èçèêå òî÷íî òàê æå, êàê è ãåîäåçè÷åñêèå èëè àñòðîíîìè-
÷åñêèå èçìåðåíèÿ, â ýòîì ñìûñëå ñîñòàâëÿþò ïðåäìåò ïðàêòè÷åñêîé
ãåîìåòðèè, åñëè ïðè ýòîì èñõîäèòü èç òîãî îïûòíîãî çàêîíà, ÷òî ñâåò
ðàñïðîñòðàíÿåòñÿ ïî ïðÿìîé ëèíèè, è èìåííî ïî ïðÿìîé â ñìûñëå
ïðàêòè÷åñêîé ãåîìåòðèè.
[3℄
Ïðèâåäåííûå ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî ìàòåìàòèêà íå ÿâëÿåòñÿ îñî-
áîé îáëàñòüþ ïîçíàíèÿ, ðàçâèâàþùåéñÿ íåçàâèñèìî îò ïîçíàâàòåëüíî-ïðåîáðà-
çóþùåé ïðàêòèêè ÷åëîâåêà. Íà ñàìîì äåëå, èñõîäíûìè ïîñûëêàìè äëÿ ìàòåìà-
òèêè ñëóæèò ïðàêòèêà, è â êîíå÷íîì èòîãå ìàòåìàòèêà ÿâëÿåòñÿ íåçàìåíèìûì
àïïàðàòîì â ïðàêòè÷åñêîé äåÿòåëüíîñòè ÷åëîâåêà.
2.2. Ïðîñòðàíñòâî-âðåìÿ
... Ïðîñòðàíñòâî è âðåìÿ - íå ïðîñòûå îð-
ìû ÿâëåíèé, à îáúåêòèâíî-ðåàëüíûå îðìû
áûòèÿ. Â ìèðå íåò íè÷åãî, êðîìå äâèæóùåé-
ñÿ ìàòåðèè, è äâèæóùàÿñÿ ìàòåðèÿ íå ìîæåò
äâèãàòüñÿ èíà÷å, êàê â ïðîñòðàíñòâå è âî âðå-
ìåíè... Èçìåí÷èâîñòü ÷åëîâå÷åñêèõ ïðåäñòàâ-
ëåíèé î ïðîñòðàíñòâå è âðåìåíè òàê æå ìà-
ëî îïðîâåðãàþò îáúåêòèâíóþ ðåàëüíîñòü òîãî
è äðóãîãî, êàê èçìåí÷èâîñòü íàó÷íûõ çíàíèé
î ñòðîåíèè è îðìàõ äâèæåíèÿ ìàòåðèè íå
îïðîâåðãàþò îáúåêòèâíîé ðåàëüíîñòè âíåøíå-
ãî ìèðà.
Lenin, 110, ñ. 181, 182
... Íå âåùè ïðåäïîëàãàþò ñóùåñòâîâàíèå
ïðîñòðàíñòâà è âðåìåíè, à íàîáîðîò, ïðîñòðàí-
ñòâî è âðåìÿ ïðåäïîëàãàþò íàëè÷íîñòü âåùåé,
èáî ïðîñòðàíñòâî, èëè ïðîòÿæåííîñòü, ïðåä-
ïîëàãàåò íàëè÷íîñòü ÷åãî-òî, ÷òî ïðîòÿæåííî,
è âðåìÿ - äâèæåíèå: âåäü âðåìÿ - ëèøü ïîíÿ-
òèå, ïðîèçâîäíîå îò äâèæåíèÿ, - ïðåäïîëàãàåò
íàëè÷íîñòü ÷åãî-òî, ÷òî äâèæåòñÿ. Âñ¼ - ïðî-
ñòðàíñòâåííî è âðåìåííî.
Ôååðáàõ, 111, ñ. 50
Ïðåæäå ÷åì ïåðåéòè ê èçó÷åíèþ âçàèìîäåéñòâèÿ ãåîìåòðèè è ÎÒÎ, íåîá-
õîäèìî äàòü ÷¼òêîå îïðåäåëåíèå îñíîâíûõ ïîíÿòèé. Îñíîâíîå ïîíÿòèå ãåîìåò-
ðèè - ýòî ïðîñòðàíñòâî; ïðîñòðàíñòâî, íàïîëíåíîå èçè÷åñêèì ñîäåðæàíèåì,
íàçûâàþò ïðîñòðàíñòâîì ñîáûòèé.
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... Ïðåæäå ïîíÿòèé, îòíîñÿùèõñÿ ê ïðîñòðàíñòâó, äîëæíî ñóùå-
ñòâîâàòü ïîíÿòèå "ìàòåðèàëüíûé îáúåêò". Ýòî ëîãè÷åñêè ïåðâè÷íîå
ïîíÿòèå. Â ýòîì ëåãêî óáåäèòüñÿ, àíàëèçèðóÿ ïðîñòðàíñòâåííûå ïî-
íÿòèÿ, íàïðèìåð, "ðÿäîì", "êàñàíèå" è ò. ä., äðóãèìè ñëîâàìè, îòûñ-
êèâàÿ èõ ýêâèâàëåíòû â îïûòå.
109, ñ. 235
Ôèçè÷åñêîå ïîíÿòèå âðåìåíè îòâå÷àåò ïîíÿòèþ, ïðèñóùåìó èíòó-
èòèâíîìó ìûøëåíèþ. Íî òàêîå ïîíÿòèå âîñõîäèò ê ïîðÿäêó âîâðåìåíè
îùóùåíèé èíäèâèäóóìà, è ýòîò ïîðÿäîê ìû äîëæíû ïðèíèìàòü êàê
íå÷òî ïåðâè÷íî äàííîå. Íåêòî îùóùàåò ... ÷óâñòâåííîå îùóùåíèå â
äàííûé ìîìåíò, ñîåäèíåííîå ñ âîñïîìèíàíèåì î (ïðåæíèõ) ÷óâñòâåí-
íûõ îùóùåíèÿõ. Ýòî è åñòü ïðè÷èíà òîãî, ÷òî ÷óâñòâåííûå îùóùå-
íèÿ, ïî-âèäèìîìó, îáðàçóþò âðåìåííûå ðÿäû îùóùåíèé, îñíîâàííûå
íà îöåíêàõ "ðàíüøå" è "ïîçæå". Ýòè ðÿäû ìîãóò ïîâòîðÿòüñÿ, è òî-
ãäà îíè ìîãóò áûòü îïîçíàíû. Îíè ìîãóò òàêæå ïîâòîðÿòüñÿ íåòî÷íî,
ñ çàìåíîé íåêîòîðîãî ÷èñëà ñîáûòèé äðóãè ìè, ïðè÷åì õàðàêòåð ïî-
âòîðåíèÿ äëÿ íàñ íå óòðà÷èâàåòñÿ. Òàêèì îáðàçîì, ìû ïðèõîäèì ê
ïðåäñòàâëåíèþ âðåìåíè â âèäå íåêîåãî îäíîìåðíîãî êàðêàñà, êîòîðûé
ìîæíî çàïîëíèòü îùóùåíèÿìè ðàçíûìè ñïîñîáàìè. Îäíè è òåæå ðÿ-
äû îùóùåíèé îòâå÷àþò òåì æå ñóáúåêòèâíûì èíòåðâàëàì âðåìåíè.
Ïåðåõîä îò ýòîãî "ñóáúåêòèâíîãî" âðåìåíè ... ê ïîíÿòèþ âðåìåíè
äîíàó÷íîãî ìûøëåíèÿ ñâÿçûâàåòñÿ ñ âîçíèêíîâåíèåì èäåè î ñóùå-
ñòâîâàíèè ðåàëüíîãî ìèðà, íåçàâèñèìîãî îò ñóáúåêòà. Â ýòîì ñìûñëå
(îáúåêòèâíîå) ñîáûòèå ñòàâèòñÿ â ñîîòâåòñòâèå ñ ñóáúåêòèâíûì îùó-
ùåíèåì. Â òàêîì æå ñìûñëå "ñóáúåêòèâíîå" âðåìÿ îùóùåíèÿ ñîïî-
ñòàâëÿåòñÿ ñ "âðåìåíåì" ñîîòâåòñòâóþùåãî "îáúåêòèâíîãî" ñîáûòèÿ.
Â ïðîòèâîïîëîæíîñòü îùóùåíèÿì âíåøíèå ñîáûòèÿ è èõ ïîðÿäîê âî
âðåìåíè ïðåòåíäóåò íà ñïðàâåäëèâîñòü äëÿ âñåõ ñóáúåêòîâ.
... Ïðè áîëåå ïîäðîáíîì ðàññìîòðåíèè èäåè îáúåêòèâíîãî ìèðà
âíåøíèõ ñîáûòèé îêàçàëîñü íåîáõîäèìûì óñòàíîâèòü áîëåå ñëîæíóþ
çàâèñèìîñòü ìåæäó ñîáûòèÿìè è îùóùåíèÿìè. Âïåðâûå ýòî áûëî ñäå-
ëàíî ñ ïîìîùüþ èíñòèíêòèâíûõ ïðàâèë ìûøëåíèÿ, â êîòîðûõ îñîáåí-
íî âàæíóþ ðîëü èãðàåò ïîíÿòèå ïðîñòðàíñòâà. Ïðîöåññ óñëîæíåíèÿ
ïîíÿòèé âåäåò â êîíå÷íîì ñ÷åòå ê åñòåñòâåííûì íàóêàì.
109, ñ. 242, 243
Ôîðìà ïðåäìåòà åñòü ... íå ÷òî èíîå, êàê ñîâîêóïíîñòü îòíîøåíèé
åãî ÷àñòåé. Ïîýòîìó ðå÷ü äîëæíà èäòè î òåõ ìàòåðèàëüíûõ ñâÿçÿõ ýëå-
ìåíòîâ ìèðà, êîòîðûå â ñâîåé ñîâîêóïíîñòè è îïðåäåëÿþò ïðîñòðàíñòâî-
âðåìÿ.
Ïðîñòåéøèé ýëåìåíò ìèðà - ýòî òî, ÷òî íàçûâàåòñÿ ñîáûòèåì. Îíî
ïðåäñòàâëÿåò ñîáîé "òî÷å÷íîå" ÿâëåíèå âðîäå ìãíîâåííîé âñïûøêè
òî÷å÷íîé ëàìïû èëè, ïîëüçóÿñü íàãëÿäíûìè ïîíÿòèÿìè î ïðîñòðàíñòâå-
âðåìåíè, ÿâëåíèå, ïðîòÿæåíèåì êîòîðîãî â ïðîñòðàíñòâå è âî âðåìåíè
ìîæíî ïðåíåáðå÷ü... Ñîáûòèå àíàëîãè÷íî òî÷êå â ãåîìåòðèè... Âñÿêîå
ÿâëåíèå, âñÿêèé ïðîöåññ ïðåäñòàâëÿåòñÿ êàê íåêîòîðàÿ ñâÿçíàÿ ñîâî-
êóïíîñòü ñîáûòèé.
16 2. Ïðîñòðàíñòâî è âðåìÿ â èçèêå
Îòâëåêàÿñü îò âñåõ ñâîéñòâ ñîáûòèÿ, êðîìå òîãî, ÷òî îíî ñóùå-
ñòâóåò, ìû ïðåäñòàâëÿåì åãî êàê ... "ìèðîâóþ òî÷êó". Ïðîñòðàíñòâî-
âðåìÿ è åñòü ìíîæåñòâî âñåõ ìèðîâûõ òî÷åê.
[9℄, ñ. 133, 134
Îäíàêî ïîäîáíîå îïðåäåëåíèå íåïîëíî, îíî íå ó÷èòûâàåò, ÷òî êàæ-
äîå ñîáûòèå ... âîçäåéñòâóåò íà íåêîòîðûå äðóãèå ñîáûòèÿ è ñàìî ïîä-
âåðæåíî âîçäåéñòâèÿì äðóãèõ ñîáûòèé. Âîîáùå âîçäåéñòâèå è åñòü
äâèæåíèå, ñâÿçûâàþùåå îäíî ñîáûòèå ñ äðóãèì ÷åðåç ðÿä ïðîìåæó-
òî÷íûõ ñîáûòèé... Â ïîíÿòèÿõ èçèêè âîçäåéñòâèå ìîæíî îïðåäåëèòü
êàê ïåðåäà÷ó èìïóëüñà è ýíåðãèè.
[9℄, ñ. 134
Òàêèì îáðàçîì, ãåîìåòðèÿ ïðîñòðàíñòâà-âðåìåíè íåîòäåëèìà îò èçè÷å-
ñêèõ ïðîöåññîâ, ïðîòåêàþùèõ â ñàìîì ïðîñòðàíñòâå-âðåìåíè.
Ïðîñòðàíñòâî-âðåìÿ åñòü ìíîæåñòâî âñåõ ñîáûòèé â ìèðå, îòâëå-
÷åííûõ îò âñåõ åãî ñâîéñòâ, êðîìå òåõ, êîòîðûå îïðåäåëÿþòñÿ îòíî-
øåíèÿìè âîçäåéñòâèÿ îäíèõ ñîáûòèé íà äðóãèå.
Ïðîñòðàíñòâåííî-âðåìåííàÿ ñòðóêòóðà ìèðà åñòü íå ÷òî èíîå êàê
åãî ïðè÷èííî-ñëåäñòâåííàÿ ñòðóêòóðà, âçÿòàÿ ëèøü â ñîîòâåòñòâóþ-
ùåé àáñòðàêöèè.
[9℄, ñ. 135
Ñëåäóþùèé âîïðîñ, êîòîðûé íåîáõîäèìî ðàññìîòðåòü, - ýòî âîïðîñ î è-
çè÷åñêîì ñîäåðæàíèè ïîíÿòèÿ êîîðäèíàò. ×òîáû ïîíÿòü âñþ âàæíîñòü ýòîãî
âîïðîñà, âñïîìíèì êàê ââ¼ë Ýéíøòåéí åäèííîå âðåìÿ â òåîðèè îòíîñèòåëüíî-
ñòè. Ïðåæäå âñåãî, êàæäûé íàáëþäàòåëü ñíàáæ¼í ñîáñòâåííûìè ÷àñàìè. Íî
äëÿ òîãî, ÷òîáû âðåìÿ, ïîêàçûâàåìîå êàæäûì íàáëþäàòåëåì, áûëî êîîðäèíà-
òîé â ïðîñòðàíñòâå ñîáûòèé, íåîáõîäèìà ñèíõðîíèçàöèÿ ÷àñîâ. Îäíàêî ïðîöåññ
ñèíõðîíèçàöèè îñíîâàí íà èçè÷åñêèõ ÿâëåíèÿõ.
Åñëè â òî÷êå A ïðîñòðàíñòâà ïîìåùåíû ÷àñû, òî íàáëþäàòåëü, íà-
õîäÿùèéñÿ â A, ìîæåò óñòàíàâëèòü âðåìÿ ñîáûòèé â íåïîñðåäñòâåííîé
áëèçîñòè îò A ïóòåì íàáëþäåíèÿ îäíîâðåìåííûõ ñ ýòèìè ñîáûòèèè-
ÿìè ïîêàçàíèé ñòðåëîê ÷àñîâ. Åñëè â äðóãîé òî÷êå B ïðîñòðàíñòâà
òàêæå èìåþòñÿ ÷àñû (ìû äîáàâèì: "òî÷íî òàêèå æå ÷àñû, êàê â òî÷êå
A"), òî â íåïîñðåäñòâåííîé áëèçîñòè îò B òîæå âîçìîæíà âðåìåííàÿ
îöåíêà ñîáûòèé íàõîäÿùèìñÿ â B íàáëþäàòåëåì. Îäíàêî íåâîçìîæ-
íî áåç äàëüíåéøèõ ïðåäïîëîæåíèé ñðàâíèâàòü âî âðåìåíè êàêîå-ëèáî
ñîáûòèå â A ñ ñîáûòèåì â B; ìû îïðåäåëèëè ïîêà òîëüêî "A-âðåìÿ" è
"B-âðåìÿ", íî íå îáùåå äëÿ A è B "âðåìÿ". Ïîñëåäíåå ìîæíî óñòàíî-
âèòü, ââîäÿ îïðåäåëåíèå, ÷òî "âðåìÿ", íåîáõîäèìîå äëÿ ïðîõîæäåíèÿ
ñâåòà èç A â B, ðàâíî "âðåìåíè", òðåáóåìîìó äëÿ ïðîõîæäåíèÿ ñâåòà
èç B â A. Ïóñòü â ìîìåíò tA ïî "A-âðåìåíè" ëó÷ ñâåòà âûõîäèò èç A â
B, îòðàæàåòñÿ â ìîìåíò tB ïî "B-âðåìåíè" îò B ê A è âîçâðàùàåòñÿ
íàçàä â A â ìîìåíò t′A ïî "A-âðåìåíè". ×àñû â A è B áóäóò èäòè,
ñîãëàñíî îïðåäåëåíèþ, ñèíõðîííî, åñëè
tB − tA = t
′
A − tB
Ìû ñäåëàåì äîïóùåíèå, ÷òî ýòî îïðåäåëåíèå ñèíõðîííîñòè ìîæíî
äàòü íåïðîòèâîðå÷èâûì îáðàçîì è ïðèòîì äëÿ ñêîëü óãîäíî ìíîãèõ
òî÷åê è ÷òî, òàêèì îáðàçîì, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
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1) åñëè ÷àñû â B èäóò ñèíõðîííî ñ ÷àñàìè â A, òî ÷àñû â A èäóò
ñèíõðîííî ñ ÷àñàìè â B;
2) åñëè ÷àñû â A èäóò ñèíõðîííî êàê ñ ÷àñàìè â B, òàê è ñ ÷àñàìè
â C, òî ÷àñû â B è C òàêæå èäóò ñèíõðîííî îòíîñèòåëüíî äðóã äðóãà.
[1℄, ñòð. 9, 10
Àíàëîãè÷íûå ïîñòðîåíèÿ, îñíîâàííûå íà èçìåðåíèè ðàññòîÿíèé ìåæäó íà-
áëþäàòåëÿìè (÷òî òàêæå ìîæíî âûïîëíèòü ñ ïîìîùüþ ñâåòîâûõ ñèãíàëîâ)
ïðèâîäÿò ê ïîíÿòèþ ïðîñòðàíñòâåííûõ êîîðäèíàò.
Â ÎÒÎ ïðîáëåìà êîîðäèíàò îêàçûâàåòñÿ ñëîæíåå, íî ñóòü å¼ îñòà¼òñÿ ñëå-
äóþùåé: êîîðäèíàòû ÿâëÿþòñÿ êîíöåíòðèðîâàííûì âûðàæåíèåì âçàèìîäåé-
ñòâèÿ ðàçëè÷íûõ íàáëþäàòåëåé â ïðîñòðàíñòâå ñîáûòèé.
2.3. Ïðèíöèï êîâàðèàíòíîñòè
Ñóùíîñòü âðåìåíè è ïðîñòðàíñòâà åñòü äâè-
æåíèå, ïîòîìó ÷òî îíî âñåîáùå; ïîíÿòü åãî
çíà÷èò âûñêàçàòü åãî ñóùíîñòü â îðìå ïî-
íÿòèÿ.
åãåëü, "Ëåêöèè ïî èñòîðèè èëîñîèè".
Äâèæåíèå åñòü ñóùíîñòü âðåìåíè è ïðî-
ñòðàíñòâà. Äâà îñíîâíûõ ïîíÿòèÿ âûðàæàþò
ýòó ñóùíîñòü: (áåñêîíå÷íàÿ) íåïðåðûâíîñòü è
"ïóíêòóàëüíîñòü" (= îòðèöàíèå íåïðåðûâíî-
ñòè, ïðåðûâíîñòü). Äâèæåíèå åñòü åäèíñòâî
íåïðåïðåðûâíîñòè (âðåìåíè è ïðîñòðàíñòâà.
Äâèæåíèå åñòü ïðîòèâîðå÷èå, åñòü åäèíñòâî
ïðîòèâîðå÷èé.
111, ñ. 231, Lenin, Philosophi notebooks
Îïðåäåëèâ ñîäåðæàíèå ïîíÿòèÿ ïðîñòðàíñòâà, ìû ìîæåì ïåðåéòè ê ðàññìîò-
ðåíèþ ïðèíöèïîâ, ïîëîæåííûõ â îñíîâó ÎÒÎ. Îñíîâíûì ïðèíöèïîì ÎÒÎ ÿâ-
ëÿåòñÿ ïðèíöèï îáùåêîâàðèàíòíîñòè. Âòîðûì, íå ìåíåå âàæíûì ïðèíöèïîì
â ñîâðåìåííîé îðìóëèðîâêå ÎÒÎ, ÿâëÿåòñÿ ïðèíöèï ýêâèâàëåíòíîñòè. Îáà
ýòè ïðèíöèïà òåñíî âçàèìîñâÿçàíû. Îïèðàÿñü íà ïðèíöèï Ìàõà, Ýéíøòåéí
îðìóëèðóåò îñíîâíûå ïðèíöèïû.
Ïóñòü K - ãàëèëååâà êîîðäèíàòíàÿ ñèñòåìà, ò. å. òàêàÿ, îòíîñè-
òåëüíî êîòîðîé (ïî êðàéíåé ìåðå â ðàññìàòðèâàåìîé ÷åòûðåõìåðíîé
îáëàñòè) íåêîòîðàÿ ìàññà, äîñòàòî÷íî óäàëåííàÿ îò äðóãèõ, äâèæåòñÿ
ïðÿìîëèíåéíî è ðàâíîìåðíî. Ïóñòü K ′ - âòîðàÿ êîîðäèíàòíàÿ ñèñòå-
ìà, êîòîðàÿ îòíîñèòåëüíî K äâèæåòñÿ ðàâíîìåðíî óñêîðåííî. Òîãäà
äîñòàòî÷íî èçîëèðîâàííàÿ îò äðóãèõ ìàññà ñîâåðøàåò îòíîñèòåëüíî
K ′ óñêîðåííîå äâèæåíèå, ïðè÷åì íè óñêîðåíèå, íè íàïðàâëåíèå ýòîãî
óñêîðåíèÿ íå çàâèñÿò îò õèìè÷åñêîãî ñîñòàâà è èçè÷åñêîãî ñîñòîÿíèÿ
ýòîé ìàññû.
Ìîæåò ëè íàáëþäàòåëü, ïîêîÿùèéñÿ îòíîñèòåëüíî êîîðäèíàòíîé
ñèñòåìû K ′, îòñþäà çàêëþ÷èòü, ÷òî îí íàõîäèòñÿ â "äåéñòâèòåëüíî"
óñêîðåííîé êîîðäèíàòíîé ñèñòåìå? Îòâåò íà ýòîò âîïðîñ äîëæåí áûòü
îòðèöàòåëüíûì, èáî òîëüêî ÷òî óêàçàííîå ïîâåäåíèå ìàññ, ñâîáîäíî
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äâèæóùèõñÿ îòíîñèòåëüíî K ′, ìîæåò áûòü ñòîëü æå õîðîøî îáúÿñíå-
íî ñëåäóþùèì îáðàçîì. Êîîðäèíàòíàÿ ñèñòåìà K ′ íå èìååò óñêîðå-
íèÿ, íî â ðàññìàòðèâàåìîé ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè èìå-
åòñÿ ãðàâèòàöèîííîå ïîëå, âûçûâàþùåå óñêîðåííîå äâèæåíèå òåë îò-
íîñèòåëüíî ñèñòåìû K ′.
[2℄, ñòð. 456
Îäíàêî Ýéíøòåéí ñäåëàë â ýòîé ðàáîòå äâå ìåòîäîëîãè÷åñêèå îøèáêè. Èç-
ëîæèâ îñíîâíûå ïðèíöèïû ÎÒÎ, îí ïèøåò
Èç ýòèõ ñîîáðàæåíèé âèäíî, ÷òî ïîñòðîåíèå îáùåé òåîðèè îòíî-
ñèòåëüíîñòè äîëæíî îäíîâðåìåíííî ïðèâåñòè è ê òåîðèè òÿãîòåíìÿ,
èáî ãðàâèòàöèîííîå ïîëå ìîæíî "ñîçäàòü" ïðîñòûì èçìåíåíèåì êîîð-
äèíàòíîé ñèñòåìû.
[2℄, ñ. 457
Âî-ïåðâûõ. Òåñíàÿ ñâÿçü îñíîâíûõ ïðèíöèïîâ íå îçíà÷àåò èõ òîæäåñòâî.
Ïðèíöèï ýêâèâàëåíòíîñòè îêàçàëñÿ èñòîðè÷åñêè ïåðâûì è ñàìûì ïðîñòûì
ïðèíöèïîì, ñîðìóëèðîâàííûì â îáùåêîâàðèàíòíîé îðìå. Â äàëüíåéøåì
Ýéíøòåéí ïîíÿë, ÷òî òåîðèþ îòíîñèòåëüíîñòè íåëüçÿ ñâåñòè ê òåîðèè ãðàâèòà-
öèîííîãî ïîëÿ. Âñþ ñâîþ îñòàâøóþñÿ æèçíü îí ïîñâÿòèë ðàçâèòèþ ïðèíöèïà
îáùåêîâàðèàíòíîñòè.
Âî-âòîðûõ. Êàê ñëåäñòâèå îòîæäåñòâëåíèÿ ñèñòåìû îòñ÷¼òà è ñèñòåìû êî-
îðäèíàò, Ýéíøòåéí îøèáî÷íî îòîæäåñòâëÿë ïðåîáðàçîâàíèå Ëîðåíöà ñ îáùèì
êîîðäèíàòíûì ïðåîáðàçîâàíèåì. Ñàìàÿ ãðóáàÿ îøèáêà ñîñòîÿëà â òîì, ÷òî
Ýéíøòåéí ïîëàãàë, ÷òî ñ ïîìîùüþ ïðåîáðàçîâàíèé Ëîðåíöà ìîæíî ïîðîäèòü
ãðàâèòàöèîííîå ïîëå â èíåðöèàëüíîé ñèñòåìå îòñ÷¼òà, åñëè åãî òàì íå áûëî.
Íî ýòî ïðîòèâîðå÷èò ïðèíöèïó îáùåêîâàðèàíòíîñòè. Íà ñàìîì äåëå çäåñü èìå-
åò ìåñòî ïåðåõîä ê íåèíåðöèàëüíîé ñèñòåìå îòñ÷¼òà, âûðàæåííûé â ïîÿâëåíèè
íåãîëîíîìíîñòè êîîðäèíàò, èñïîëüçóåìûõ íàáëþäàòåëåì.
... Íåëüçÿ ëþáîå ïîëå òÿæåñòè çàìåíèòü ñîñòîÿíèåì äâèæåíèÿ ñè-
ñòåìû áåç ãðàâèòàöèîííîãî ïîëÿ, òî÷íî òàêæå êàê íåëüçÿ ïðåîáðàçî-
âàòü âñå òî÷êè ïðîèçâîëüíî äâèæóùåéñÿ ñðåäû ê ïîêîþ ïîñðåäñòâîì
ðåëÿòèâèñòñêîãî ïðåîáðàçîâàíèÿ.
107, ñ. 166
Îäíàêî èçîëèðîâàííûé íàáëþäàòåëü íå çíàåò, êàêèìè êîîðäèíàòàìè îí
ïîëüçóåòñÿ. Ñ äðóãîé ñòîðîíû, è â íåèíåðöèàëüíîé ñèñòåìå îòñ÷¼òà, è â ãðà-
âèòàöèîííîì ïîëå ñâîáîäíûå òåëà äâèæóòñÿ ïî òðàåêòîðèÿì, íå çàâèñÿùèì îò
èõ ìàññû.
Ïðèíöèï ýêâèâàëåíòíîñòè - ýòî óòâåðæäåíèå î ïîëíîé òîæäåñòâåí-
íîñòè âñåõ èçè÷åñêèõ ïðîöåññîâ è ÿâëåíèé â îäíîðîäíîì ïîëå òÿãî-
òåíèÿ è â ñîîòâåòñòâóþùåé ðàâíîìåðíî óñêîðåííîé ñèñòåìå îòñ÷åòà,
ïðè÷åì â îáùåì ñëó÷àå ðå÷ü èäåò î äîñòàòî÷íî ìàëûõ ïðîñòðàíñòâåííî-
âðåìåííûõ îáëàñòÿõ. Èç ïðèíöèïà ýêâèâàëåíòíîñòè ñëåäóåò ðàâåíñòâî
èíåðòíîé ìàññû è òÿæåëîé ìàññû, òàê êàê â ïðîòèâíîì ñëó÷àå óæå ìå-
õàíè÷åñêèå äâèæåíèÿ â óñêîðåííîé ñèñòåìå îòñ÷åòà è â ïîëå òÿæåñòè
ïðîòåêàëè áû íåîäèíàêîâî.
Ginzburg, 105, ñ. 339
Ïðîâåäåííûé ìíîþ íåäàâíî àíàëèç ïîêàçûâàåò, ÷òî ïðèíöèï ýê-
âèâàëåíòíîñòè íå ÿâëÿåòñÿ óòâåðæäåíèåì î ðàâåíñòâå äâóõ ðàçíûõ
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òèïîâ ìàññû. Îñíîâà ïðèíöèïà ýêâèâàëåíòíîñòè ñîñòîèò â òîì, ÷òî
íè îäíî ÿâëåíèå íå ìîæåò îòëè÷èòü îäíó ñèñòåìó îòñ÷¼òà îò äðóãîé è
çàêîíû èçèêè íå çàâèñÿò îò òîãî, êàêóþ ñèñòåìó îòñ÷¼òà ìû èñïîëü-
çóåì. Èçó÷åíèå ýëåêòðîìàãíèòíûõ ïîëåé ïîêàçûâàåò, ÷òî ìàññà ìå-
íåå âàæíà â îáùåé òåîðèè îòíîñèòåëüíîñòè, ÷åì ìû ïîëàãàëè ðàíüøå.
Íå ìàññà, à òåíçîð ýíåðãèè èìïóëüñà ïîðîæäàåò ãðàâèòàöèîííîå ïîëå.
Ñâåò íå èìååò ìàññû, íî èìååò èìïóëüñ. Ýéíøòåéí, èñïðàâèâ íàèáîëåå
ãðóáûå îøèáêè, îðìóëèðîâàë îñíîâíûå ïðèíöèïû ñëåäóþùèì îáðà-
çîì: Ïóñòü K - èíåðöèàëüíàÿ ñèñòåìà áåç ïîëÿ òÿæåñòè, K ′ - ñèñòåìà
êîîðäèíàò, ðàâíîìåðíî óñêîðåííàÿ îòíîñèòåëüíî K. Òîãäà ïîâåäåíèå
ìàòåðèàëüíûõ òî÷åê ïî îòíîøåíèþ ê ñèñòåìå K ′ áóäåò òàêèì æå, êàê
åñëè áû K ′ áûëà èíåðöèàëüíîé ñèñòåìîé, â êîòîðîé ñóùåñòâóåò îäíî-
ðîäíîå ïîëå òÿãîòåíèÿ. Òàêèì îáðàçîì, â ñâåòå èçâåñòíûõ èç îïûòà
ñâîéñòâ ïîëÿ òÿæåñòè îïðåäåëåíèå èíåðöèàëüíîé ñèñòåìû îêàçûâàåò-
ñÿ íåñîñòîÿòåëüíûì. Íàïðàøèâàåòñÿ ìûñëü î òîì, ÷òî êàæäàÿ, ëþáûì
îáðàçîì äâèæóùàÿñÿ ñèñòåìà îòñ÷åòà, ñ òî÷êè çðåíèÿ îðìóëèðîâêè
çàêîíîâ ïðèðîäû, ðàâíîöåííà ëþáîé äðóãîé è ÷òî, ñëåäîâàòåëüíî, äëÿ
îáëàñòåé êîíå÷íîé ïðîòÿæåííîñòè âîîáùå íå ñóùåñòâóåò èçè÷åñêè
âûäåëåííûõ (ïðèâèëåãèðîâàíûõ) ñîñòîÿíèé äâèæåíèÿ (îáùèé ïðèí-
öèï îòíîñèòåëüíîñòè). Ïîñëåäîâàòåëüíîå ïðîâåäåíèå ýòîé èäåè òðå-
áóåò åùå áîëåå ãëóáîêîãî âèäîèçìåíåíèÿ ãåîìåòðèêî-êèíåìàòè÷åñêèõ
îñíîâ òåîðèè, ÷åì ñïåöèàëüíàÿ òåîðèÿ îòíîñèòåëüíîñòè... Îáîáùàÿ,
ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó: ïîëå òÿãîòåíèÿ è ìåòðèêà ïðåä-
ñòàâëÿþò ñîáîé ëèøü ðàçëè÷íûå îðìû ïðîÿâëåíèÿ îäíîãî è òîãî æå
èçè÷åñêîãî ïîëÿ.
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Ñîâðåìåííàÿ îðìóëèðîâêà ïðèíöèïà îáùåêîâàðèàíòíîñòè íå çàâèñèò îò
ïðèíöèïà ýêâèâàëåíòíîñòè. Ñóòü ñîñòîèò â òîì, ÷òî ïðåîáðàçîâàíèÿ Ëîðåíöà
îáðàçóþò ÷¼òêî îïðåäåë¼ííóþ ãðóïïó, à èçè÷åñêèå âåëè÷èíû ÿâëÿþòñÿ èíâà-
ðèàíòíûìè êîíñòðóêöèÿìè îòíîñèòåëüíî ýòîé ãðóïïû.
Íåîáõîäèìî îòìåòèòü, ÷òî ðàçëè÷íûå îøèáî÷íûå òîëêîâàíèÿ óòâåðæäå-
íèé ÎÒÎ, âûñêàçûâàíèé Ýéíøòåéíà (îñîáåííî ðàííèõ) îáåäíÿþò ñîäåðæàíèå
ÎÒÎ. Òàê, îòîæäåñòâëÿÿ îáà ïðèíöèïà, Ôîê óòâåðæäàë, ÷òî ÎÒÎ ïðàâèëü-
íåå áûëî áû íàçâàòü òåîðèåé òÿãîòåíèÿ. Äðóãèå àâòîðû ñ÷èòàþò, ÷òî òîò èëè
èíîé ïðèíöèï, ïîäîáíî ïðèíöèïó Ìàõà, ñûãðàë ðîëü ïîâèâàëüíîé áàáêè è ñåé-
÷àñ íå ÿâëÿåòñÿ óíäàìåíòàëüíûì ïðèíöèïîì òåîðèè. Íå÷¼òêîñòü îïðåäåëå-
íèÿ ïðåîáðàçîâàíèé Ëîðåíöà ó Ýéíøòåéíà ïîðîäèëà ðàçëè÷íûå ïîèñêè. Ïûòà-
ÿñü ñèñòåìàòèçèðîâàòü îáøèðíûé ìàòåðèàë, ìíîãèå èññëåäîâàòåëè îøèáî÷íî
óïðîùàëè ïðîáëåìó, âûäåëÿÿ ïðèâèëåãèðîâàííûå ñèñòåìû îòñ÷¼òà, ÷òî ïðîòè-
âîðå÷èò ïðèíöèïó îáùåêîâàðèàíòíîñòè.
Ñóùåñòâåííîå äîñòèæåíèå îáùåé òåîðèè îòíîñèòåëüíîñòè çàêëþ-
÷àåòñÿ â òîì, ÷òî îíà èçáàâèëà èçèêó îò íåîáõîäèìîñòè ââîäèòü
"èíåðöèàëüíóþ ñèñòåìó". Ýòî ïîíÿòèå íåóäîâëåòâîðèòåëüíî ïî òîé
ïðè÷èíå, ÷òî îíî áåç êàêîãî-ëèáî îáîñíîâàíèÿ âûäåëÿåò èç âñåõ ìûñ-
ëåííî âîçìîæíûõ ñèñòåì êîîðäèíàò íåêîòîðûå ñèñòåìû. Çàòåì äå-
ëàåòñÿ ïðåäïîëîæåíèå, ÷òî çàêîíû èçèêè âûïîëíÿþòñÿ òîëüêî äëÿ
20 2. Ïðîñòðàíñòâî è âðåìÿ â èçèêå
òàêèõ èíåðöèàëüíûõ ñèñòåì... Òàêèì îáðàçîì, â ñèñòåìå èçèêè ïðî-
ñòðàíñòâî êàê òàêîâîå íàäåëÿåòñÿ ðîëüþ, âûäåëÿþùåé åãî èç âñåõ ïðî-
÷èõ ýëåìåíòîâ èçè÷åñêîãî îïèñàíèÿ. Îíî èãðàåò îïðåäåëÿþùóþ ðîëü
âî âñåõ ïðîöåññàõ, íå èñïûòûâàÿ èõ îáðàòíîãî âîçäåéñòâèÿ. Õîòÿ ïî-
äîáíàÿ òåîðèÿ ÿâëÿåòñÿ ëîãè÷åñêè âîçìîæíîé, íî, ñ äðóãîé ñòîðîíû,
îíà âûãëÿäèò íå ñîâñåì óäîâëåòâîðèòåëüíîé. Íüþòîí âïîëíå ñîçíàâàë
ýòîò íåäîñòàòîê, íî îí ñòîëü æå ÿñíî ïîíèìàë, ÷òî èíîãî ïóòè äëÿ è-
çèêè â òî âðåìÿ íå áûëî. Ñðåäè èçèêîâ ïîçäíåéøåãî âðåìåíè îñîáîå
âíèìàíèå íà ýòî îáñòîÿòåëüñòâî îáðàòèë Ýðíñò Ìàõ.
106, ñ. 854, 855
Ñèñòåìàòèçèðóÿ îøèáî÷íûå ïðåäñòàâëåíèÿ, èíçáóðã ïèøåò
... Íàçâàíèå "îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè" âïîëíå çàêîíîìåðíî
è íåò îñíîâàíèé îò íåãî îòêàçûâàòüñÿ, íå ãîâîðÿ óæå î òîì, ÷òî çàìå-
íà ýòîãî íàçâàíèÿ ïðåäñòàâëÿåòñÿ ïðàêòè÷åñêè íåâîçìîæíîé â ñèëó
óñòàíîâèâøåéñÿ òðàäèöèè.
Ê ñîæàëåíèþ, âîïðîñû òåðìèíîëîãèè è ñëîâîóïîòðåáëåíèÿ ñòîëü
òåñíî ïåðåïëåòàþòñÿ ñ ñóùåñòâåííûìè ïðîáëåìàìè, ÷òî íåðåäêî ìå-
øàþò îáñóæäåíèþ ýòèõ ïðîáëåì, ... çàñòàâëÿþò ñïîðèòü î ñëîâàõ...
Âîïðîñ î íàçâàíèè òåîðèè ... ñòîëü ÿâíî òåðìèíîëîãè÷åñêèé, ÷òî íå
ìîæåò ïîðîäèòü ðàñõîæäåíèé ïî ñóòè äåëà. Íî ýòîãî íåëüçÿ ñêàçàòü
î ïðîáëåìå ñóùåñòâîâàíèÿ â ÎÒÎ ïðèâèëåãèðîâàíûõ ñèñòåì îòñ÷å-
òà... Äëÿ äîñòàòî÷íî ìàëûõ îáëàñòåé ïðîñòðàíñòâà-âðåìåíè â ÎÒÎ,
êîíå÷íî, ñóùåñòâóåò ïðèâèëåãèðîâàíàÿ ñèñòåìà îòñ÷åòà - ... èìååòñÿ â
âèäó ñâîáîäíî ïàäàþùàÿ ëîêàëüíî èíåðöèàëüíàÿ ñèñòåìà îòñ÷åòà ..., â
êîòîðîé íåò ñèë òÿãîòåíèÿ è ñïðàâåäëèâà ÷àñòíàÿ òåîðèÿ îòíîñèòåëü-
íîñòè. Íî òàêèå ñèñòåìû ... íå ñîâïàäàþò ñ èíåðöèàëüíûìè ñèñòåìàìè
êëàññè÷åñêîé ìåõàíèêè...
Äëÿ îáëàñòåé êîíå÷íîé ïðîòÿæåííîñòè â îáùåì ñëó÷àå ìû íå âè-
äèì íèêàêîãî àíàëîãà èíåðöèàëüíûõ ñèñòåì, íèêàêèõ ñèñòåì, ñòîëü
æå "ïðèâèëåãèðîâàíûõ". Íî çäåñü òî è âîçíèêàåò âîçìîæíîñòü òåð-
ìèíîëîãè÷åñêèõ ðàçíîãëàñèé. Èññëåäîâàíèå êîíêðåòíûõ èçè÷åñêèõ
çàäà÷ ñâÿçàíî ñ êàêèì-òî óïðîùåíèåì, ïðèáëèæåíèåì, ñ èäåàëèçàöèåé
ñèòóàöèè ... Íî ñîâåðøåííî î÷åâèäåí ÷àñòíûé õàðàêòåð òàêîé ïðèâè-
ëåãèðîâàííîñòè, ñóãóáî îòëè÷íûé îò òîé ïðèâèëåãèðîâàííîñòè, êîòî-
ðîé íàäåëÿëà èíåðöèàëüíûå ñèñòåìû êëàññè÷åñêàÿ ìåõàíèêà.
105, p 343 - 345
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Êàæäûé ÷åëîâåê çàêëþ÷¼í â òåìíèöó ñâî-
èõ èäåé, è êàæäûé â þíîñòè äîëæåí âçîðâàòü
å¼, ÷òîáû ïîïûòàòüñÿ ñðàâíèòü ñâîè èäåè ñ
ðåàëüíîñòüþ. Íî ÷åðåç íåñêîëüêî âåêîâ äðó-
ãîé ÷åëîâåê, áûòü ìîæåò, îòâåðãíåò åãî èäåè.
Ñ õóäîæíèêîì â åãî íåïîâòîðèìîñòè òàêîãî
ïðîèçîéòè íå ìîæåò. Òàê ïðîèñõîäèò òîëüêî â
ïîèñêàõ èñòèíû, è ýòî âîâñå íå ïå÷àëüíî.
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Êàê óæå îòìå÷àëîñü âûøå, ãåîìåòðè÷åñêèå ïðåäñòàâëåíèÿ òåñíî ñâÿçàíû
ñ èçè÷åñêèìè. Ïîýòîìó â ìàêðîèçèêå, ãäå âñå òåëà èìåþò ÷¼òêî îïðåäåë¼í-
íóþ îðìó è äâèæóòñÿ ïî ÷¼òêî îïðåäåë¼ííûì òðàåêòîðèÿì, ãåîìåòðèÿ (âî
âñ¼ì ìíîãîîáðàçèè ïðåäñòàâëåíèé è òåîðèé) îïèñûâàåò æ¼ñòêî è îäíîçíà÷íî
îïðåäåë¼ííûå êîíñòðóêöèè. Íå ñîñòàâëÿåò èñêëþ÷åíèÿ è îáùàÿ òåîðèÿ îòíî-
ñèòåëüíîñòè.
Â ÷àñòíîñòè, ýëåìåíòàðíîå ñîáûòèå - ýòî ÿâëåíèå äëèòåëüíîñòè, êîòîðîé
ìîæíî ïðåíåáðå÷ü, â îáëàñòè ïðîñòðàíñòâà, ðàçìåðàìè êîòîðîé ìîæíî ïðåíå-
áðå÷ü. Òî÷êà â ïðîñòðàíñòâå, òðàåêòîðèÿ äâèæåíèÿ, îðìà òåëà ñòàíîâÿòñÿ
àáñòðàêöèÿìè, íå èìåþùèìè ðåàëüíûõ èçè÷åñêèõ àíàëîãîâ. Â áîëüøèíñòâå
ñëó÷àåâ äëèòåëüíîñòüþ èëè ðàçìåðîì ïðåíåáðåãàòü íåëüçÿ. Èñ÷åçíîâåíèå ñó-
ùåñòâóþùåé â ìàêðîèçèêå ãðàíè ìåæäó ÷àñòèöàìè è âîëíàìè ïðèâåëî ê ðàç-
ìûâàíèþ ÷¼òêèõ ãåîìåòðè÷åñêèõ îðì. Òåì ñàìûì ãåîìåòðè÷åñêèå ïðåäñòàâ-
ëåíèÿ ñòàíîâÿòñÿ â ïðîòèâîðå÷èå ñ èçè÷åñêèìè.
Ñîâìåñòíûé àíàëèç óðàâíåíèé êâàíòîâîé ìåõàíèêè è òåîðèè îòíîñèòåëü-
íîñòè ïðèâîäèò ê ïàðàäîêñàëüíîìó ðåçóëüòàòó: íåîáõîäèìî êâàíòîâàòü ìåòðè-
÷åñêèé òåíçîð. Ñîîòâåòñòâóþùèé ãåîìåòðè÷åñêèé àïïàðàò åù¼ íå ðàçðàáîòàí,
îäíàêî íåñëîæíûå ïîñòðîåíèÿ ïîçâîëÿþò ñêàçàòü êîå-÷òî îïðåäåë¼ííîå î ãåî-
ìåòðè÷åñêîé ñòðóêòóðå ïðîñòðàíñòâà îáùåðåëÿòèâèñòñêîé êâàíòîâîé ìåõàíè-
êè.
Äëÿ òîãî, ÷òîáû ïîíÿòü ñóòü íîâûõ ãåîìåòðè÷åñêèõ ïðåäñòàâëåíèé ðàñ-
ñìîòðèì íàãëÿäíûé ãåîìåòðè÷åñêèé ïðèìåð. Ïðåäïîëîæèì, ÷òî â ðåçóëüòàòå
ðåøåíèÿ çàäà÷è ìû ïîëó÷èëè íà ìíîãîîáðàçèè ðàçìåðíîñòè 2 äâå ìåòðè÷åñêèå
îðìû, îïèñûâàþùèå ñåðû ðàäèóñîâ R è r. Òàêèì îáðàçîì, â ëþáîé òî÷êå
ìíîãîîáðàçèÿ íàáëþäàòåëü áóäåò îäíîâðåìåííî íàõîäèòüñÿ íà îáåèõ ñåðàõ.
Ïðåäïîëîæèì, ÷òî ìû íàõîäèìñÿ íà ñåâåðíîì ïîëþñå. Òîãäà ìû ïîëó÷èì, ÷òî
îáå ñåðû êàñàþòñÿ äðóã äðóãà â ñåâåðíîì ïîëþñå. Áóäåì äâèãàòüñÿ òåïåðü íà
þã. Íî âîçíèêàåò âîïðîñ: ïî êàêîé èç äâóõ ñåð ìû áóäåì äâèãàòüñÿ? Ïðåä-
ïîëîæèì, ÷òî ìû áóäåì äâèãàòüñÿ ïî áîëüøîé ñåðå. Òîãäà ìû ïåðåñòàíåì
êàñàòüñÿ ìàëîé ñåðû. À ýòî ïðîòèâîðå÷èò ïîñòàíîâêå çàäà÷è. Ñëåäîâàòåëü-
íî, ïðè äâèæåíèè ïî áîëüøîé ñåðå ìû êàê áû óâëåêàåì çà ñîáîé ìàëóþ ñåðó.
Àíàëîãè÷íî, äâèãàÿñü ïî ìàëîé ñåðå, ìû óâëåêàåì çà ñîáîé áîëüøóþ ñåðó.
Ýòà êàðòèíà, áåçóñëîâíî, íå çàâèñèò íè îò ðàçìåðíîñòè ìíîãîîáðàçèÿ, íè
îò ÷èñëà è çíà÷åíèÿ ìåòðè÷åñêèõ îðì. Ìû òåïåðü ìîæåì ïîäâåñòè íåêîòîðûå
èòîãè.
- Êâàíòîâàíèå ìåòðè÷åñêîãî òåíçîðà ïðèâîäèò ê ðàññëîåíèþ îñíîâíîãî
ìíîãîîáðàçèÿ (ñîãëàñíî çíà÷åíèþ ìåòðè÷åñêîãî òåíçîðà).
- Êâàíòîâàíèå ìåòðè÷åñêîãî òåíçîðà âûòàëêèâàåò äâèæóùèéñÿ îáúåêò èç
îñíîâíîãî ìíîãîîáðàçèÿ â ìíîãîîáðàçèå êàñàòåëüíûõ ïëîñêîñòåé. Ýòîò ïðî-
öåññ íàìå÷àëñÿ åù¼ â ÎÒÎ: ñèñòåìà èçìåðèòåëüíûõ ïðèáîðîâ íàáëþäàòåëÿ
íàõîäèòñÿ â êàñàòåëüíûõ ïëîñêîñòÿõ. Ïðè äâèæåíèè íàáëþäàòåëÿ îñíîâíîå
ìíîãîîáðàçèå äâèæåòñÿ áåç ñêîëüæåíèÿ âäîëü ïëîñêîñòåé, âñ¼ âðåìÿ êàñàÿñü
èõ.
- Ïàðàëëåëüíûé ïåðåíîñ âäîëü çàäàííîé êðèâîé íåîäíîçíà÷åí è, ïî-âèäèìîìó,
îïåðàöèÿ íåîáðàòèìàÿ. åîäåçè÷åñêàÿ ïåðåñòà¼ò áûòü êðèâîé â ïðèâû÷íîì ïî-
íèìàíèè è ðàñïàäàåòñÿ íà ìíîæåñòâî êðèâûõ, äâèæåíèå ïî êîòîðûì ïðîèñõî-
äèò ñ òîé èëè èíîé âåðîÿòíîñòüþ. Ýòî ïðèâîäèò ê íåîäíîçíà÷íîìó çàäàíèþ
èçìåðèòåëüíîé ñèñòåìû, êîòîðîé ïîëüçóåòñÿ íàáëþäàòåëü.
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Äàëåå ñëåäóåò terra inognita ìàòåìàòè÷åñêèõ è èçè÷åñêèõ ðåçóëüòàòîâ.
Íåäàëåêî òî âðåìÿ, êîãäà ìû ñòàíåì ñâèäåòåëÿìè íîâûõ ðåâîëþöèîííûõ ïðå-
îáðàçîâàíèé â ãåîìåòðèè, èçèêå, èëîñîèè.
Ïðåæäå ÷åì ïåðåõîäèòü ê âîïðîñó î çàâåðøåíèè îáùåé òåîðèè
îòíîñèòåëüíîñòè, ÿ äîëæåí âûñêàçàòüñÿ î çàíèìàåìîé ìíîþ ïîçèöèè
ïî îòíîøåíèþ ê òîé èçè÷åñêîé òåîðèè, êîòîðàÿ ìç âñåõ èçè÷åñêèõ
òåîðèé íàøåãî âðåìåíè äîñòèãëà íàèáîëüøèõ óñïåõîâ. ß èìåþ â âèäó
ñòàòèñòè÷åñêóþ êâàíòîâóþ ìåõàíèêó... Ýòî åäèíñòâåííàÿ ñîâðåìåííàÿ
òåîðèÿ, äàþùàÿ ñòðîéíîå îáúÿñíåíèå òîìó, ÷òî ìû çíàåì îòíîñèòåëü-
íî êâàíòîâîãî õàðàêòåðà ìèêðîìåõàíè÷åñêèõ ïðîöåññîâ. Ýòà òåîðèÿ,
ñ îäíîé ñòîðîíû, è òåîðèÿ îòíîñèòåëüíîñòè, ñ äðóãîé, îáå â èçâåñòíîì
ñìûñëå ñ÷èòàþòñÿ âåðíûìè, õîòÿ ñëèÿíèå ýòèõ òåîðèé íå óäàëîñü äî
ñèõ ïîð, íåñìîòðÿ íà âñå óñèëèÿ. Ñ ýòèì, äîëæíî áûòü, è ñâÿçàíî òî,
÷òî ñðåäè ñîâðåìåííûõ èçèêîâ-òåîðåòèêîâ èìåþòñÿ ñîâåðøåííî ðàç-
ëè÷íûå ìíåíèÿ î òîì, êàê áóäåò âûãëÿäåòü òåîðåòè÷åñêèé óíäàìåíò
áóäóùåé èçèêè. Áóäåò ëè ýòî òåîðèÿ ïîëÿ?
[8℄, ñòð. 288, 289
Á. Òåîðèÿ ïîëÿ åùå íå âïîëíå îïðåäåëÿåòñÿ ñèñòåìîé óðàâíåíèé
ïîëÿ. Íàäî ëè ïðèçíàâàòü íàëè÷èå ñèíãóëÿðíîñòåé? Ñëåäóåò ëè ïî-
ñòóëèðîâàòü ãðàíè÷íûå óñëîâèÿ?
Â. Ìîæíî ëì äóìàòü, ÷òî òåîðèÿ ïîëÿ ïîçâîëèò ïîíÿòü àòîìè-
ñòè÷åñêóþ è êâàíòîâóþ ñòðóêòóðó ðåàëüíîñòè?.. ß ïîëàãàþ, ÷òî ïî
ýòîìó ïîâîäó â íàñòîÿùåå âðåìÿ íèêîìó íå èçâåñòíî íè÷åãî äîñòî-
âåðíîãî, ïîñêîëüëó ìû íå çíàåì, êàêèì îáðàçîì è â êàêîé ñòåïåíì
èñêëþ÷åíèå ñèíãóëÿðíîñòåé ñîêðàùàåò ìíîæåñòâî ðåøåíèé. Ó íàñ âî-
îáùå íåò íèêàêîãî ìåòîäà äëÿ ñèñòåìàòè÷åñêîãî ïîëó÷åíìÿ ðåøåíèé,
ñâîáîäíûõ îò ñèíãóëÿðíîñòåé... Â íàñòîÿùåå âðåìÿ ïðåîáëàäàåò ìíå-
íèå, ÷òî òåîðèþ ïîëÿ ñíà÷àëà íåîáõîäèìî ïåðåâåñòè "êâàíòîâàíèåì" â
ñòàòèñòè÷åñêóþ òåîðèþ âåðîÿòíîñòåé... ß âèæó â ýòîì ëèøü ïîïûòêó
îïèñûâàòü ëèíåéíûìè ìåòîäàìè ñîîòíîøåíèÿ ñóùåñòâåííî íåëèíåé-
íîãî õàðàêòåðà.
. Ìîæíî óáåäèòåëüíî äîêàçàòü, ÷òî ðåàëüíîñòü âîîáùå íå ìîæåò
áûòü ïðåäñòàâëåíà íåïðåðûâíûì ïîëåì. Èç êâàíòîâûõ ÿâëåíìé, ïî-
âèäèìîìó, ñëåäóåò, ÷òî êîíå÷íàÿ ñèñòåìà ñ êîíå÷íîé ýíåðãèåé ìîæåò
ïîëíîñòüþ îïèñûâàòüñÿ êîíå÷íûì íàáîðîì ÷èñåë (êâàíòîâûõ ÷èñåë).
Ýòî, êàæåòñÿ, íåëüçÿ ñîâìåñòèòü ñ òåîðèåé êîíòèíóóìà è òðåáóåò äëÿ
îïèñàíèÿ ðåàëüíîñòè ÷èñòî àëãåáðàè÷åñêîé òåîðèè. Îäíàêî ñåé÷àñ íè-
êòî íå çíàåò, êàê íàéòè îñíîâó äëÿ òàêîé òåîðèè.
106, p 872, 873
Ïðåæäå ÷åì ìû íàéä¼ì íîâóþ ãåîìåòðèþ, ìû äîëæíû èçó÷èòü, ÷òî ìîæåò
ïðîèçîéòè, åñëè ìû îáúåäèíèì èäåè îáùåé òåîðèè îòíîñèòåëüíîñòè è êâàíòî-
âîé ìåõàíèêè.
ëàâà 3
Ïðåäñòàâëåíèå ãðóïïû
3.1. Ïðåäñòàâëåíèå ãðóïïû
Îïðåäåëåíèå 3.1.1. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
t :M →M
íåâûðîæäåííûì ïðåîáðàçîâàíèåì, åñëè ñóùåñòâóåò îáðàòíîå îòîáðàæå-
íèå. 
Îïðåäåëåíèå 3.1.2. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ëåâîñòîðîííèì ïðåîáðà-
çîâàíèåì åñëè îíî äåéñòâóåò ñëåâà
u′ = tu
Ìû áóäåì îáîçíà÷àòü l(M) ìíîæåñòâî ëåâîñòîðîííèõ íåâûðîæäåííûõ ïðåîá-
ðàçîâàíèé ìíîæåñòâà M . 
Îïðåäåëåíèå 3.1.3. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðàâîñòîðîííèì ïðåîá-
ðàçîâàíèåì åñëè îíî äåéñòâóåò ñïðàâà
u′ = ut
Ìû áóäåì îáîçíà÷àòü r(M) ìíîæåñòâî ïðàâîñòîðîííèõ íåâûðîæäåííûõ ïðå-
îáðàçîâàíèé ìíîæåñòâà M . 
Ìû áóäåì îáîçíà÷àòü δ òîæäåñòâåííîå ïðåîáðàçîâàíèå.
Îïðåäåëåíèå 3.1.4. Ïóñòü l(M) - ãðóïïà è δ - åäèíèöà ãðóïïû l(M). Ïóñòü
G - ãðóïïà. Ìû áóäåì íàçûâàòü ãîìîìîðèçì ãðóïï
f : G→ l(M)
ëåâîñòîðîííèì êîâàðèàíòíûì ïðåäñòàâëåíèåì ãðóïïû G â ìíîæåñòâå
M , åñëè îòîáðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(3.1.1) f(ab)u = f(a)(f(b)u)

Îïðåäåëåíèå 3.1.5. Ïóñòü l(M) - ãðóïïà è δ - åäèíèöà ãðóïïû l(M). Ïóñòü
G - ãðóïïà. Ìû áóäåì íàçûâàòü àíòèãîìîìîðèçì ãðóïï
f : G→ l(M)
ëåâîñòîðîííèì êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì ãðóïïû G â ìíî-
æåñòâå M , åñëè îòîáðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(3.1.2) f(ba)u = f(a)(f(b)u)

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Îïðåäåëåíèå 3.1.6. Ïóñòü r(M) - ãðóïïà è δ - åäèíèöà ãðóïïû r(M). Ïóñòü
G - ãðóïïà. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
f : G→ r(M)
ïðàâîñòîðîííèì êîâàðèàíòíûì ïðåäñòàâëåíèåì ãðóïïû G â ìíîæåñòâå
M , åñëè îòîáðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(3.1.3) uf(ab) = (uf(a))f(b)

Îïðåäåëåíèå 3.1.7. Ïóñòü r(M) - ãðóïïà è δ - åäèíèöà ãðóïïû r(M). Ïóñòü
G - ãðóïïà. Ìû áóäåì íàçûâàòü àíòèãîìîìîðèçìîì ãðóïï
f : G→ r(M)
ïðàâîñòîðîííèì êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì ãðóïïû G â ìíî-
æåñòâå M , åñëè îòîáðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(3.1.4) uf(ab) = (uf(a))f(b)

Ëþáîå óòâåðæäåíèå, ñïðàâåäëèâîå äëÿ ëåâîñòîðîííåãî ïðåäñòàâëåíèÿ ãðóï-
ïû, áóäåò ñïðàâåäëèâî äëÿ ïðàâîñòîðîííåãî ïðåäñòàâëåíèÿ. Ïîýòîìó ìû áóäåì
ïîëüçîâàòüñÿ îáùèì òåðìèíîì ïðåäñòàâëåíèå ãðóïïû è áóäåì ïîëüçîâàòüñÿ
îáîçíà÷åíèÿìè äëÿ ëåâîñòîðîííåãî ïðåäñòàâëåíèÿ â òåõ ñëó÷àÿõ, êîãäà ýòî íå
âûçûâàåò íåäîðàçóìåíèÿ.
Òåîðåìà 3.1.8. Äëÿ ëþáîãî g ∈ G
(3.1.5) f(g−1) = f(g)−1
Äîêàçàòåëüñòâî. Íà îñíîâàíèè (3.1.1) è
(3.1.6) f(e) = δ
ìû ìîæåì çàïèñàòü
u = δu = f(gg−1)u = f(g)(f(g−1)u)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
Ïðèìåð 3.1.9. ðóïïîâàÿ îïåðàöèÿ îïðåäåëÿåò äâà ðàçëè÷íûõ ïðåäñòàâëåíèÿ
íà ãðóïïå: ëåâûé ñäâèã, êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(3.1.7) b′ = L(a)b = ab
è ïðàâûé ñäâèã, êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(3.1.8) b′ = R(a)b = ba

Òåîðåìà 3.1.10. Ïóñòü ïðåäñòàâëåíèå
u′ = f(a)u
ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì. Òîãäà ïðåäñòàâëåíèå
u′ = h(a)u = f(a−1)u
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç öåïî÷êè ðàâåíñòâ
h(ab) = f((ab)−1) = f(b−1a−1) = f(b−1)f(a−1) = h(b)h(a)

Îïðåäåëåíèå 3.1.11. Ïóñòü f - ïðåäñòàâëåíèå ãðóïïû G â ìíîæåñòâå M .
Äëÿ ëþáîãî v ∈ M ìû îïðåäåëèì îðáèòó ïðåäñòàâëåíèÿ ãðóïïû G êàê
ìíîæåñòâî
O(v, g ∈ G, f(g)v) = {w = f(g)v : g ∈ G}

Òàê êàê f(e) = δ, òî v ∈ O(v, g ∈ G, f(g)v).
Òåîðåìà 3.1.12. Åñëè
(3.1.9) v ∈ O(u, g ∈ G, f(g)u)
òî
O(u, g ∈ G, f(g)u) = O(v, g ∈ G, f(g)v)
Äîêàçàòåëüñòâî. Èç (3.1.9) ñëåäóåò ñóùåñòâîâàíèå a ∈ G òàêîãî, ÷òî
(3.1.10) v = f(a)u
Åñëè w ∈ O(v, g ∈ G, f(g)v), òî ñóùåñòâóåò b ∈ G òàêîé, ÷òî
(3.1.11) w = f(b)v
Ïîäñòàâèâ (3.1.10) â (3.1.11), ìû ïîëó÷èì
(3.1.12) w = f(b)(f(a)u)
Íà îñíîâàíèè (3.1.1) èç (3.1.12) ñëåäóåò, ÷òî w ∈ O(u, g ∈ G, f(g)u). Òàêèì
îáðàçîì,
O(v, g ∈ G, f(g)v) ⊆ O(u, g ∈ G, f(g)u)
Íà îñíîâàíèè (3.1.5) èç (3.1.10) ñëåäóåò, ÷òî
(3.1.13) u = f(a)−1v = f(a−1)v
àâåíñòâî (3.1.13) îçíà÷àåò, ÷òî u ∈ O(v, g ∈ G, f(g)v) è, ñëåäîâàòåëüíî,
O(u, g ∈ G, f(g)u) ⊆ O(v, g ∈ G, f(g)v)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
Òåîðåìà 3.1.13. Åñëè îïðåäåëåíû ïðåäñòàâëåíèå f1 ãðóïïû G â ìíîæåñòâå
M1 è ïðåäñòàâëåíèå f2 ãðóïïû G â ìíîæåñòâåM2, òî ìû ìîæåì îïðåäåëèòü
ïðÿìîå ïðîèçâåäåíèå ïðåäñòàâëåíèé f1 è f2 ãðóïïû
f = f1 ⊗ f2 : G→M1 ⊗M2
f(g) = (f1(g), f2(g))
Äîêàçàòåëüñòâî. ×òîáû ïîêàçàòü, ÷òî f ÿâëÿåòñÿ ïðåäñòàâëåíèåì, äî-
ñòàòî÷íî ïîêàçàòü, ÷òî f óäîâëåòâîðÿåò îïðåäåëåíèþ 3.1.4.
f(e) = (f1(e), f2(e)) = (δ1, δ2) = δ
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f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)

3.2. Îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå
Îïðåäåëåíèå 3.2.1. Ìû áóäåì íàçûâàòü ÿäðîì íåýåêòèâíîñòè ïðåä-
ñòàâëåíèÿ ãðóïïû G ìíîæåñòâî
Kf = {g ∈ G : f(g) = δ}
Åñëè Kf = {e}, ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû G ýåêòèâíûì.

Òåîðåìà 3.2.2. ßäðî íåýåêòèâíîñòè - ýòî ïîäãðóïïà ãðóïïû G.
Äîêàçàòåëüñòâî. Äîïóñòèì f(a1) = δ è f(a2) = δ. Òîãäà
f(a1a2)u = f(a1)(f(a2)u) = u
f(a−1) = f−1(a) = δ

Åñëè äåéñòâèå íå ýåêòèâíî, ìû ìîæåì ïåðåéòè ê ýåêòèâíîìó, çàìå-
íèâ ãðóïïîé G1 = G|Kf , ïîëüçóÿñü àêòîðèçàöèåé ïî ÿäðó íåýåêòèâíîñòè.
Ýòî îçíà÷àåò, ÷òî ìû ìîæåì èçó÷àòü òîëüêî ýåêòèâíîå äåéñòâèå.
Îïðåäåëåíèå 3.2.3. Ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû òðàíçèòèâ-
íûì, åñëè äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò òàêîå g, ÷òî
a = f(g)b
Ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû îäíîòðàíçèòèâíûì, åñëè îíî òðàí-
çèòèâíî è ýåêòèâíî. 
Òåîðåìà 3.2.4. Ïðåäñòàâëåíèå îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà, êî-
ãäà äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò îäíî è òîëüêî îäíî g ∈ G òàêîå, ÷òî
a = f(g)b
Îïðåäåëåíèå 3.2.5. Ìû áóäåì íàçûâàòü ïðîñòðàíñòâî V îäíîðîäíûì ïðî-
ñòðàíñòâîì ãðóïïûG, åñëè ìû èìååì îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå ãðóï-
ïû G íà V . 
Òåîðåìà 3.2.6. Åñëè ìû îïðåäåëèì îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå f ãðóï-
ïû G íà ìíîãîîáðàçèè A, òî ìû ìîæåì îäíîçíà÷íî îïðåäåëèòü êîîðäèíàòû
íà A, ïîëüçóÿñü êîîðäèíàòàìè íà ãðóïïå G.
Åñëè f - êîâàðèàíòíîå ïðåäñòàâëåíèå, òî f(a) ýêâèâàëåíòíî ëåâîìó ñäâè-
ãó L(a) íà ãðóïïå G. Åñëè f = êîíòðàâàðèàíòíîå ïðåäñòàâëåíèå, òî f(a)
ýêâèâàëåíòíî ïðàâîìó ñäâèãó R(a) íà ãðóïïå G.
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Äîêàçàòåëüñòâî. Ìû âûáåðåì òî÷êó v ∈ A è îïðåäåëèì êîîðäèíàòû
òî÷êè w ∈ A êàê êîîðäèíàòû ïðåîáðàçîâàíèÿ a òàêîãî, ÷òî w = f(a)v. Êî-
îðäèíàòû, îïðåäåë¼ííûå òàêèì îáðàçîì, îäíîçíà÷íû ñ òî÷íîñòüþ äî âûáîðà
íà÷àëüíîé òî÷êè v ∈ A, òàê êàê äåéñòâèå ýåêòèâíî.
Åñëè f - êîâàðèàíòíîå ïðåäñòàâëåíèå, ìû áóäåì ïîëüçîâàòüñÿ çàïèñüþ
f(a)v = av
Òàê êàê çàïèñü
f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v
ñîâìåñòèìà ñ ãðóïïîâîé ñòðóêòóðîé, ìû âèäèì, ÷òî êîâàðèàíòíîå ïðåäñòàâëå-
íèå f ýêâèâàëåíòíî ëåâîìó ñäâèãó.
Åñëè f - êîíòðàâàðèàíòíîå ïðåäñòàâëåíèå, ìû áóäåì ïîëüçîâàòüñÿ çàïèñüþ
f(a)v = va
Òàê êàê çàïèñü
f(a)(f(b)v) = (vb)a = v(ba) = f(ba)v
ñîâìåñòèìà ñ ãðóïïîâîé ñòðóêòóðîé, ìû âèäèì, ÷òî êîíòðàâàðèàíòíîå ïðåä-
ñòàâëåíèå f ýêâèâàëåíòíî ïðàâîìó ñäâèãó. 
Òåîðåìà 3.2.7. Ëåâûé è ïðàâûé ñäâèãè íà ãðóïïå G ïåðåñòàíîâî÷íû.
Äîêàçàòåëüñòâî. Ýòî ñëåäñòâèå àññîöèàòèâíîñòè ãðóïïû G
(L(a)R(b))c = a(cb) = (ac)b = (R(b)L(a))c

Òåîðåìà 3.2.8. Åñëè ìû îïðåäåëèëè îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå f íà
ìíîãîîáðàçèè A, òî ìû ìîæåì îäíîçíà÷íî îïðåäåëèòü îäíîòðàíçèòèâíîå
ïðåäñòàâëåíèå h òàêîå, ÷òî äèàãðàììà
M
h(a) //
f(b)

M
f(b)

M
h(a)
// M
êîììóòàòèâíà äëÿ ëþáûõ a, b ∈ G.3.1
Äîêàçàòåëüñòâî. Ìû áóäåì ïîëüçîâàòüñÿ ãðóïïîâûìè êîîðäèíàòàìè äëÿ
òî÷åê v ∈ A. Äëÿ ïðîñòîòû ìû ïðåäïîëîæèì, ÷òî f - êîâàðèàíòíîå ïðåäñòàâëå-
íèå. Òîãäà ñîãëàñíî òåîðåìå 3.2.6 ìû ìîæåì çàïèñàòü ëåâûé ñäâèã L(a) âìåñòî
ïðåîáðàçîâàíèÿ f(a).
Ïóñòü òî÷êè v0, v ∈ A. Òîãäà ìû ìîæåì íàéòè îäíî è òîëüêî îäíî a ∈ G
òàêîå, ÷òî
v = v0a = R(a)v0
Ìû ïðåäïîëîæèì
h(a) = R(a)
Ñóùåñòâóåò b ∈ G òàêîå, ÷òî
w0 = f(b)v0 = L(b)v0 w = f(b)v = L(b)v
3.1
Òåîðåìà 3.2.8 íà ñàìîì äåëå î÷åíü èíòåðåñíà. Òåì íå ìåíåå å¼ ñìûñë ñòàíîâèòñÿ áîëåå
ÿñíûì, êîãäà ìû ïðèëîæèì ýòó òåîðåìó ê ìíîãîîáðàçèþ áàçèñîâ, ñìîòðè ðàçäåë 4.1.
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Ñîãëàñíî òåîðåìå 3.2.7 äèàãðàììà
(3.2.1)
v0
h(a)=R(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)=R(a)
// w
êîììóòàòèâíà.
Èçìåíÿÿ b ìû ïîëó÷èì, ÷òî w0 - ýòî ïðîèçâîëüíàÿ òî÷êà, ïðèíàäëåæàùàÿ
A.
Ìû âèäèì èç äèàãðàììû, ÷òî, åñëè v0 = v than w0 = w è ñëåäîâàòåëüíî
h(e) = δ. Ñ äðóãîé ñòîðîíû, åñëè v0 6= v, òî w0 6= w ïîòîìó, ÷òî ïðåäñòàâëåíèå
f îäíîòðàíçèòèâíî. Ñëåäîâàòåëüíî ïðåäñòàâëåíèå h ýåêòèâíî.
Òàêèì æå îáðàçàì ìû ìîæåì ïîêàçàòü, ÷òî äëÿ äàííîãî w0 ìû ìîæåì
íàéòè a òàêîå, ÷òî w = h(a)w0. Ñëåäîâàòåëüíî ïðåäñòàâëåíèå îäíîòðàíçèòèâíî.
Â îáùåì ñëó÷àå, ïðåäñòàâëåíèå f íå êîììóòàòèâíî è ñëåäîâàòåëüíî ïðåä-
ñòàâëåíèå h îòëè÷íî îò ïðåäñòàâëåíèÿ f . Òàêèì æå îáðàçîì ìû ìîæåì ñîçäàòü
ïðåäñòàâëåíèå f , ïîëüçóÿñü ïðåäñòàâëåíèåì h. 
Çàìå÷àíèå 3.2.9. Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèÿ L(a) è R(a) îòëè÷àþòñÿ,
åñëè ãðóïïà G íåàáåëåâà. Òåì íå ìåíåå, îíè ÿâëÿþòñÿ îòîáðàæåíèÿìè íà. Òåî-
ðåìà 3.2.8 óòâåðæäàåò, ÷òî, åñëè îáà ïðåäñòàâëåíèÿ ïðàâîãî è ëåâîãî ñäâèãà
ñóùåñòâóþò íà ìíîãîîáðàçèè A, òî ìû ìîæåì îïðåäåëèòü äâà ïåðåñòàíîâî÷-
íûõ ïðåäñòàâëåíèÿ íà ìíîãîîáðàçèè A. Òîëüêî ëåâûé èëè ïðàâûé ñäâèã íå
ìîæåò ïðåäñòàâëÿòü îáà òèïà ïðåäñòàâëåíèÿ. ×òîáû ïîíÿòü ïî÷åìó ýòî òàê,
ìû ìîæåì èçìåíèòü äèàãðàììó (3.2.1) è ïðåäïîëîæèòü h(a)v0 = L(a)v0 = v
âìåñòî h(a)v0 = R(a)v0 = v è ïðîàíàëèçèðîâàòü, êàêîå âûðàæåíèå h(a) èìååò
â òî÷êå w0. Äèàãðàììà
v0
h(a)=L(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)
// w
ýêâèâàëåíòíà äèàãðàììå
v0
h(a)=L(a) // v
f(b)=L(b)

w0
h(a)
//
f−1(b)=L(b−1)
OO
w
è ìû èìååì w = bv = bav0 = bab
−1w0. Ñëåäîâàòåëüíî
h(a)w0 = (bab
−1)w0
Ìû âèäèì, ÷òî ïðåäñòàâëåíèå h çàâèñèò îò åãî àðãóìåíòà. 
3.3. Ëèíåéíîå ïðåäñòàâëåíèå
Åñëè íà ìíîæåñòâå M îïðåäåëåíà äîïîëíèòåëüíàÿ ñòðóêòóðà, ìû ïðåäú-
ÿâëÿåì ê ïðåäñòàâëåíèþ ãðóïïû äîïîëíèòåëüíûå òðåáîâàíèÿ.
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Åñëè íà ìíîæåñòâåM îïðåäåëåíî ïîíÿòèå íåïðåðûâíîñòè, òî ìû ïîëàãàåì,
÷òî ïðåîáðàçîâàíèå
u′ = f(a)u
íåïðåðûâíî ïî u è, ñëåäîâàòåëüíî,∣∣∣∣∂u′∂u
∣∣∣∣ 6= 0
Åñëè M - ãðóïïà, òî áîëüøîå çíà÷åíèå èìåþò ïðåäñòàâëåíèÿ ëåâûõ è ïðà-
âûõ ñäâèãîâ.
Îïðåäåëåíèå 3.3.1. Ïóñòü M - âåêòîðíîå ïðîñòðàíñòâî V íàä ïîëåì F . Ìû
áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû G â âåêòîðíîì ïðîñòðàíñòâå V ëèíåé-
íûì ïðåäñòàâëåíèåì, åñëè f(a) - ãîìîìîðèçì ïðîñòðàíñòâà V äëÿ ëþáîãî
a ∈ G. 
Çàìå÷àíèå 3.3.2. Äîïóñòèì, ïðåîáðàçîâàíèå f(a) ÿâëÿåòñÿ ëèíåéíûì îäíî-
ðîäíûì ïðåîáðàçîâàíèåì. fβγ (a) ÿâëÿþòñÿ ýëåìåíòàìè ìàòðèöû ïðåîáðàçîâà-
íèÿ. Ìû îáû÷íî ïîëàãàåì, ÷òî íèæíèé èíäåêñ ïåðå÷èñëÿåò ñòðîêè â ìàòðèöå
è âåðõíèé èíäåêñ ïåðå÷èñëÿåò ñòîëáöû.
Ñîãëàñíî çàêîíó óìíîæåíèÿ ìàòðèö ìû ìîæåì ïðåäñòàâèòü êîîðäèíàòû
âåêòîðà êàê ñòðîêó ìàòðèöû. Ìû áóäåì íàçûâàòü òàêîé âåêòîð âåêòîð-ñòðî-
êîé. Ìû ìîæåì òàê æå ðàññìàòðèâàòü âåêòîð, êîîðäèíàòû êîòîðîãî îðìè-
ðóþò ñòîëáåö ìàòðèöû è áóäåì íàçûâàòü òàêîé âåêòîð âåêòîð-ñòîëáöîì.
Ëåâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòîëáöîâ
u′ = f(a)u u′α = f
β
α (a)uβ a ∈ G
ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = f
β
γ (ba)uβ = f
α
γ (b)(f
β
α (a)uβ) = (f
α
γ (b)f
β
α (a))uβ
Ëåâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòðîê
u′ = f(a)u u′α = fαβ (a)u
β a ∈ G
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = fγβ (ba)u
β = fγα(b)(f
α
β (a)u
β) = (fαβ (a)f
γ
α(b))u
β
Ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòîëáöîâ
u′ = uf(a) u′α = uβf
β
α (a) a ∈ G
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = uβf
β
γ (ab) = (uβf
β
α (a))f
α
γ (b) = uβ(f
α
γ (b)f
β
α (a))
Ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòðîê
u′ = uf(a) u′α = uβfαβ (a) a ∈ G
ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = uβfγβ (ab) = (u
βfαβ (a))f
γ
α(b) = u
β(fαβ (a)f
γ
α(b))

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Çàìå÷àíèå 3.3.3. Ïðè èçó÷åíèè ëèíåéíîãî ïðåäñòàâëåíèÿ ìû ÿâíî áóäåì
ïîëüçîâàòüñÿ òåíçîðíîé çàïèñüþ. Ìû ìîæåì ïîëüçîâàòüñÿ òîëüêî âåðõíèì èí-
äåêñîì è çàïèñüþ u•.α âìåñòî uα. Òîãäà ìû ìîæåì çàïèñàòü ïðåîáðàçîâàíèå
ýòîãî îáúåêòà â âèäå
u′•.α = f
•.
α•
β
. u
•.
β
Òàêèì îáðàçîì ìû ìîæåì ñïðÿòàòü ðàçëè÷èå ìåæäó êîâàðèàíòíûì è êîíòðà-
âàðèàíòíûì ïðåäñòàâëåíèÿìè. Ýòà ñõîäñòâî èä¼ò ñêîëü óãîäíî äàëåêî. 
ëàâà 4
Ìíîãîîáðàçèå áàçèñîâ
4.1. Áàçèñ â âåêòîðíîì ïðîñòðàíñòâå
Ïóñòü ìû èìååì âåêòîðíîå ïðîñòðàíñòâî V è êîíòðàâàðèàíòíîå ïðàâîñòî-
ðîííåå ýåêòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G = G(V). Ìû îáû÷íî
áóäåì íàçûâàòü ãðóïïó G(V) ãðóïïîé ñèììåòðèè. Íå íàðóøàÿ îáùíîñòè, ìû
áóäåì îòîæäåñòâëÿòü ýëåìåíò g ãðóïïûG ñ ñîîòâåòñòâóþùèì ïðåîáðàçîâàíèåì
ïðåäñòàâëåíèÿ è çàïèñûâàòü åãî äåéñòâèå íà âåêòîð v ∈ V â âèäå vg.
Ýòà òî÷êà çðåíèÿ ïîçâîëÿåò îïðåäåëèòü äâà òèïà êîîðäèíàò äëÿ ýëåìåí-
òà g ãðóïïû G. Ìû ìîæåì ëèáî ïîëüçîâàòüñÿ êîîðäèíàòàìè, îïðåäåë¼ííûìè
íà ãðóïïå, ëèáî îïðåäåëèòü êîîðäèíàòû êàê ýëåìåíòû ìàòðèöû ñîîòâåòñòâóþ-
ùåãî ïðåîáðàçîâàíèÿ. Ïåðâàÿ îðìà êîîðäèíàò áîëåå ýåêòèâíà, êîãäà ìû
èçó÷àåì ñâîéñòâà ãðóïïû G. Âòîðàÿ îðìà êîîðäèíàò ñîäåðæèò èçáûòî÷íóþ
èíîðìàöèþ, íî áûâàåò áîëåå óäîáíà, êîãäà ìû èçó÷àåì ïðåäñòàâëåíèå ãðóïïû
G. Ìû áóäåì íàçûâàòü âòîðóþ îðìó êîîðäèíàò êîîðäèíàòàìè ïðåäñòàâ-
ëåíèÿ.
Ìû áóäåì íàçûâàòü ìàêñèìàëüíîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ âåê-
òîðîâ e =< e(i) > áàçèñîì. Â òîì ñëó÷àå, êîãäà ìû õîòèì ÿâíî óêàçàòü, ÷òî
ýòî áàçèñ ïðîñòðàíñòâà V , ìû áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì eV .
Ëþáîé ãîìîìîðèçì âåêòîðíîãî ïðîñòðàíñòâà îòîáðàæàåò îäèí áàçèñ â
äðóãîé. Òàêèì îáðàçîì, ìû ìîæåì ðàñïðîñòðàíèòü êîâàðèàíòíîå ïðåäñòàâëå-
íèå ãðóïïû ñèììåòðèè íà ìíîæåñòâî áàçèñîâ. Ìû áóäåì çàïèñûâàòü äåéñòâèå
ýëåìåíòà g ãðóïïû G íà áàçèñ e â âèäå R(g)e. Òåì íå ìåíåå, íå âñÿêèå äâà áà-
çèñà ìîãóò áûòü ñâÿçàíû ïðåîáðàçîâàíèåì ãðóïïû ñèììåòðèè ïîòîìó, ÷òî íå
âñÿêîå íåâûðîæäåííîå ëèíåéíîå ïðåîáðàçîâàíèå ïðèíàäëåæèò ïðåäñòàâëåíèþ
ãðóïïû G. Òàêèì îáðàçîì, ìíîæåñòâî áàçèñîâ ìîæíî ïðåäñòàâèòü êàê îáúåäè-
íåíèå îðáèò ãðóïïû G.
Ñâîéñòâà áàçèñà çàâèñÿò îò ãðóïïû ñèììåòðèè. Ìû ìîæåì âûáðàòü áàçèñû
e, âåêòîðû êîòîðûõ íàõîäÿòñÿ â îòíîøåíèè, êîòîðîå èíâàðèàíòíî îòíîñèòåëü-
íî ãðóïïû ñèììåòðèè. Â ýòîì ñëó÷àå âñå áàçèñû èç îðáèòû O(e, g ∈ G,R(g)e)
èìåþò âåêòîðû, êîòîðûå óäîâëåòâîðÿþò îäíîìó è òîìó æå îòíîøåíèþ. Òàêîé
áàçèñ ìû áóäåì íàçûâàòü G-áàçèñîì. Â êàæäîì êîíêðåòíîì ñëó÷àå ìû äîëæ-
íû äîêàçàòü ñóùåñòâîâàíèå áàçèñà ñ èñêîìûìè ñâîéñòâàìè. Åñëè ïîäîáíîãî
òèïà áàçèñà íå ñóùåñòâóåò, ìû ìîæåì âûáðàòü ïðîèçâîëüíûé áàçèñ.
Îïðåäåëåíèå 4.1.1. Ìû áóäåì íàçûâàòü îðáèòó O(e, g ∈ G,R(g)e) âûáðàííî-
ãî áàçèñà e ìíîãîîáðàçèåì áàçèñîâ B(V) âåêòîðíîãî ïðîñòðàíñòâà V . 
Òåîðåìà 4.1.2. Ïðåäñòàâëåíèå ãðóïïû G íà ìíîãîîáðàçèè áàçèñîâ îäíîòðàí-
çèòèâíî.
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Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ 4.1.1 ëþáûå äâà áàçèñà ñâÿçàíû
ïî êðàéíåé ìåðå îäíèì ïðåîáðàçîâàíèåì ïðåäñòàâëåíèÿ. Äëÿ äîêàçàòåëüñòâà
òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî ýòî ïðåîáðàçîâàíèå îïðåäåëåíî îäíîçíà÷íî.
Äîïóñòèì ýëåìåíòû g1, g2 ãðóïïû G è áàçèñ e òàêîâû, ÷òî
(4.1.1) Rg1e = Rg2e
Èç (4.1.1) ñëåäóåò
(4.1.2) Rg−1
2
Rg1e = Rg1g−12
e = e
Òàê êàê ëþáîé âåêòîð èìååò åäèíñòâåííîå ðàçëîæåíèå îòíîñèòåëüíî áàçèñà
e, òî èç (4.1.2) ñëåäóåò, ÷òî Rg1g−12
òîæäåñòâåííîå ïðåîáðàçîâàíèå âåêòîðíîãî
ïðîñòðàíñòâà V . Òàê êàê ïðåäñòàâëåíèå ãðóïïû G ýåêòèâíî íà âåêòîðíîì
ïðîñòðàíñòâå V , òî g1 = g2. Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
Èç òåîðåìû 4.1.2 ñëåäóåò, ÷òî ìíîãîîáðàçèå áàçèñîâ B(V) ÿâëÿåòñÿ îäíî-
ðîäíûì ïðîñòðàíñòâîì ãðóïïû G. Ìû ïîñòðîèëè êîíòðàâàðèàíòíîå ïðàâîñòî-
ðîííåå îäíîòðàíçèòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G íà ìíîãîîáðàçèè
áàçèñîâ. Ìû áóäåì íàçûâàòü ýòî ïðåäñòàâëåíèå àêòèâíûì ïðåäñòàâëåíè-
åì, à ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå íà ìíîãîîáðàçèå áàçèñîâ àêòèâíûì
ïðåîáðàçîâàíèåì ([24℄) ïîòîìó, ÷òî ãîìîìîðèçì âåêòîðíîãî ïðîñòðàíñòâà
ïîðîäèë ýòî ïðåîáðàçîâàíèå.
Ñîãëàñíî òåîðåìå 3.2.6, òàê êàê ìíîãîîáðàçèå áàçèñîâ B(V) - îäíîðîäíîå
ïðîñòðàíñòâî ãðóïïû G, ìû ìîæåì îïðåäåëèòü íà B(V) äâå îðìû êîîðäèíàò,
îïðåäåë¼ííûå íà ãðóïïå G. Â îáîèõ ñëó÷àÿõ êîîðäèíàòû áàçèñà e - ýòî êîîðäè-
íàòû ãîìîìîðèçìà, îòîáðàæàþùåãî çàäàííûé áàçèñ e0 â áàçèñ e. Êîîðäèíàòû
ïðåäñòàâëåíèÿ íàçûâàþòñÿ ñòàíäàðòíûìè êîîðäèíàòàìè áàçèñà. Íåòðóä-
íî ïîêàçàòü, ÷òî ñòàíäàðòíûå êîîðäèíàòû eik áàçèñà e ïðè çàäàííîì çíà÷åíèè
k ÿâëÿþòñÿ êîîðäèíàòàìè âåêòîðà ek ∈ e îòíîñèòåëüíî çàäàííîãî áàçèñà e0.
Áàçèñ e ïîðîæäàåò êîîðäèíàòû íà V . Â ðàçëè÷íûõ òèïàõ ïðîñòðàíñòâà ýòî
ìîæåò áûòü ñäåëàíî ðàçëè÷íûì îáðàçîì. Â àèííîì ïðîñòðàíñòâå, åñëè âåð-
øèíà áàçèñà ÿâëÿåòñÿ òî÷êîé A, òî òî÷êà B èìååò òå æå êîîðäèíàòû, ÷òî è
âåêòîð
−→
AB îòíîñèòåëüíî áàçèñà e. Â îáùåì ñëó÷àå ìû ââîäèì êîîðäèíàòû âåê-
òîðà êàê êîîðäèíàòû îòíîñèòåëüíî âûáðàííîãî áàçèñà. Èñïîëüçîâàíèå òîëüêî
G-ïðîñòðàíñòâà îçíà÷àåò èñïîëüçîâàíèå ñïåöèàëüíûõ êîîðäèíàòû íà An. Äëÿ
òîãî, ÷òîáû îòëè÷àòü èõ, ìû áóäåì íàçûâàòü èõ G-êîîðäèíàòàìè. Ìû òàêæå
áóäåì íàçûâàòü ïðîñòðàíñòâî V ñ òàêèìè êîîðäèíàòàìè G-ïðîñòðàíñòâîì.
Ñîãëàñíî òåîðåìå 3.2.8, íà ìíîãîîáðàçèè áàçèñîâ ñóùåñòâóåò äðóãîå ïðåä-
ñòàâëåíèå, ïåðåñòàíîâî÷íîå ñ ïàññèâíûì. Êàê ìû âèäèì èç çàìå÷àíèÿ 3.2.9
ïðåîáðàçîâàíèå ýòîãî ïðåäñòàâëåíèÿ îòëè÷àåòñÿ îò ïàññèâíîãî ïðåîáðàçîâà-
íèÿ è íå ìîæåò áûòü ñâåäåíî ê ïðåîáðàçîâàíèþ ïðîñòðàíñòâà V . ×òîáû ïîä-
÷åðêíóòü ðàçëè÷èå, ýòî ïðåîáðàçîâàíèå íàçûâàåòñÿ ïàññèâíûì ïðåîáðàçî-
âàíèåì âåêòîðíîãî ïðîñòðàíñòâà V , à ïðåäñòàâëåíèå íàçûâàåòñÿ ïàññèâíûì
ïðåäñòàâëåíèåì. Ìû áóäåì çàïèñûâàòü ïàññèâíîå ïðåîáðàçîâàíèå áàçèñà e,
ïîðîæä¼ííîå ýëåìåíòîì g ∈ G, â âèäå L(g)e.
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4.2. Áàçèñ â àèííîì ïðîñòðàíñòâå
Ìû îòîæäåñòâëÿåì âåêòîðû àèííîãî ïðîñòðàíñòâà An ñ ïàðîé òî÷åê
−→
AB. Âñå âåêòîðû, êîòîðûå èìåþò îáùåå íà÷àëî A ïîðîæäàþò âåêòîðíîå ïðî-
ñòðàíñòâî, êîòîðîå ìû áóäåì íàçûâàòü êàñàòåëüíûì âåêòîðíûì ïðîñòðàíñòâîì
TAAn.
Òîïîëîãèÿ, êîòîðóþ An íàñëåäóåò èç îòîáðàæåíèÿ An → R
n
, ïîçâîëÿåò
íàì èçó÷àòü íåïðåðûâíûå ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà An è èõ ïðîèçâîäíûå.
Áîëåå òî÷íî, ïðîèçâîäíàÿ ïðåîáðàçîâàíèÿ f îòîáðàæàåò âåêòîðíîå ïðîñòðàí-
ñòâî TAAn â Tf(A)An. Åñëè f ëèíåéíî, òî åãî ïðîèçâîäíàÿ îäíà è òà æå â
êàæäîé òî÷êå. Ââîäÿ êîîðäèíàòû A1, ..., An òî÷êè A ∈ An, ìû ìîæåì çàïèñàòü
ëèíåéíîå ïðåîáðàçîâàíèå êàê
A′i = P ijA
j +Ri detP 6= 0(4.2.1)
Ïðîèçâîäíàÿ ýòîãî ïðåîáðàçîâàíèÿ îïðåäåëåíà ìàòðèöåé ‖P ij‖ è íå çàâèñèò îò
òî÷êè A. Âåêòîð (R1, ..., Rn) âûðàæàåò ñìåùåíèå â àèííîì ïðîñòðàíñòâå.
Ìíîæåñòâî ïðåîáðàçîâàíèé (4.2.1) - ýòî ãðóïïà Ëè, êîòîðóþ ìû îáîçíà÷èì
GL(An) è áóäåì íàçûâàòü ãðóïïîé àèííûõ ïðåîáðàçîâàíèé.
Îïðåäåëåíèå 4.2.1. Àèííûé áàçèñ e =< O, ei > - ýòî ìíîæåñòâî ëè-
íåéíî íåçàâèñèìûõ âåêòîðîâ ei =
−→
OAi = (e
1
i , ..., e
n
i ) ñ îáùåé íà÷àëüíîé òî÷êîé
O = (O1, ..., On). 
Îïðåäåëåíèå 4.2.2. Ìíîãîîáðàçèå áàçèñîâ B(An) àèííîãî ïðîñòðàí-
ñòâà - ýòî ìíîæåñòâî áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
Ìû áóäåì íàçûâàòü àêòèâíîå ïðåîáðàçîâàíèå àèííûì ïðåîáðàçîâà-
íèåì. Ìû áóäåì íàçûâàòü ïàññèâíîå ïðåîáðàçîâàíèå êâàçèàèííûì ïðå-
îáðàçîâàíèåì.
Åñëè ìû íå çàáîòèìñÿ î íà÷àëüíîé òî÷êå âåêòîðà, ìû ïîëó÷èì íåñêîëüêî
îòëè÷íûé òèï ïðîñòðàíñòâà, êîòîðîå ìû áóäåì íàçûâàòü öåíòðî-àèííûì
ïðîñòðàíñòâîì CAn. Â öåíòðî-àèííîì ïðîñòðàíñòâå ìû ìîæåì èäåíòèè-
öèðîâàòü âñå êàñàòåëüíûå ïðîñòðàíñòâà è îáîçíà÷èòü èõ TCAn. Åñëè ìû ïðåä-
ïîëîæèì, ÷òî íà÷àëüíàÿ òî÷êà âåêòîðà - ýòî íà÷àëî O êîîðäèíàòíîé ñèñòåìû
â ïðîñòðàíñòâå, òî ìû ìîæåì îòîæäåñòâèòü ëþáóþ òî÷êó A ∈ CAn ñ âåêòîðîì
a =
−→
OA. Ýòî âåä¼ò ê èäåíòèèêàöèè CAn è TCAn. Òåïåðü ïðåîáðàçîâàíèå -
ýòî ïðîñòî îòîáðàæåíèå
a′i = P ija
j detP 6= 0
è òàêèå ïðåîáðàçîâàíèÿ ïîðîæäàþò ãðóïïó Ëè GLn.
Îïðåäåëåíèå 4.2.3. Öåíòðî-àèííûé áàçèñ e =< ei > - ýòî ìíîæåñòâî
ëèíåéíî íåçàâèñèìûõ âåêòîðîâ ei = (e
1
i , ..., e
n
i ). 
Îïðåäåëåíèå 4.2.4. Ìíîãîîáðàçèå áàçèñîâ B(CAn) öåíòðî-àèííîãî
ïðîñòðàíñòâà - ýòî ìíîæåñòâî áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
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4.3. Áàçèñ â åâêëèäîâîì ïðîñòðàíñòâå
Êîãäà ìû îïðåäåëÿåì ìåòðèêó â öåíòðî-àèííîì ïðîñòðàíñòâå, ìû ïî-
ëó÷àåì íîâóþ ãåîìåòðèþ ïîòîìó, ÷òî ìû ìîæåì èçìåðÿòü ðàññòîÿíèå è äëè-
íó âåêòîðà. Åñëè ìåòðèêà ïîëîæèòåëüíî îïðåäåëåíà, ìû áóäåì íàçûâàòü ïðî-
ñòðàíñòâî åâêëèäîâûì En, â ïðîòèâíîì ñëó÷àå ìû áóäåì íàçûâàòü ïðîñòðàí-
ñòâî ïñåâäîåâêëèäîâûì Enm.
Ïðåîáðàçîâàíèÿ, êîòîðûå ñîõðàíÿþò äëèíó, îáðàçóþò ãðóïïó Ëè SO(n)
äëÿ åâêëèäîâà ïðîñòðàíñòâà è ãðóïïó Ëè SO(n,m) äëÿ ïñåâäîýâêëèäîâà ïðî-
ñòðàíñòâà, ãäå n è m ÷èñëà ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ ñëàãàåìûõ â ìåò-
ðèêå.
Îïðåäåëåíèå 4.3.1. Îðòîíîðìàëüíûé áàçèñ e =< ei > - ýòî ìíîæåñòâî
ëèíåéíî íåçàâèñèìûõ âåêòîðîâ ei = (e
1
i , ..., e
n
i ) òàêèõ, ÷òî äëèíà êàæäîãî âåê-
òîðà ðàâíà 1 è ðàçëè÷íûå âåêòîðû îðòîãîíàëüíû. 
Ñóùåñòâîâàíèå îðòîãîíàëüíîãî áàçèñà äîêàçûâàåòñÿ ñ ïîìîùüþ ïðîöåññà
îðòîãîíàëèçàöèè ðàìàØìèäòà.
Îïðåäåëåíèå 4.3.2. Ìíîãîîáðàçèå áàçèñîâ B(En) åâêëèäîâà ïðîñòðàí-
ñòâà - ýòî ìíîæåñòâî îðòîíîðìàëüíûõ áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
Ìû áóäåì íàçûâàòü àêòèâíîå ïðåîáðàçîâàíèå äâèæåíèåì. Ìû áóäåì íà-
çûâàòü ïàññèâíîå ïðåîáðàçîâàíèå êâàçèäâèæåíèåì.
4.4. åîìåòðè÷åñêèé îáúåêò
Àêòèâíîå ïðåîáðàçîâàíèå èçìåíÿåò áàçèñû è âåêòîðû ñîãëàñîâàíî è êîîð-
äèíàòû âåêòîðà îòíîñèòåëüíî áàçèñà íå ìåíÿþòñÿ. Ïàññèâíîå ïðåîáðàçîâàíèå
ìåíÿåò òîëüêî áàçèñ, è ýòî âåä¼ò ê èçìåíåíèþ êîîðäèíàò âåêòîðà îòíîñèòåëüíî
áàçèñà.
Äîïóñòèì ïàññèâíîå ïðåîáðàçîâàíèå L(a) ∈ G, çàäàííîå ìàòðèöåé (aij),
îòîáðàæàåò áàçèñ e =< ei >∈ B(V) â áàçèñ e
′ =< e′i >∈ B(V)
(4.4.1) e′j = a
i
jei
Äîïóñòèì âåêòîð v ∈ V èìååò ðàçëîæåíèå
(4.4.2) v = viei
îòíîñèòåëüíî áàçèñà e è èìååò ðàçëîæåíèå
(4.4.3) v = v′ie′i
îòíîñèòåëüíî áàçèñà e′. Èç (4.4.1) è (4.4.3) ñëåäóåò, ÷òî
(4.4.4) v = v′jaijei
Ñðàâíèâàÿ (4.4.2) è (4.4.4) ïîëó÷àåì, ÷òî
(4.4.5) vi = v′jaij
Òàê êàê aij - íåâûðîæäåííàÿ ìàòðèöà, òî èç (4.4.5) ñëåäóåò
(4.4.6) v′i = vja−1ij
Ïðåîáðàçîâàíèå êîîðäèíàò (4.4.6) íå çàâèñèò îò âåêòîðà v èëè áàçèñà e, à îïðå-
äåëåííî èñêëþ÷èòåëüíî êîîðäèíàòàìè âåêòîðà v îòíîñèòåëüíî áàçèñà e.
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Åñëè ìû èêñèðóåì áàçèñ e, òî ìíîæåñòâî êîîðäèíàò (vi) îòíîñèòåëüíî
ýòîãî áàçèñà ïîðîæäàåò âåêòîðíîå ïðîñòðàíñòâî V˜ , èçîìîðíîå âåêòîðíîìó
ïðîñòðàíñòâó V . Ýòî âåêòîðíîå ïðîñòðàíñòâî íàçûâàåòñÿ êîîðäèíàòíûì âåê-
òîðíûì ïðîñòðàíñòâîì, à èçîìîðèçì êîîðäèíàòíûì èçîìîðèçìîì.
Ìû áóäåì îáîçíà÷àòü δk = (δ
i
k) îáðàç âåêòîðà ek ∈ e ïðè ýòîì èçîìîðèçìå.
Òåîðåìà 4.4.1. Ïðåîáðàçîâàíèÿ êîîðäèíàò (4.4.6) ïîðîæäàþò êîíòðàâàðè-
àíòíîå ïðàâîñòîðîííåå ýåêòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G, íà-
çûâàåìîå êîîðäèíàòíûì ïðåäñòàâëåíèåì.
Äîêàçàòåëüñòâî. Äîïóñòèì ìû èìååì äâà ïîñëåäîâàòåëüíûõ ïàññèâíûõ
ïðåîáðàçîâàíèÿ L(a) è L(b). Ïðåîáðàçîâàíèå êîîðäèíàò (4.4.6) ñîîòâåòñòâóåò
ïàññèâíîìó ïðåîáðàçîâàíèþ L(a). Ïðåîáðàçîâàíèå êîîðäèíàò
(4.4.7) v′′k = v′ib−1ki
ñîîòâåòñòâóåò ïàññèâíîìó ïðåîáðàçîâàíèþ L(b). Ïðîèçâåäåíèå ïðåîáðàçîâàíèé
êîîðäèíàò (4.4.6) è (4.4.7) èìååò âèä
(4.4.8) v′′k = vja−1ijb
−1k
i = v
j(ba)−1kj
è ÿâëÿåòñÿ êîîðäèíàòíûì ïðåîáðàçîâàíèåì, ñîîòâåòñòâóþùèì ïàññèâíîìó ïðå-
îáðàçîâàíèþ Lba. Ýòî äîêàçûâàåò, ÷òî ïðåîáðàçîâàíèÿ êîîðäèíàò ïîðîæäàþò
êîíòðàâàðèàíòíîå ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G.
Åñëè êîîðäèíàòíîå ïðåîáðàçîâàíèå íå èçìåíÿåò âåêòîðû δk, òî åìó ñîîòâåò-
ñòâóåò åäèíèöà ãðóïïû G, òàê êàê ïàññèâíîå ïðåäñòàâëåíèå îäíîòðàíçèòèâíî.
Ñëåäîâàòåëüíî, êîîðäèíàòíîå ïðåäñòàâëåíèå ýåêòèâíî. 
Ïðåäïîëîæèì, ÷òî ãîìîìîðèçì ãðóïïû G â ãðóïïó ïàññèâíûõ ïðåîáðàçî-
âàíèé âåêòîðíîãî ïðîñòðàíñòâàW ñîãëàñîâàí ñ ãðóïïîé ñèììåòðèé âåêòîðíîãî
ïðîñòðàíñòâà V . Ýòî îçíà÷àåò, ÷òî ïàññèâíîìó ïðåîáðàçîâàíèþ L(a) âåêòîðíî-
ãî ïðîñòðàíñòâà V ñîîòâåòñòâóåò ïàññèâíîå ïðåîáðàçîâàíèå L(a) âåêòîðíîãî
ïðîñòðàíñòâà W .
(4.4.9) E′α = A
β
α(a)Eβ
Òîãäà êîîðäèíàòíîå ïðåîáðàçîâàíèå â W ïðèíèìàåò âèä
(4.4.10) w′α = wβA(a−1)αβ = w
βA(a)−1αβ
Îïðåäåëåíèå 4.4.2. Ìû áóäåì íàçûâàòü îðáèòó
O((w, eV), a ∈ G, (wA(a)
−1, L(a)eV))
ãåîìåòðè÷åñêèì îáúåêòîì â êîîðäèíàòíîì ïðåäñòàâëåíèè, îïðåäåë¼í-
íûì â âåêòîðíîì ïðîñòðàíñòâå V . Äëÿ ëþáîãî áàçèñà e′V = L(a)eV ñîîòâåò-
ñòâóþùàÿ òî÷êà (4.4.10) îðáèòû îïðåäåëÿåò êîîðäèíàòû ãåîìåòðè÷åñêîãî
îáúåêòà îòíîñèòåëüíî áàçèñà e′V . 
Îïðåäåëåíèå 4.4.3. Ìû áóäåì íàçûâàòü îðáèòó
O((w, eW , eV), a ∈ G, (wA(a)
−1, L(a)eW , L(a)eV))
ãåîìåòðè÷åñêèì îáúåêòîì, îïðåäåë¼ííûì â âåêòîðíîì ïðîñòðàíñòâå V . Äëÿ
ëþáîãî áàçèñà e′V = L(a)eV ñîîòâåòñòâóþùàÿ òî÷êà (4.4.10) îðáèòû îïðåäåëÿåò
êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà îòíîñèòåëüíî áàçèñà e′V è ñîîòâåò-
ñòâóþùèé âåêòîð
w = w′αE′α
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íàçûâàåòñÿ ïðåäñòàâèòåëåì ãåîìåòðè÷åñêîãî îáúåêòà â áàçèñå e′V . 
Ìû áóäåì òàêæå ãîâîðèòü, ÷òî w - ýòî ãåîìåòðè÷åñêèé îáúåêò òèïà A
Òàê êàê ãåîìåòðè÷åñêèé îáúåêò - ýòî îðáèòà ïðåäñòàâëåíèÿ, òî ñîãëàñíî
òåîðåìå 3.1.12 îïðåäåëåíèå ãåîìåòðè÷åñêîãî îáúåêòà êîððåêòíî.
Îïðåäåëåíèå 4.4.2 ñòðîèò ãåîìåòðè÷åñêèé îáúåêò â êîîðäèíàòíîì ïðîñòðàí-
ñòâå. Îïðåäåëåíèå 4.4.3 ïðåäïîëàãàåò, ÷òî ìû âûáðàëè áàçèñ â âåêòîðíîì ïðî-
ñòðàíñòâå W . Ýòî ïîçâîëÿåò èñïîëüçîâàòü âìåñòî åãî êîîðäèíàò.
Òåîðåìà 4.4.4 (ïðèíöèï èíâàðèàíòíîñòè). Ïðåäñòàâèòåëü ãåîìåòðè÷å-
ñêîãî îáúåêòà íå çàâèñèò îò âûáîðà áàçèñà e′V .
Äîêàçàòåëüñòâî. ×òîáû îïðåäåëèòü ïðåäñòàâèòåëÿ ãåîìåòðè÷åñêîãî îáú-
åêòà, ìû äîëæíû âûáðàòü áàçèñ eV , áàçèñ eW = (Eα) è êîîðäèíàòû ãåîìåòðè÷å-
ñêîãî îáúåêòà wα. Ñîîòâåòñòâóþùèé ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà
èìååò âèä
w = wαEα
Áàçèñ e′V ñâÿçàí ñ áàçèñîì eV ïàññèâíûì ïðåîáðàçîâàíèåì L(a). Ñîãëàñíî ïî-
ñòðîåíèþ ýòî ïîðîæäàåò ïàññèâíîå ïðåîáðàçîâàíèå (4.4.9) è êîîðäèíàòíîå ïðå-
îáðàçîâàíèå (4.4.10). Ñîîòâåòñòâóþùèé ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåê-
òà èìååò âèä
w′ = w′αE′α = w
βA(a)−1αβA
γ
α(a)Eγ = w
′βE′β = w
Ñëåäîâàòåëüíî, ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà èíâàðèàíòåí îòíîñè-
òåëüíî âûáîðà áàçèñà. 
Îïðåäåëåíèå 4.4.5. Ïóñòü
w1 = w
α
1Eα
w2 = w
α
2Eα
ãåîìåòðè÷åñêèå îáúåêòû îäíîãî è òîãî æå òèïà, îïðåäåë¼ííûì â âåêòîðíîì
ïðîñòðàíñòâå V . åîìåòðè÷åñêèé îáúåêò
w = (wα1 + w
α
2 )Eα
íàçûâàåòñÿ ñóììîé
w = w1 + w2
ãåîìåòðè÷åñêèõ îáúåêòîâ w1 è w2. 
Îïðåäåëåíèå 4.4.6. Ïóñòü
w2 = w
α
2Eα
ãåîìåòðè÷åñêèé îáúåêò, îïðåäåë¼ííûé â âåêòîðíîì ïðîñòðàíñòâå V íàä ïîëåì
F . åîìåòðè÷åñêèé îáúåêò
w2 = (kw
α
1 )Eα
íàçûâàåòñÿ ïðîèçâåäåíèåì
w2 = kw1
ãåîìåòðè÷åñêîãî îáúåêòà w1 è êîíñòàíòû k ∈ F . 
Òåîðåìà 4.4.7. åîìåòðè÷åñêèå îáúåêòû òèïà A, îïðåäåë¼ííûå â âåêòîðíîì
ïðîñòðàíñòâå V íàä ïîëåì F , îáðàçóþò âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì
F .
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ñëåäóåò èç íåïîñðåäñòâåííîé ïðî-
âåðêè ñâîéñòâ âåêòîðíîãî ïðîñòðàíñòâà. 
ëàâà 5
Ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé
5.1. Ñèñòåìà îòñ÷¼òà íà ìíîãîîáðàçèè
Ìû ïîêàçàëè â ðàçäåëå 4.1, ÷òî ìíîãîîáðàçèå áàçèñîâ âåêòîðíîãî ïðîñòðàí-
ñòâà ìîæíî îòîæäåñòâèòü ñ ãðóïïîé ñèììåòðèé ýòîãî ïðîñòðàíñòâà. Íàñ íå
èíòåðåñîâàëè äåòàëè ñòðîåíèÿ ðåïåðà, è èçëîæåííàÿ òåîðèÿ ìîæåò áûòü îáîá-
ùåíà è ïåðåíåñåíà íà ïðîèçâîëüíîå ìíîãîîáðàçèå. Â ýòîì ðàçäåëå ìû îáîá-
ùàåì îïðåäåëåíèå áàçèñà è îïðåäåëÿåì ñèñòåìó îòñ÷¼òà íà ìíîãîîáðàçèè. Â
ñëó÷àå ïðîñòðàíñòâà ñîáûòèé îáùåé òåîðèè îòíîñèòåëüíîñòè ýòî âåä¼ò íàñ ê
åñòåñòâåííîìó îïðåäåëåíèþ ñèñòåìû îòñ÷¼òà è ïðåîáðàçîâàíèÿ Ëîðåíöà.
Êîãäà ìû èçó÷àåì ìíîãîîáðàçèå V , ãåîìåòðèÿ êàñàòåëüíîãî ïðîñòðàíñòâà
ÿâëÿåòñÿ îäíèì èç âàæíûõ àêòîðîâ. Â ýòîì ðàçäåëå ìû ïðåäïîëàãàåì
• âñå êàñàòåëüíûå ïðîñòðàíñòâà èìååò îäíó è òó æå ãåîìåòðèþ;
• êàñàòåëüíîå ïðîñòðàíñòâî ÿâëÿåòñÿ âåêòîðíûì ïðîñòðàíñòâîì V êî-
íå÷íîé ðàçìåðíîñòè n;
• ãðóïïîé ñèììåòðèè êàñàòåëüíîãî ïðîñòðàíñòâà ÿâëÿåòñÿ ãðóïïà Ëè
G.
Îïðåäåëåíèå 5.1.1. Mû áóäåì íàçûâàòü ìíîæåñòâî e =< e(i), i ∈ I > âåêòîð-
íûõ ïîëåé e(i) G-ñèñòåìîé îòñ÷¼òà íà ìíîãîîáðàçèè V , åñëè äëÿ ëþáîãî
x ∈ V ìíîæåñòâî e(x) =< e(i)(x), i ∈ I > ÿâëÿåòñÿ G-áàçèñîì
5.1
â êàñàòåëüíîì
ïðîñòðàíñòâå Tx.
5.2
Ìû áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì e(i) ∈ e, äëÿ âåêòîð-
íûõ ïîëåé, ïîðîæäàþùèõ G-ñèñòåìó îòñ÷¼òà e. 
Âåêòîðíîå ïîëå a èìååò ðàçëîæåíèå
(5.1.1) a = a(i)e(i)
îòíîñèòåëüíî ñèñòåìû îòñ÷¼òà e.
Åñëè ìû íå îãðàíè÷èì îïðåäåëåíèå ñèñòåìû îòñ÷¼òà ãðóïïîé ñèììåòðèè,
ìû ìîæåì âûáðàòü ñèñòåìó îòñ÷¼òà ∂ =< ∂i > â êàæäîé òî÷êå ìíîãîîáðàçèÿ,
îïðåäåë¼ííóþ âåêòîðíûìè ïîëÿìè, êàñàòåëüíûìè ê ëèíèÿì xi = const. Ýòî ïî-
ëå áàçèñîâ ìû áóäåì íàçûâàòü êîîðäèíàòíîé ñèñòåìîé îòñ÷¼òà. Âåêòîðíîå
ïîëå a èìååò ðàçëîæåíèå
(5.1.2) a = ai∂i
îòíîñèòåëüíî êîîðäèíàòíîé ñèñòåìû îòñ÷¼òà. Òîãäà ñòàíäàðòíûå êîîðäèíàòû
ñèñòåìû îòñ÷¼òà e èìåþò âèä ek(i)
(5.1.3) e(i) = e
k
(i)∂k
5.1
Ñîãëàñíî ðàçäåëó 4.1 ìû ìîæåì îòîæäåñòâèòü áàçèñ e(x) ñ ýëåìåíòîì ãðóïïû G.
5.2
Ñóùåñòâîâàíèå íà ìíîãîîáðàçèè G-ñèñòåìû îòñ÷¼òà òðåáóåò äîêàçàòåëüñòâà â êàæäîì
ñëó÷àå.
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Òàê êàê âåêòîðû e(i) ëèíåéíî íåçàâèñèìû â êàæäîé òî÷êå, ìàòðèöà ‖e
k
(i)‖ èìååò
îáðàòíóþ ìàòðèöó ‖e
(i)
k ‖
(5.1.4) ∂k = e
(i)
k e(i)
Ìû òàêæå ïîëüçóåìñÿ áîëåå øèðîêèì îïðåäåëåíèåì äëÿ ñèñòåìû îòñ÷¼òà
íà ìíîãîîáðàçèè, ïðåäñòàâëåííîå â âèäå e = (e(k), e
(k)), ãäå ìû çàäà¼ì ìíîæå-
ñòâî âåêòîðíîå ïîëåé e(k) è äâîéñòâåííûõ èì îðì e
(k)
òàêèõ, ÷òî
(5.1.5) e(k)(e(l)) = δ
(k)
(l)
â êàæäîé òî÷êå. Ôîðìû e(k) îïðåäåëåíû îäíîçíà÷íî èç (5.1.5).
Ïîäîáíûì îáðàçîì ìû ìîæåì îïðåäåëèòü êîîðäèíàòíóþ ñèñòåìó îòñ÷¼òà
(∂i, ds
i). Ýòè ñèñòåìû îòñ÷¼òà ñâÿçàíû îòíîøåíèåì
e(k) = e
i
(k)∂i(5.1.6)
e(k) = e
(k)
i dx
i
(5.1.7)
Èç ðàâåíñòâ (5.1.6), (5.1.7), (5.1.5) ñëåäóåò
(5.1.8) e
(k)
i e
i
(l) = δ
(k)
(l)
Â ÷àñòíîñòè, ìû ïðåäïîëîæèì, ÷òî ìû èìååìGL(n)-ñèñòåìó îòñ÷¼òà (∂, dx),
ïîðîæä¼ííûé n äèåðåíöèðóåìûìè âåêòîðíûìè ïîëÿìè ∂i è 1-îðìàìè dx
i
,
êîòîðûå îïðåäåëÿþò ïîëÿ áàçèñîâ ∂ è êîáàçèñîâ dx, äóàëüíûõ èì.
Åñëè çàäàíà óíêöèÿ ϕ on V , òî ìû îïðåäåëÿåì ïàîâó ïðîèçâîä-
íóþ
dϕ = ∂iϕdx
i
5.2. Ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé
Íà÷èíàÿ ñ ýòîãî ðàçäåëà, ìû áóäåì ðàññìàòðèâàòü îðòîãîíàëüíóþ ñèñòå-
ìó îòñ÷¼òà e = (e(k), e
(k)) â ðèìàíîâîì ïðîñòðàíñòâå ñ ìåòðè÷åñêèì òåíçîðîì
gij . Ñîãëàñíî îïðåäåëåíèþ, â êàæäîé òî÷êå ðèìàíîâà ïðîñòðàíñòâà âåêòîðíûå
ïîëÿ îðòîãîíàëüíîé ñèñòåìû îòñ÷¼òà óäîâëåòâîðÿþò ñîîòíîøåíèþ
gije
i
(k)e
j
(l) = g(k)(l)
ãäå g(k)(l) = 0, åñëè (k) 6= (l), è g(k)(k) = 1 èëè g(k)(k) = −1 â çàâèñèìîñòè îò
ñèãíàòóðû ìåòðèêè.
Ìû ìîæåì îïðåäåëèòü ñèñòåìó îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé V
êàê O(3, 1)-ñèñòåìó îòñ÷¼òà. Äëÿ íóìåðàöèè âåêòîðîâ ìû ïîëüçóåìñÿ èíäåêñîì
k = 0, ..., 3. Èíäåêñ k = 0 ñîîòâåòñòâóåò âðåìåíè ïîäîáíîìó âåêòîðíîìó ïîëþ.
Çàìå÷àíèå 5.2.1. Ìû ìîæåì äîêàçàòü ñóùåñòâîâàíèå ñèñòåìû îòñ÷¼òà, ïîëü-
çóÿñü ïðîöåäóðîé îðòîãîíîëèçàöèè â êàæäîé òî÷êå ïðîñòðàíñòâà âðåìåíè. Èç
òîé æå ïðîöåäóðû ìû âèäèì, ÷òî êîîðäèíàòû áàçèñà íåïðåðûâíî çàâèñÿò îò
òî÷êè.
Íåïðåðûâíîå ïîëå âðåìåíèïîäîáíûõ âåêòîðîâ êàæäîãî áàçèñà îïðåäåëÿåò
êîíãðóýíöèþ ëèíèé, êàñàòåëüíûõ ýòîìó ïîëþ. Ìû áóäåì ãîâîðèòü, ÷òî êàæ-
äàÿ èç ýòèõ ëèíèé ÿâëÿåòñÿ ìèðîâîé ëèíèåé íàáëþäàòåëÿ èëè ëîêàëüíîé ñè-
ñòåìîé îòñ÷¼òà. Ñëåäîâàòåëüíî, ñèñòåìà îòñ÷¼òà - ýòî ìíîæåñòâî ëîêàëüíûõ
ñèñòåì îòñ÷¼òà. 
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Ìû îïðåäåëÿåì ïðåîáðàçîâàíèå Ëîðåíöà êàê ïðåîáðàçîâàíèå ñèñòåìû
îòñ÷¼òà
x′
i
= f i(x0, x1, x2, x3)
(5.2.1) e′
i
(k) = a
i
jb
(l)
(k)e
j
(l)
ãäå
aij =
∂x′i
∂x′j
δ(i)(l)b
(i)
(j)b
(l)
(k) = δ(j)(k)
Ìû áóäåì íàçûâàòü ïðåîáðàçîâàíèå aij ãîëîíîìíîé ÷àñòüþ è ïðåîáðàçîâàíèå
b
(l)
(k) íåãîëîíîìíîé ÷àñòüþ.
5.3. Íåãîëîíîìíûå êîîðäèíàòû
Ïóñòü E(V,G, π) - ãëàâíîå ðàññëîåíèå, ãäå V - äèåðåíöèðóåìîå ìíîãî-
îáðàçèå ðàçìåðíîñòè n è êëàññà íå ìåíüøå, ÷åì 2. Ìû òàêæå ïîëîæèì, ÷òî G
- ãðóïïà ñèììåòðèè êàñàòåëüíîé ïëîñêîñòè.
Ìû îïðåäåëèì îðìó ñâÿçíîñòè íà ãëàâíîì ðàññëîåíèè
(5.3.1) ωL = λLNda
N + ΓLi dx
i ω = λNda
N + Γdx
Ìû íàçûâàåì óíêöèè Γi êîìïîíåíòàìè ñâÿçíîñòè.
Åñëè ñëîé ÿâëÿåòñÿ ãðóïïîé GL(n), òî ñâÿçíîñòü èìååò âèä
(5.3.2) ωab = Γ
a
bcdx
c
ΓAi = Γ
a
bi
Âåêòîðíîå ïîëå a èìååò äâà âèäà êîîðäèíàò: ãîëîíîìíûå êîîðäèíàòû ai
îòíîñèòåëüíî êîîðäèíàòíîé ñèñòåìû îòñ÷¼òà è íåãîëîíîìíûå êîîðäèíàòû
a(i) îòíîñèòåëüíî ñèñòåìû îòñ÷¼òà. Ýòè äâà âèäà êîîðäèíàò òàê æå ñëåäóþò
îòíîøåíèþ
(5.3.3) ai(x) = ei(i)(x)a
(i)(x)
â ëþáîé òî÷êå x.
Ìû ìîæåì èçó÷àòü ïàðàëëåëüíûé ïåðåíîñ âåêòîðíûõ ïîëåé, ïîëüçóÿñü ëþ-
áîé îðìîé êîîðäèíàò. Òàê êàê (5.2.1) - ëèíåéíîå ïðåîáðàçîâàíèå, ìû îæèäà-
åì, ÷òî ïàðàëëåëüíûé ïåðåíîñ â íåãîëîíîìíûõ êîîðäèíàòàõ èìååò òàêîå æå
ïðåäñòàâëåíèå, êàê â ãîëîíîìíûõ êîîðäèíàòàõ. Òàêèì îáðàçîì ìû çàïèøåì
dak = −Γkija
idxj
da(k) = −Γ
(k)
(i)(j)a
(i)dx(j)
Íåîáõîäèìî óñòàíîâèòü ñâÿçü ìåæäó ãîëîíîìíûìè êîîðäèíàòàìè ñâÿçíî-
ñòè Γkij è íåãîëîíîìíûìè êîîðäèíàòàìè ñâÿçíîñòè Γ
(k)
(i)(j)
(5.3.4) ai(x+ dx) = ai(x) + dai = ai(x) − Γikpa
k(x)dxp
(5.3.5) a(i)(x+ dx) = a(i)(x) + da(i) = a(i)(x)− Γ
(i)
(k)(p)a
(k)(x)dx(p)
Ïðåäïîëàãàÿ (5.3.4), (5.3.5) è (5.3.3), ìû ïîëó÷èì
(5.3.6)
ai(x)− Γikpa
k(x)dxp
= ei(i)(x+ dx)
(
a(i)(x)− Γ
(i)
(k)(p)e
(k)
i (x)a
i(x)e
(p)
p (x)dxp
)
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Èç (5.3.6) ñëåäóåò, ÷òî
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x)a
i(x)dxp = a(i)(x) − e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)e
(i)
i (x)− e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)
(
e
(i)
i (x) − e
(i)
i (x+ dx)
)
+ e
(i)
j (x)Γ
j
ipa
i(x)dxp
= e
(i)
j (x)Γ
j
ipa
i(x)dxp − ai(x)
∂e
(i)
i (x)
∂xp
dxp
=
(
e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
)
ai(x)dxp
Òàê êàê ai(x) è dxp ïðîèçâîëüíû, ìû èìååì
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x) = e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
(5.3.7) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
i
(k)e
p
(p)
∂e
(i)
i
∂xp
Ìû îïðåäåëèì ñèìâîëè÷åñêèé îïåðàòîð
(5.3.8)
∂
∂x(p)
= ep(p)
∂
∂xp
Èç (5.1.8) ñëåäóåò
(5.3.9) ei(l)
∂e
(k)
i
∂xp
+ e
(k)
i
∂ei(l)
∂xp
= 0
Ïîäñòàâèì (5.3.8) è (5.3.9) â (5.3.7)
(5.3.10) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
(i)
i
∂ei(k)
∂x(p)
àâåíñòâî (5.3.10) ïîêàçûâàåò íåêîòîðîå ñõîäñòâî ìåæäó ãîëîíîìíûìè è
íåãîëîíîìíûìè êîîðäèíàòàìè. Ìû îïðåäåëèì ñèìâîë ∂(k) äëÿ ïðîèçâîäíîé
âäîëü âåêòîðíûõ ïîëåé e(k)
∂(k) = e
i
(k)∂i
Òîãäà (5.3.10) ïðèíèìàåò îðìó
Γ
(k)
(l)(p) = e
i
(l)e
r
(p)e
(k)
j Γ
j
ir − e
i
(l)∂(p)e
(k)
i
Ñëåäîâàòåëüíî, êîãäà ìû ïåðåõîäèì îò ãîëîíîìíûõ êîîðäèíàò ê íåãîëî-
íîìíûì, ïðåîáðàçîâàíèå ñâÿçíîñòè ïîäîáíî ïðåîáðàçîâàíèþ ïðè ïåðåõîäå îò
îäíîé êîîðäèíàòíîé ñèñòåìû ê äðóãîé. Ýòî ïðèâîäèò íàñ ê ìîäåëè íåãîëîíîì-
íûõ êîîðäèíàò.
Âåêòîðíûå ïîëÿ e(k) ïîðîæäàþò êðèâûå, îïðåäåë¼ííûå äèåðåíöèàëü-
íûìè óðàâíåíèÿìè
ej(l)
∂t
∂xj
= δ
(k)
(l)
èëè ñèìâîëè÷åñêîé ñèñòåìîé
(5.3.11)
∂t
∂x(l)
= δ
(k)
(l
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Èìåÿ â âèäó ñèìâîëè÷åñêóþ ñèñòåìó (5.3.11), ìû îáîçíà÷èì óíêöèîíàë t ïî-
ñðåäñòâîì x(k) è áóäåì íàçûâàòü åãî íåãîëîíîìíîé êîîðäèíàòîé. Ìû áóäåì
íàçûâàòü îáû÷íûå êîîðäèíàòû ãîëîíîìíûìè.
Îòñþäà ìû ìîæåì íàéòè ïðîèçâîäíóþ è ïîëó÷èòü
(5.3.12)
∂x(i)
∂xk
= e
(i)
k
Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïîëíîé èíòåãðèðóåìîñòè ñèñòåìû (5.3.12)
- ýòî ðàâåíñòâî
c
(i)
(k)(l) = 0
ãäå ìû ââîäèì îáúåêò íåãîëîíîìíîñòè
(5.3.13) c
(i)
(k)(l) = e
k
(k)e
l
(l)
(
∂e
(i)
k
∂xl
−
∂e
(i)
l
∂xk
)
Ñëåäîâàòåëüíî, ëþáàÿ ñèñòåìà îòñ÷¼òà èìååò n âåêòîðíûõ ïîëåé
∂(k) =
∂
∂x(k)
= ei(k)∂i
êîòîðûå èìåþò êîììóòàòîð
[∂(i), ∂(j)] =
(
ek(i)∂ke
l
(j) − e
k
(j)∂ke
l
(i)
)
e
(m)
l ∂(m) =
ek(i)e
l
(i)
(
−∂ke
(m)
l + ∂le
(m)
l
)
∂(m) = c
(m)
(k)(l)∂(m)
Ïî òîé æå ïðè÷èíå ìû îïðåäåëÿåì îðìó
dx(k) = e(k) = e
(k)
l dx
l
è âíåøíèé äèåðåíöèàë ýòîé îðìû èìååò âèä
d2x(k) = d
(
e
(k)
i dx
i
)
=
(
∂je
(k)
i − ∂ie
(k)
j
)
dxi ∧ dxj
= −c
(m)
(k)(l)dx
(k) ∧ dx(l)
(5.3.14)
Ñëåäîâàòåëüíî, êîãäà c
(i)
(k)(l) 6= 0, äèåðåíöèàë dx
(k)
íå ÿâëÿåòñÿ òî÷íûì
äèåðåíöèàëîì è ñèñòåìà (5.3.12) âîîáùå ãîâîðÿ íå ìîæåò áûòü èíòåãðèðóå-
ìîé. Òåì íå ìåíåå, ìû ìîæåì ïîñòðîèòü ðåàëüíûé îáúåêò, êîòîðûé ìîäåëèðóåò
ðåøåíèå. Ìû ìîæåì èçó÷àòü, êàê óíêöèÿ x(i) èçìåíÿåòñÿ âäîëü ðàçíûõ êðè-
âûõ. Ìû áóäåì íàçûâàòü òàêèå êîîðäèíàòû íåãîëîíîìíûìè êîîðäèíàòàìè
íà ìíîãîîáðàçèè.
Çàìå÷àíèå 5.3.1. Ôóíêöèÿ x(i) ÿâëÿåòñÿ íàòóðàëüíûì ïàðàìåòðîì âäîëü
êðèâîé ïîòîêà âåêòîðíûõ ïîëåé e(i). Ïðèìåð òàêîé óíêöèè ìû ðàññìîòðèì
â ðàçäåëå 7.1. Cîáñòâåííîå âðåìÿ îïðåäåëåíî âäîëü ìèðîâîé ëèíèè ëîêàëüíîé
ñèñòåìû îòñ÷¼òà. Êàê ìû âèäåëè â çàìå÷àíèè 5.2.1 âñ¼ ïðîñòðàíñòâî ïðîíèçà-
íî ìèðîâûìè ëèíèÿìè ëîêàëüíûõ ñèñòåì. ×òîáû ñîáñòâåííîå âðåìÿ ëîêàëüíûõ
ñèñòåì ìîãëî áûòü âðåìåíåì ñèñòåìû îòñ÷¼òà, ìû îæèäàåì, ÷òî ñîáñòâåííîå
âðåìÿ íåïðåðûâíî èçìåíÿåòñÿ îò òî÷êè ê òî÷êå. Äëÿ ñèíõðîíèçàöèè ÷àñîâ ëî-
êàëüíûõ ñèñòåì îòñ÷¼òà ìû ïîëüçóåìñÿ êëàññè÷åñêîé ïðîöåäóðîé îáìåíà ñâå-
òîâûìè ñèãíàëàìè.
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Ñ òî÷êè çðåíèÿ ìàòåìàòèêè  ýòî ïðîáëåìà èíòåãðèðîâàíèÿ äèåðåíöè-
àëüíîé îðìû. Òåì íå ìåíåå, èçìåíåíèå óíêöèè âäîëü ïåòëè èìååò âèä
∆x(i) =
∮
dx(i)
=
∫ ∫
c
(i)
(k)(l)dx
(k) ∧ dx(l)
=
∫ ∫
c
(i)
(k)(l)e
(k)
k e
(l)
l dx
k ∧ dxl
(5.3.15)
Íà ïåðâûé âçãëÿä âîçíèêàåò îùóùåíèå, ÷òî íåëüçÿ ñèíõðîíèçèðîâàòü ÷à-
ñû, ÷åãî ìû íå íàáëþäàåì íà ïðàêòèêå. Ìû äîïóñêàåì, ÷òî ñèíõðîíèçàöèÿ
âîçìîæíà äî òåõ ïîð, ïîêà ìû îïðåäåëÿåì âðåìÿ âäîëü íåçàìêíóòûõ êðèâûõ.
Ñèíõðîíèçàöèÿ íàðóøàåòñÿ, êîãäà ìû ïûòàåìñÿ ñèíõðîíèçèðîâàòü ÷àñû âäîëü
çàìêíóòîé êðèâîé.
Ýòî îçíà÷àåò íåîäíîçíà÷íîñòü îïðåäåëåíèÿ íåãîëîíîìíîé êîîðäèíàòû. 
Íà÷èíàÿ ñ ýòîãî ìåñòà, ìû íå áóäåì äåëàòü ðàçëè÷èÿ ìåæäó ãîëîíîìíûìè
è íåãîëîíîìíûìè êîîðäèíàòàìè. Ìû òàê æå áóäåì îáîçíà÷àòü b
(l)
(k) êàê a
−1(l)
(k)
â ïðåîáðàçîâàíèè Ëîðåíöà (5.2.1).
Õîòÿ îðìà dx(k) íå ÿâëÿåòñÿ òî÷íûì äèåðåíöèàëîì, íåòðóäíî óáå-
äèòüñÿ, ÷òî îðìà d2x(k) ÿâëÿåòñÿ âíåøíèì äèåðåíöèàëîì îðìû dx(k).
Ñëåäîâàòåëüíî,
(5.3.16) d3x(k) = 0
Ìû ìîæåì ïðåäñòàâèòü âíåøíèé äèåðåíöèàë îðìû, çàïèñàííîé â íåãî-
ëîíîìíûõ êîîðäèíàòàõ, â âèäå
d(a(i1)...(in)dx
(i1) ∧ ... ∧ dx(in))
=a(i1)...(in),pdx
p ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)ddx
(i1) ∧ ... ∧ dx(in) − ...− (−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ ddx(in)
=a(i1)...(in),(p)e
(p)
p e
p
(r)dx
(r) ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)c
(i1)
(p)(r)dx
(p) ∧ dx(r) ∧ ... ∧ dx(in) − ...
−(−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ c
(in)
(p)(r)dx
(p) ∧ dx(r)
=(a(i1)...(in),(p) − a(r)...(in)c
(r)
(p)(i1)
− ...− a(i1)...(r)c
(r)
(p)(in)
)dx(p) ∧ dx(i1) ∧ ... ∧ dx(in)
Â ñëó÷àå îðìû d3x(k) ìû ïîëó÷èì ðàâåíñòâî
(5.3.17)
d(c
(k)
(i)(j)dx
(i) ∧ dx(j))
= (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j)
Èç ðàâåíñòâ (5.3.16) è (5.3.17) ñëåäóåò
(5.3.18) (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j) = 0
Íåòðóäíî óáåäèòüñÿ, ÷òî
(5.3.19)
(−c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= (−c
(k)
(r)(j)c
(r)
(p)(i) + c
(k)
(r)(i)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= −2c
(k)
(r)(j)c
(r)
(p)(i)dx
(i) ∧ dx(j)
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Ïîäñòàâèâ (5.3.19) â (5.3.18), ïîëó÷èì
(5.3.20) (c
(k)
(i)(j),(p) − 2c
(k)
(r)(j)c
(r)
(p)(i))dx
(p) ∧ dx(i) ∧ dx(j) = 0
Èç (5.3.20) ñëåäóåò
(5.3.21)
c
(k)
(i)(j),(p) + c
(k)
(j)(p),(i) + c
(k)
(p)(i),(j)
= 2c
(k)
(r)(j)c
(r)
(p)(i) + 2c
(k)
(r)(p)c
(r)
(i)(j) + 2c
(k)
(r)(i)c
(r)
(j)(p)
Ìû îïðåäåëèì îðìó êðèâèçíû äëÿ ñâÿçíîñòè (5.3.1)
Ω = dω + [ω, ω]
ΩD = dωD + CDABω
A ∧ ωB = RDijdx
i ∧ dxj
ãäå ìû îïðåäåëÿåì îáúåêò êðèâèçíû
RDij = ∂iΓ
D
j − ∂jΓ
D
i + C
D
ABΓ
A
i Γ
B
j + Γ
D
k c
k
ij
Ôîðìà êðèâèçíû äëÿ ñâÿçíîñòè (5.3.2) is
(5.3.22) Ωac = dω
a
c + ω
a
b ∧ ω
b
c
ãäå ìû îïðåäåëèì îáúåêò êðèâèçíû
(5.3.23) RDij = R
a
bij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi + Γ
a
bkc
k
ij
Ìû îïðåäåëèì òåíçîð è÷è
Rbj = R
a
baj = ∂aΓ
a
bj − ∂jΓ
a
ba + Γ
a
caΓ
c
bj − Γ
a
cjΓ
c
ba + Γ
a
bkc
k
aj

ëàâà 6
åîìåòðè÷åñêèé îáúåêò
6.1. Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Â ñëó÷àå ñâÿçíîñòè (5.3.2) ìû îïðåäåëèì îðìó êðó÷åíèå
(6.1.1) T a = d2xa + ωab ∧ dx
b
Èç (5.3.2) ñëåäóåò
(6.1.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c ∧ dxb
Ïîäñòàâëÿÿ (6.1.2) è (5.3.14) â (6.1.1) ìû ïîëó÷èì
(6.1.3) T a = T acbdx
c ∧ dxb = −cacbdx
c ∧ dxb + (Γabc − Γ
a
cb)dx
c ∧ dxb
ãäå ìû îïðåäåëèëè òåíçîð êðó÷åíèå
(6.1.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Êîììóòàòîð âòîðûõ ïðîèçâîäíûõ èìååò âèä
(6.1.5) uα;kl − u
α
;lk = R
α
βlku
β − T plku
α
;p
Èç (6.1.5) ñëåäóåò, ÷òî
(6.1.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d − T pbcξ
a
;p
Â ðèìàíîâîì ïðîñòðàíñòâå ìû have metri tensor gij è ñâÿçíîñòü Γ
k
ij . Îä-
íî èç ñâîéñòâ ðèìàíîâà ïðîñòðàíñòâà - ýòî ñèììåòðèÿ ñâÿçíîñòè è ðàâåíñòâî
íóëþ êîâàðèàíòíîé ïðîèçâîäíîé ìåòðèêè. Ýòî ïîðîæäàåò òåñíóþ ñâÿçü ìåæ-
äó ìåòðèêîé è ñâÿçíîñòüþ. However ñâÿçíîñòü is not neessarily symmetri è
êîâàðèàíòíàÿ ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà ìîæåò áûòü îòëè÷íà îò 0. Â
ïîñëåäíåì ñëó÷àå ìû ââîäèì íåìåòðè÷íîñòü
(6.1.7) Qijk = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Òàê êàê ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà íå ðàâíà 0, ìû íå ìîæåì ïîä-
íèìàòü èëè îïóñêàòü èíäåêñ òåíçîðà âíóòðè ïðîèçâîäíîé êàê ìû ýòî äåëàåì â
îáû÷íîì ðèìàíîâîì ïðîñòðàíñòâå. Òåïåðü ýòà îïåðàöèÿ ïðèíèìàåò ñëåäóþùèé
âèä
ai;k = g
ijaj;k + g
ij
;kaj
Ýòî ðàâåíñòâî äëÿ ìåòðè÷åñêîãî òåíçîðà ïðèíèìàåò ñëåäóþùèé âèä
gab;k = −g
aigbjgij;k
Îïðåäåëåíèå 6.1.1. Ìû áóäåì íàçûâàòü ìíîãîîáðàçèå ñ êðó÷åíèåì è íåìåò-
ðè÷íîñòüþ ìåòðèêî-àèííûì ìíîãîîáðàçèåì [12℄. 
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Åñëè ìû èçó÷àåì ïîäìíîãîîáðàçèå Vn ìíîãîîáðàçèÿ Vn+m, ìû âèäèì, ÷òî
èìåðñèÿ ïîðîæäàåò ñâÿçíîñòü Γαβγ , êîòîðàÿ ñâÿçàíà ñî ñâÿçíîñòüþ â ìíîãîîá-
ðàçèè ñîîòíîøåíèåì
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
Ñëåäîâàòåëüíî, íå ñóùåñòâóåò íåïðåðûâíîãî âëîæåíèÿ ïðîñòðàíñòâà ñ êðó÷å-
íèåì â ðèìàíîâî ïðîñòðàíñòâî.
6.2. åîìåòðè÷åñêèé ñìûñë êðó÷åíèÿ
Ïðåäïîëîæèì, ÷òî a è b - íåêîëèíåàðíûå âåêòîðû â òî÷êå A (ñì. èã. 6.2.1).
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð a
êàê êàñàòåëüíûé âåêòîð ê La â òî÷-
êå A. Ïóñòü τ - êàíîíè÷åñêèé ïàðà-
ìåòð íà La è
dxk
dτ
= ak
Ìû ïåðåíåñ¼ì âåêòîð b âäîëü ãåî-
äåçè÷åñêîé La èç òî÷êè A â òî÷êó
B, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà τ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò b′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð b
êàê êàñàòåëüíûé âåêòîð ê Lb â òî÷-
êå A. Ïóñòü ϕ - êàíîíè÷åñêèé ïàðà-
ìåòð íà Lb è
dxk
dϕ
= bk
Ìû ïåðåíåñ¼ì âåêòîð a âäîëü ãåî-
äåçè÷åñêîé Lb èç òî÷êè A â òî÷êó
D, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà ϕ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò a′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb′
÷åðåç òî÷êó B, èñïîëüçóÿ âåêòîð
b′ êàê êàñàòåëüíûé âåêòîð ê Lb′ â
òî÷êå B. Ïóñòü ϕ′ - êàíîíè÷åñêèé
ïàðàìåòð íà Lb′ è
dxk
dϕ′
= b′k
Ìû îïðåäåëèì òî÷êó C íà ãåîäå-
çè÷åñêîé Lb′ çíà÷åíèåì ïàðàìåòðà
ϕ′ = ρ
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La′
÷åðåç òî÷êó D, èñïîëüçóÿ âåêòîð
a′ êàê êàñàòåëüíûé âåêòîð ê La′ â
òî÷êå D. Ïóñòü τ ′ - êàíîíè÷åñêèé
ïàðàìåòð íà La′ è
dxk
dτ ′
= a′k
Ìû îïðåäåëèì òî÷êó E íà ãåîäå-
çè÷åñêîé La′ çíà÷åíèåì ïàðàìåòðà
τ ′ = ρ
Ôîðìàëüíî ëèíèè AB è DE òàê æå, êàê ëèíèè AD è BC, ïàðàëëåëüíû.
Äëèíû îòðåçêîâ AB è DE ðàâíû òàê æå, êàê äëèíû îòðåçêîâ AD è BC ðàâíû.
Ìû íàçûâàåì òàêóþ èãóðó ïàðàëëåëîãðàììîì, ïîñòðîåííûì íà âåêòîðàõ
a è b ñ âåðøèíîé â òî÷êå A.
Òåîðåìà 6.2.1. Ïðåäïîëîæèì CBADE - ïàðàëëåëîãðàì ñ âåðøèíîé â òî÷êå
A; òîãäà ïîñòðîåííàÿ èãóðà íå áóäåò çàìêíóòà [17℄. Âåëè÷èíà ðàçëè÷èÿ
êîîðäèíàò òî÷åê C è E ðàâíà ïîâåðõíîñòíîìó èíòåãðàëó êðó÷åíèÿ íàä ýòèì
ïàðàëëåëîãðàììîì
6.1
∆CEx
k =
∫∫
T kmndx
m ∧ dxn
6.1
Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ÿ íàø¼ë â [22℄
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A
a
b
B
b′
a′
C
D
E
✄
✄
✄
✄✄✗
✟✟
✟✯ ◗◗
✻
✑
✑
✑✸
èñ. 6.2.1. Meaning of Torsion
Äîêàçàòåëüñòâî. Ìû ìîæåì íàéòè ïðèðàùåíèå êîîðäèíàòû xk âäîëü
ãåîäåçè÷åñêîé â âèäå
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
ãäå τ - êàíîíè÷åñêèé ïàðàìåòð è ìû âû÷èñëÿåì ïðîèçâîäíûå è êîìïîíåíòû
Γkmn â íà÷àëüíîé òî÷êå. Â ÷àñòíîñòè
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
âäîëü ãåîäåçè÷åñêîé La è
(6.2.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
âäîëü ãåîäåçè÷åñêîé Lb′ . Çäåñü
(6.2.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
ðåçóëüòàò ïàðàëëåëüíîãî ïåðåíîñà bk èç A â B è
(6.2.3) dxk = ∆ABx
k = akρ
ñ òî÷íîñòüþ äî ìàëîé ïåðâîãî ïîðÿäêà. Ïîäñòàâëÿÿ (6.2.3) â (6.2.2) è (6.2.2) â
(6.2.1), ìû ïîëó÷èì
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ABC èìååò âèä
∆ABCx
k = ∆ABx
k +∆BCx
k =
(6.2.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
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Àíàëîãè÷íî îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ADE èìååò âèä
∆ADEx
k = ∆ADx
k +∆DEx
k =
(6.2.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
Èç (6.2.4) è (6.2.5) ñëåäóåò, ÷òî
∆ADEx
k −∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
Äëÿ äîñòàòî÷íî ìàëîãî çíà÷åíèÿ ρ ïîä÷¼ðêíóòûå ñëàãàåìûå âçàèìíî óíè÷òî-
æàþòñÿ è ìû ïîëó÷àåì èíòåãðàëüíóþ ñóììó äëÿ âûðàæåíèÿ
∆ADEx
k −∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m ∧ dxn
Îäíàêî íåäîñòàòî÷íî íàéòè ðàçíîñòü
∆ADEx
k −∆ABCx
k
÷òîáû íàéòè ðàçíîñòü êîîðäèíàò òî÷åê C è E. Êîîðäèíàòû ìîãóò áûòü íåãî-
ëîíîìíûìè è ìû äîëæíû ó÷åñòü, ÷òî êîîðäèíàòû âäîëü çàìêíóòîãî ïóòè èç-
ìåíÿþòñÿ (5.3.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m ∧ dxn
ãäå c - îáúåêò íåãîëîíîìíîñòè.
Îêîí÷àòåëüíî ðàçíîñòü êîîðäèíàò òî÷åê C è E èìååò âèä
∆CEx
k = ∆ADEx
k −∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m ∧ dxn
Èñïîëüçóÿ (6.1.4), ìû äîêàçàëè óòâåðæäåíèå. 
6.3. Ñîîòíîøåíèå ìåæäó ñâÿçíîñòüþ è ìåòðèêîé
Ñåé÷àñ ìû õîòèì íàéòè, êàê ìû ìîæåì âûðàçèòü ñâÿçíîñòü, åñëè èçâåñòíû
ìåòðèêà è êðó÷åíèå. Ñîãëàñíî îïðåäåëåíèþ
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
Ïåðåíåñ¼ì ïðîèçâîäíóþ g è êðó÷åíèå â ëåâóþ ÷àñòü.
(6.3.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Ìåíÿÿ ïîðÿäîê èíäåêñîâ, ìû çàïèøåì åù¼ äâà óðàâíåíèÿ
(6.3.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(6.3.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
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Åñëè ìû âû÷òåì ðàâåíñòâî (6.3.1) èç ñóììû ðàâåíñòâ (6.3.2) è (6.3.1), òî ìû
ïîëó÷èì
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Îêîí÷àòåëüíî ìû ïîëó÷àåì
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)

ëàâà 7
Ïðèëîæåíèÿ â îáùåé òåîðèè îòíîñèòåëüíîñòè
7.1. Ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà
Òàê êàê íàáëþäàòåëü ïîëüçóåòñÿ îðòîãîíàëüíûì áàçèñîì äëÿ èçìåðåíèÿ â
êàæäîé òî÷êå, ìû ìîæåì îæèäàòü, ÷òî îí òàêæå ïîëüçóåòñÿ íåãîëîíîìíûìè
êîîðäèíàòàìè. Ìû òàê æå âèäèì, ÷òî êîîðäèíàòà âðåìåíè âäîëü ëîêàëüíîé ñè-
ñòåìû îòñ÷¼òà ÿâëÿåòñÿ ñîáñòâåííûì âðåìåíåì íàáëþäàòåëÿ. Òàê êàê ñèñòåìà
îòñ÷¼òà ñîñòîèò èç ëîêàëüíûõ ñèñòåì îòñ÷¼òà, ìû îæèäàåì, ÷òî èõ ñîáñòâåííûå
âðåìåíà ñèíõðîíèçèðîâàíû.
Ìû îïðåäåëÿåì ñèíõðîíèçàöèþ ñèñòåìû îòñ÷¼òà êàê íåãîëîíîìíóþ
êîîðäèíàòó âðåìåíè.
Òàê êàê ñèíõðîíèçàöèÿ - ýòî íåãîëîíîìíàÿ êîîðäèíàòà, ýòî ïîðîæäàåò íî-
âûå èçè÷åñêèå ÿâëåíèÿ, êîòîðûå ìû äîëæíû èìåòü â âèäó, êîãäà ðàáîòàåì ñ
ñèëüíûìè ãðàâèòàöèîííûìè ïîëÿìè èëè âûïîëíÿåì òî÷íûå èçìåðåíèÿ. Íèæå
ÿ îïèøó îäíî èç ýòèõ ÿâëåíèé.
7.2. Íåãîëîíîìíûå êîîðäèíàòû â ãðàâèòàöèîííîì ïîëå
öåíòðàëüíîãî òåëà
Ìû áóäåì èçó÷àòü íàáëþäàòåëÿ, âðàùàþùåãîñÿ âîêðóã öåíòðàëüíîãî òåëà.
åçóëüòàòû îöåíî÷íû è õîðîøè, êîãäà ýêñöåíòðèñèòåò îêîëî 0, òàê êàê ìû
áóäåì èçó÷àòü êðóãîâóþ îðáèòó. Òåì íå ìåíåå, îñíîâíàÿ öåëü ýòîé îöåíêè -
ïîêàçàòü, ÷òî ìû èìååì èçìåðèìîå äåéñòâèå íåãîëîíîìíîñòè.
Ìû ïîëüçóåìñÿ ìåòðèêîé Øâàðöøèëüäà äëÿ öåíòðàëüíîãî òåëà
(7.2.1) ds2 =
r − rg
r
c2dt2 −
r
r − rg
dr2 − r2dφ2 − r2sin2φdθ2
rg =
2Gm
c2
G - ãðàâèòàöèîííàÿ êîíñòàíòà,m - ìàññà öåíòðàëüíîãî òåëà, c - ñêîðîñòü ñâåòà.
Ýòà ìåòðèêà èìååò ñâÿçíîñòü
Γ010 =
rg
2r(r − rg)
Γ100 =
rg(r − rg)
2r3
Γ111 = −
rg
2r(r − rg)
Γ122 = −(r − rg)
Γ133 = −(r − rg) sin
2 φ
Γ212 = −
1
r
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Γ233 = − sinφ cosφ
Γ313 = −
1
r
Γ323 = cotφ
ß õî÷ó ïîêàçàòü åù¼ îäèí ñïîñîá ðàññ÷¼òà ýåêòà Äîïïëåðà. Ýåêò Äî-
ïïëåðà â ãðàâèòàöèîííîì ïîëå ÿâëÿåòñÿ õîðîøî èçó÷åííûì ÿâëåíèåì, îäíàêî
ìåòîä, êîòîðûé ÿ ïîêàæó ïîëåçåí, ÷òîáû ëó÷øå ïîíÿòü èçèêó ãðàâèòàöèîí-
íîãî ïîëÿ.
Ìû ìîæåì îïèñàòü äâèæåíèå îòîíà â ãðàâèòàöèîííîì ïîëå, ïîëüçóÿñü
åãî âîëíîâûì âåêòîðîì ki. Äëèíà ýòîãî âåêòîðà ðàâíà 0; k
i
dxi
= const; òðà-
åêòîðèÿ ÿâëÿåòñÿ ãåîäåçè÷åñêîé, è ñëåäîâàòåëüíî, êîîðäèíàòû ýòîãî âåêòîðà
óäîâëåòâîðÿþò äèåðåíöèàëüíîìó óðàâíåíèþ
(7.2.2) dki = −Γiklk
kdxl
Ìû èùåì ÷àñòîòó ω ñâåòà è k0 ïðîïîðöèîíàëüíî ω. àññìîòðèì ðàäèàëüíîå
äâèæåíèå îòîíà. Â ýòîì ñëó÷àå âîëíîâîé âåêòîð èìååò âèä k = (k0, k1, 0, 0).
Â öåíòðàëüíîì ïîëå ñ ìåòðèêîé (7.2.1) ìû ìîæåì âûáðàòü
k0 =
ω
c
√
r
r − rg
k1 = ω
√
r − rg
r
dt =
k0
k1
dr =
1
c
r
r − rg
dr
Òîãëà óðàâíåíèå (7.2.2) ïðèíèìàåò âèë
dk0 = −Γ010(k
1dt+ k0dr)
d
(
ω
c
√
r
r − rg
)
= −
rgω
2r(r − rg)
(√
r − rg
r
r
r − rg
+
√
r
r − rg
)
dr
c
dω
√
r
r − rg
− ω
1
2
√
r − rg
r
rgdr
(r − rg)2
= −
rgωdr
r(r − rg)
√
r
r − rg
dω
ω
= −
rg
2r(r − rg)
dr
lnω =
1
2
ln
r
r − rg
+ lnC
Åñëè ìû îïðåäåëèì ω = ω0, êîãäà r =∞, ìû ïîëó÷èì îêîí÷àòåëüíî
ω = ω0
√
r
r − rg
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7.3. Çàäåðæêà âðåìåíè â ãðàâèòàöèîííîì ïîëå öåíòðàëüíîãî òåëà
Ìû èçó÷èì âðàùåíèå âîêðóã öåíòðàëüíîãî òåëà. åçóëüòàòû ÿâëÿþòñÿ
òîëüêî îöåíêîé è õîðîøè, êîãäà ýêñöåíòðèñèòåò îêîëî 0, òàê êàê ìû èçó÷à-
åì êðóãîâûå îðáèòû. Îñíîâíàÿ çàäà÷à ýòîé îöåíêè - ïîêàçàòü, ÷òî ìû èìååì
èçìåðèìûé ýåêò íåãîëîãîìíîñòè.
Äàâàéòå ñðàâíèì èçìåðåíèÿ äâóõ íàáëþäàòåëåé. Ïåðâûé íàáëþäàòåëü çà-
èêñèðîâàë ñâî¼ ïîëîæåíèå â ãðàâèòàöèîííîì ïîëå
t =
s
c
√
r
r − rg
r = const, φ = const, θ = const
Âòîðîé íàáëþäàòåëü âðàùàåòñÿ âîêðóã öåíòðà ïîëÿ ñ ïîñòîÿííîé ñêîðîñòüþ
t = s
√
r
(r − rg)c2 − α2r3
φ = α s
√
r
(r − rg)c2 − α2r3
r = const, θ = const
Ìû âûáåðåì íàòóðàëüíûé ïàðàìåòð äëÿ îáîèõ íàáëþäàòåëåé.
Âòîðîé íàáëþäàòåëü íà÷èíàåò ñâî¼ ïóòåøåñòâèå, êîãäà s = 0, è çàâåðøàåò
åãî, êîãäà âîçâðàùàåòñÿ ê òîé æå òî÷êå ïðîñòðàíñòâà. Òàê êàê φ - öèêëè÷åñêàÿ
êîîðäèíàòà, âòîðîé íàáëþäàòåëü çàâåðøàåò ñâî¼ ïóòåøåñòâèå, êîãäà φ = 2π. Â
ýòîé òî÷êå ìû èìååì
s2 =
2π
α
√
(r − rg)c2 − α2r3
r
t = T =
2π
α
Çíà÷åíèå íàòóðàëüíîãî ïàðàìåòðà ïåðâîãî íàáëþäàòåëÿ â ýòîé òî÷êå
s1 =
2π
α
c
√
r − rg
r
àçíèöà ìåæäó èõ ñîáñòâåííûìè âðåìåíàìè
∆s = s1 − s2 =
2π
α
(
c
√
r − rg
r
−
√
(r − rg)c2 − α2r3
r
)
Ìû îïðåäåëèëè ðàçíèöó â ñàíòèìåòðàõ. ×òîáû ïîëó÷èòü ðàçíèöó â ñåêóíäàõ,
ìû äîëæíû äåëèòü îáå ÷àñòè íà .
∆t =
2π
α
(√
r − rg
r
−
√
r − rg
r
−
α2r2
c2
)
Ïåðåéä¼ì ê êîíêðåòíûì äàííûì.
Ìàññà Ñîëíöà ðàâíà 1.9891033 ã, Çåìëÿ âðàùàåòñÿ âîêðóã Ñîëíöà íà ðàññòî-
ÿíèè 1.4959851013 ñì îò åãî öåíòðà íàïðîòÿæåíèå 365.257 äíåé. Â ýòîì ñëó÷àå
ìû ïîëó÷èì ∆t = 0.155750625445089 ñåê. Ìåðêóðèé âðàùàåòñÿ âîêðóã Ñîëíöà
íà ðàññòîÿíèè 5.7911012 ñì îò åãî öåíòðà íàïðîòÿæåíèå 58.6462 äíåé. Â ýòîì
ñëó÷àå ìû ïîëó÷èì ∆t = 0.145358734930827 ñåê.
Ìàññà Çåìëè ðàâíà 5.9771027 ã. Êîñìè÷åñêèé êîðàáëü, êîòîðûé âðàùàåòñÿ
âîêðóã Çåìëè íà ðàññòîÿíèè 6.916108 ñì îò åãî öåíòðà íàïðîòÿæåíèå 95.6 ìèí
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èìååò ∆t = 1.831810 − 6 ñåê. Ëóíà âðàùàåòñÿ âîêðóã Çåìëè íà ðàññòîÿíèè
3.841010 ñì îò åãî öåíòðà íàïðîòÿæåíèå 27.32 äíåé. Â ýòîì ñëó÷àå ìû ïîëó÷èì
∆t = 1.37210 − 5 ñåê.
Äëÿ ëó÷øåãî ïðåäñòàâëåíèÿ ÿ ïîìåñòèë ýòè äàííûå â òàáëèöû 7.3.1, 7.3.2,
è 7.3.3.
Òàê êàê ÷àñû ïåðâîãî íàáëþäàòåëÿ â ìîìåíò âñòðå÷è ïîêàçûâàþò áîëüøåå
çíà÷åíèå, îí îöåíèâàåò âîçðàñò âòîðîãî íàáëþäàòåëÿ ñòàðøå ðåàëüíîãî. Òàê,
åñëè âçÿòü ïàðàìåòðû îðáèòû S2 èç [10℄, òî ìû ïîëó÷èì, ÷òî çà 10 Myr S2 áóäåò
ìîëîæå íà .297 Myr ïî ñðàâíåíèþ ñ îöåíêîé íåïîäâèæíîãî íàáëþäàòåëÿ.
Òàáëèöà 7.3.1. Ñîëíöå - öåíòðàëüíîå òåëî, ìàññà - 1.9891033 ã
ñïóòíèê Çåìëÿ Ìåðêóðèé
ðàññòîÿíèå, ñì 1.4959851013 5.7911012
ïåðèîä âðàùåíèÿ, äíåé 365.257 58.6462
çàäåðæêà âðåìåíè, ñåê 0.15575 0.14536
Òàáëèöà 7.3.2. Çåìëÿ - öåíòðàëüíîå òåëî, ìàññà - 5.9771027 ã
ñïóòíèê êîñìè÷åñêèé êîðàáëü Ëóíà
ðàññòîÿíèå, ñì 6.916108 3.841010
ïåðèîä âðàùåíèÿ 95.6 mins 27.32 äíåé
çàäåðæêà âðåìåíè, ñåê 1.831810 − 6 1.37210 − 5
Òàáëèöà 7.3.3. Sgr A - öåíòðàëüíîå òåëî, S2 - ñïóòíèê
ìàññà, M⊙ 4.1106 3.7106
ðàññòîÿíèå, ñì 1.46921016 1.15651016
ïåðèîä âðàùåíèÿ, ëåò 15.2 15.2
çàäåðæêà âðåìåíè, ìèí 164.7295 153.8326
7.4. Ïðåîáðàçîâàíèå Ëîðåíöà â îðáèòàëüíîì íàïðàâëåíèè
Ïðè÷èíà çàäåðæêè âðåìåíè, êîòîðóþ ìû îöåíèëè âûøå, íàõîäèòñÿ â ïðå-
îáðàçîâàíèè Ëîðåíöà ìåæäó ñòàöèîíàðíûì è âðàùàþùèìñÿ íàáëþäàòåëÿìè.
Ýòî çíà÷èò, ÷òî ìû èìååì âðàùåíèå â ïëîñêîñòè (e(0), e(2)). Áàçèñíûå âåêòîðà
äëÿ ñòàöèîíàðíîãî íàáëþäàòåëÿ - ýòî
e(0) = (
1
c
√
r
r − a
, 0, 0, 0)
e(2) = (0, 0,
1
r
, 0)
Ìû ïðåäïîëîæèì, ÷òî äëÿ âðàùàþùåãîñÿ íàáëþäàòåëÿ èçìåíåíèå φ è t ïðî-
ïîðöèîíàëüíû è
dφ = ωdt
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Åäèíè÷íûé âåêòîð ñêîðîñòè â ýòîì ñëó÷àå äîëæåí áûòü ïðîïîðöèîíàëåí âåê-
òîðó
(7.4.1) (1, 0, ω, 0)
Äëèíà ýòîãî âåêòîðà
(7.4.2) L2 =
r − a
r
c2 − r2ω2
Ìû âèäèì â ýòîì âûðàæåíèè î÷åíü çíàêîìûé óçîð è îæèäàåì, ÷òî ëèíåéíàÿ
ñêîðîñòü âðàùàþùåãîñÿ íàáëþäàòåëÿ V = ωr.
Òåì íå ìåíåå, ìû äîëæíû ïîìíèòü, ÷òî ìû âûïîëíÿåì èçìåðåíèå â ãðàâè-
òàöèîííîì ïîëå è êîîðäèíàòû ÿâëÿþòñÿ ëèøü ÿðëûêàìè äëÿ ðàçìåòêè òî÷åê
â ïðîñòðàíñòâå âðåìåíè. Ýòî çíà÷èò, ÷òî íàì íóæåí êîððåêòíûé ìåòîä äëÿ
èçìåðåíèÿ ñêîðîñòè.
Åñëè îáúåêò äâèæåòñÿ îò òî÷êè (t, φ) ê òî÷êå (t+dt, φ+dφ) ìû äîëæíû èç-
ìåðèòü ïðîñòðàíñòâåííûå è âðåìåííûå èíòåðâàëû ìåæäó ýòèìè òî÷êàìè. Ìû
ïðåäïîëîæèì, ÷òî â îáåèõ òî÷êàõ èìåþòñÿ íàáëþäàòåëè A è B. Íàáëþäàòåëü A
ïîñûëàåò îäíîâðåìåííî ñâåòîâîé ñèãíàë B è ìÿ÷, êîòîðûé èìååò óãëîâóþ ñêî-
ðîñòü ω. Êàæäûé ðàç, êîãäà íàáëþäàòåëü B ïîëó÷àåò êàêóþ-òî èíîðìàöèþ,
îí ïîñûëàåò ñâåòîâîé ñèãíàë îáðàòíî A.
Êîãäà A ïîëó÷àåò ïåðâûé ñèãíàë, îí ìîæåò îöåíèòü ðàññòîÿíèå äî B. Êî-
ãäà A ïîëó÷àåò âòîðîé ñèãíàë, îí ìîæåò îöåíèòü, êàê äîëãî äâèãàëñÿ ìÿ÷ äî
B.
Âðåìÿ ïóòåøåñòâèÿ ñâåòà â îáîèõ íàïðàâëåíèÿõ îäíî è òîæå. Òðàåêòîðèÿ
ñâåòà îïðåäåëåíà óðàâíåíèåì ds2 = 0. Â äàííîì ñëó÷àå ìû èìååì
r − rg
r
c2dt2 − r2dφ2 = 0
Êîãäà ñâåò âîçâðàùàåòñÿ ê íàáëþäàòåëþ A, èçìåíåíèå t ðàâíî
dt = 2
√
r
r − rg
c−1rdφ
Ñîáñòâåííîå âðåìÿ ïåðâîãî íàáëþäàòåëÿ ðàâíî
ds2 =
r − rg
r
c24
r
r − rg
c−2r2dφ2
Ñëåäîâàòåëüíî, ïðîñòðàíñòâåííîå ðàññòîÿíèå
L = rdφ
Êîãäà îáúåêò, äâèæóùèéñÿ ñ óãëîâîé ñêîðîñòü ω, ïðèáûâàåò â B, èçìåíåíèå t
ðàâíî
dφ
ω
. Ñîáñòâåííîå âðåìÿ â ýòîé òî÷êå ðàâíî
ds2 =
r − rg
r
c2dφ2ω−2
T =
√
r − rg
r
ω−1dφ
Ñëåäîâàòåëüíî, íàáëþäàòåëü A èçìåðÿåò ñêîðîñòü
V =
L
T
=
√
r
r − rg
rω
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Ìû ìîæåì èñïîëüçîâàòü ñêîðîñòü V êàê ïàðàìåòð ïðåîáðàçîâàíèÿ Ëîðåí-
öà. Òîãäà äëèíà (7.4.2) âåêòîðà (7.4.1) ðàâíà
L =
√
r − rg
r
(
c2 −
r
r − rg
r2ω2
)
=
√
r − rg
r
c
√(
1−
V 2
c2
)
Ñëåäîâàòåëüíî, âðåìåííîé îðò äâèæóùåãîñÿ íàáëþäàòåëÿ
e′(0) =
(
1
L
, 0,
ω
L
, 0
)
e′(0) =

√ r
r − rg
c−1
1√(
1− V
2
c2
) , 0, ω
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0


Ïðîñòðàíñòâåííûé îðò e′(2) = (A, 0, B, 0) îðòîãîíàëåí e
′
(0) è èìååò äëèíó −1.
Ñëåäîâàòåëüíî,
(7.4.3)
r − rg
r
c2
1
L
A− r2
ω
L
B = 0
(7.4.4)
r − rg
r
c2A2 − r2B2 = −1
Ìû ìîæåì âûðàçèòü A èç (7.4.3)
A = c−2
r
r − rg
r2ωB
è ïîäñòàâèòü â (7.4.4)
c−2
r
r − rg
r4ω2B2 − r2B2 = −1
V 2
c2
r2B2 − r2B2 = −1
Îêîí÷àòåëüíî ïðîñòðàíñòâåííûé îðò â íàïðàâëåíèè äâèæåíèÿ
e′(2) =

c−2 r
r − rg
rω
1√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


e′(2) =

c−2√ r
r − rg
V√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


Ñëåäîâàòåëüíî, ìû ïîëó÷èì ïðåîáðàçîâàíèå
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(2)
e′(2) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(2)
(7.4.5)
Åñëè ñòàöèîíàðíûé íàáëþäàòåëü ïîñûëàåò ñâåò â ðàäèàëüíîì íàïðàâëåíèè,
âðàùàþùèéñÿ íàáëþäàòåëü íàáëþäàåò ýåêò Äîïïëåðà
ω′ =
ω√
1− V
2
c2
7.4. Ïðåîáðàçîâàíèå Ëîðåíöà â îðáèòàëüíîì íàïðàâëåíèè 57
Ìû äîëæíû äîáàâèòü ýåêò Äîïïëåðà äëÿ ãðàâèòàöèîííîãî ïîëÿ, åñëè äâè-
æóùèéñÿ íàáëþäàòåëü ïîëó÷àåò ðàäèàëüíóþ âîëíó, êîòîðàÿ ïðèøëà èç áåñêî-
íå÷íîñòè. Â ýòîì ñëó÷àå ýåêò Äîïïëåðà ïðèìåò îðìó
ω′ =
√
r
r − rg
ω√
1− V
2
c2
Ìû ïðèâîäèì îöåíêó äëÿ äèíàìèêè çâåçäû S2, êîòîðàÿ âðàùàåòñÿ âîêðóã
Sgr A â òàáëèöàõ 7.4.1 è 7.4.2. Òàáëèöû îñíîâàíû íà äâóõ ðàçëè÷íûõ îöåíêàõ
äëÿ ìàññû Sgr A.
Åñëè ìû âîçüì¼ì ìàññó Sgr 4.1106M⊙ [10℄, òî â ïåðèöåíòðå (ðàññòîÿíèå
1.8681015 ñì) S2 èìååò ñêîðîñòü 738767495.4 ñì/ñåê è ýåêò Äîïïëåðà ðàâåí
ω′/ω = 1.000628. Â ýòîì ñëó÷àå ìû èçìåðÿåì äëèíó 2.16474µm äëÿ âîëíû,
èçëó÷àåìîé ñ äëèíîé 2.1661µm (Br γ). Â àïîöåíòðå (ðàññòîÿíèå 2.7691016cm) S2
èìååò ñêîðîñòü 49839993.28cm/s è ýåêò Äîïïëåðà ðàâåí ω′/ω = 1.0000232.
Ìû èçìåðÿåì äëèíó 2.166049µm äëÿ òîé æå ñàìîé âîëíû. àçíîñòü ìåæäó
äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 13.098A˚.
Åñëè ìû âîçüì¼ì ìàññó Sgr 3.7106M⊙ [11℄, òî â ïåðèöåíòðå (ðàññòîÿíèå
1.8051015cm) S2 èìååò ñêîðîñòü 713915922.3cm/s è ýåêò Äîïïëåðà ðàâåí
ω′/ω = 1.000587. Â ýòîì ñëó÷àå ìû èçìåðÿåì äëèíó 2.16483µm äëÿ âîëíû,
èçëó÷àåìîé ñ äëèíîé 2.1661µm (Br γ). Â àïîöåíòðå (ðàññòîÿíèå 2.6761016cm) S2
èìååò ñêîðîñòü 48163414.05cm/s è ýåêò Äîïïëåðà ðàâåí ω′/ω = 1.00002171.
Ìû èçìåðÿåì äëèíó 2.1666052µm äëÿ òîé æå ñàìîé âîëíû. àçíîñòü ìåæäó
äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 12.232A˚.
Òàáëèöà 7.4.1. ýåêò Äîïïëåðà íà Çåìëå äëÿ âîëíû, èçëó-
÷àåìîé ñ S2; ìàññà Sgr A ðàâíà 4.1106M⊙ [10℄
ïåðèöåíòð àïîöåíòð
ðàññòîÿíèå ñì 1.8681015 2.7691016
ñêîðîñòü ñì/s 738767495.4 49839993.28
ω′/ω 1.000628 1.0000232
èçëó÷àåìàÿ âîëíà (Br γ) µm 2.1661 2.1661
íàáëþäàåìàÿ âîëíà µm 2.16474 2.166049
àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 13.098A˚
Òàáëèöà 7.4.2. ýåêò Äîïïëåðà íà Çåìëå äëÿ âîëíû, èçëó-
÷àåìîé ñ S2; ìàññà Sgr A ðàâíà 3.7106M⊙ [11℄
ïåðèöåíòð àïîöåíòð
ðàññòîÿíèå ñì 1.8051015 2.6761016
ñêîðîñòü ñì/s 713915922.3 48163414.05
ω′/ω 1.000587 1.00002171
èçëó÷àåìàÿ âîëíà (Br γ) µm 2.1661 2.1661
íàáëþäàåìàÿ âîëíà µm 2.16483 2.1666052
àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 12.232A˚
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àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû â ïåðèöåíòðå ðàâíà
0.9A˚. Àíàëèçèðóÿ ýòè äàííûå, ìû ïðèõîäèì ê çàêëþ÷åíèþ, ÷òî èñïîëüçîâàíèå
ýåêòà Äîïïëåðà ìîæåò ïîìî÷ü óëó÷øèòü îöåíêó ìàññû Sgr A.
7.5. Ïðåîáðàçîâàíèå Ëîðåíöà â ðàäèàëüíîì íàïðàâëåíèè
Ìû âèäèì, ÷òî ïðåîáðàçîâàíèå Ëîðåíöà â îðáèòàëüíîì íàïðàâëåíèè èìååò
çíàêîìûé âèä. Î÷åíü èíòåðåñíî óâèäåòü, êàêîé âèä ýòî ïðåîáðàçîâàíèå èìååò
â ðàäèàëüíîì íàïðàâëåíèè. Ìû íà÷í¼ì ñ ïðîöåäóðû èçìåðåíèÿ ñêîðîñòè è
áóäåì ïîëüçîâàòüñÿ êîîðäèíàòíîé ñêîðîñòüþ v
(7.5.1) dr = vdt
Âðåìÿ ïóòåøåñòâèÿ ñâåòà â îáîèõ íàïðàâëåíèÿõ îäíî è òîæå. Òðàåêòîðèÿ ñâåòà
îïðåäåëåíà óðàâíåíèåì ds2 = 0.
r − rg
r
c2dt2 −
r
r − rg
dr2 = 0
Êîãäà ñâåò âîçâðàùàåòñÿ ê íàáëþäàòåëþ A, èçìåíåíèå t ðàâíî
dt = 2
r
r − rg
c−1dr
Ñîáñòâåííîå âðåìÿ íàáëþäàòåëÿ A ðàâíî
ds2 =
r − rg
r
c24
r2
r − rg2
c−2dr2 =
= 4
r
r − rg
dr2
Ñëåäîâàòåëüíî, ïðîñòðàíñòâåííîå ðàññòîÿíèå ðàâíî
L =
√
r
r − rg
dr
Êîãäà îáúåêò, äâèæóùèéñÿ ñî ñêîðîñòüþ (7.5.1), ïðèáûâàåò â B èçìåíåíèå t
ðàâíî
dr
v
. Ñîáñòâåííîå âðåìÿ íàáëþäàòåëÿ A â ýòîé òî÷êå
ds2 =
r − rg
r
c2dr2v−2
T =
√
r − rg
r
v−1dr
Ñëåäîâàòåëüíî, íàáëþäàòåëü A èçìåðÿåò ñêîðîñòü
V =
L
T
==
√
r
r−rg
dr√
r−rg
r
v−1dr
=
=
r
r − rg
v
Òåïåðü ìû ãîòîâû íàéòè ïðåîáðàçîâàíèå Ëîðåíöà. Áàçèñíûå âåêòîðà äëÿ
ñòàöèîíàðíîãî íàáëþäàòåëÿ - ýòî
e(0) =
(
1
c
√
r
r − rg
, 0, 0, 0
)
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e(1) =
(
0,
√
r − rg
r
, 0, 0
)
Åäèíè÷íûé âåêòîð ñêîðîñòè äîëæåí áûòü ïðîïîðöèîíàëåí âåêòîðó
(7.5.2) (1, v, 0, 0)
Äëèíà ýòîãî âåêòîðà
L2 =
r − rg
r
c2 −
r
r − rg
v2 =
=
r − rg
r
c2
(
1−
V 2
c2
)
(7.5.3)
Ñëåäîâàòåëüíî, âðåìåííîé îðò äâèæóùåãîñÿ íàáëþäàòåëÿ
e′(0) =
(
1
L
,
v
L
, 0, 0
)
=
=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , v
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0, 0


=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , Vc
√
r − rg
r
1√(
1− V
2
c2
) , 0, 0


Ïðîñòðàíñòâåííûé îðò e′(1) = (A,B, 0, 0) îðòîãîíàëåí e
′
(0) è èìååò äëèíó −1.
Ñëåäîâàòåëüíî,
(7.5.4)
r − rg
r
c2
1
L
A−
r
r − rg
v
L
B = 0
(7.5.5)
r − rg
r
c2A2 −
r
r − rg
B2 = −1
Ìû ìîæåì âûðàçèòü A èç (7.5.4)
A = c−2
r2
(r − rg)2
vB = c−2
r
r − rg
V B
è ïîäñòàâèòü â (7.5.5)
r − rg
r
c2c−4
r2
(r − rg)2
V 2B2 −
r
r − rg
B2 = −1
r
r − rg
B2
(
1−
V 2
c2
)
= 1
B2 =
r − rg
r
1
1− V
2
c2
B =
√
r − rg
r
1√
1− V
2
c2
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A = c−2
r
r − rg
V
√
r − rg
r
1√
1− V
2
c2
= c−2V
√
r
r − rg
1√
1− V
2
c2
Îêîí÷àòåëüíî ïðîñòðàíñòâåííûé îðò â íàïðàâëåíèè äâèæåíèÿ
e′(1) =

c−2V√ r
r − rg
1√
1− V
2
c2
,
√
r − rg
r
1√
1− V
2
c2
, 0, 0


Ñëåäîâàòåëüíî, ìû ïîäó÷àåì ïðåîáðàçîâàíèå â çíàêîìîé îðìå
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(1)
e′(1) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(1)
(7.5.6)
7.6. Ýåêò Äîïïëåðà â ïðîñòðàíñòâå Ôðèäìàíà
Ìû ðàññìîòðèì äðóãîé ïðèìåð â ïðîñòðàíñòâå Ôðèäìàíà. Ìåòðèêà ïðî-
ñòðàíñòâà èìååò âèä
ds2 = a2(dt2 − dχ2 − sin2 χ(dθ2 − sin2 θdφ2))
äëÿ çàêðûòîé ìîäåëè è
ds2 = a2(dt2 − dχ2 − sinh2 χ(dθ2 − sin2 θdφ2))
äëÿ îòêðûòîé ìîäåëè. Ñâÿçíîñòü ïðîñòðàíñòâà (α, β ïðèíèìàþò çíà÷åíèÿ 1,
2, 3)
Γ000 =
a˙
a
Γ0αα = −
a˙
a2
gαα
Γα0β =
a˙
a
δαβ
Ïîñêîëüêó ïðîñòðàíñòâà îäíîðîäíî, äëÿ íàñ íå èìååò çíà÷åíèå íàïðàâëå-
íèå ðàñïðîñòðàíåíèÿ ñâåòà. Â ýòîì ñëó÷àå
dk0 = −Γ0ijk
ikj
Òàê êàê k - èçîòðîïíûé âåêòîð, êàñàòåëüíûé ê åãî òðàåêòîðèè, ìû èìååì
dxα =
kα
k0
dt
Òàê êàê k0 = ω
a
, òî
d
ω
a
= −
da
a2
ω +
da
ωa
gααk
αkα = −2
da
a2
ω
adω + ωda = 0
aω = const
Ñëåäîâàòåëüíî, êîãäà a ðàñò¼ò, ω ñòàíîâèòñÿ ìåíüøå è äëèíà âîëíû ðàñò¼ò.
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a ðàñò¼ò, êîãäà ñâåò ïóòåøåñòâóåò ñêâîçü ïðîñòðàíñòâî âðåìÿ, è ýòî ïðèâî-
äèò ê êðàñíîìó ñìåùåíèþ. Ïðè÷èíîé íàáëþäàåìîãî êðàñíîãî ñìåùåíèÿ ÿâëÿ-
åòñÿ íå ðàçáåãàíèå ãàëàêòèê, à èçìåíåíèå ãåîìåòðèè.
àññìîòðèì òåïåðü êàê êðàñíîå ñìåùåíèå ìåíÿåòñÿ âî âðåìåíè, åñëè íà-
÷àëüíàÿ è êîíå÷íàÿ òî÷êè íå äâèæóòñÿ. Äëÿ ïðîñòîòû ÿ áóäó èçìåíÿòü òîëüêî
χ. χ1 - íà÷àëüíîå çíà÷åíèå è χ2 - êîíå÷íîå çíà÷åíèå. Òàê êàê íà òðàåêòîðèè
ñâåòà dt = dχ, ìû èìååì
χ = χ1 + t− t1 t2 = χ2 − χ1 + t1
Ñëåäîâàòåëüíî a(t1)ω1 = a(t2)ω2. Ñìåùåíèå Äîïïëåðà èìååò âèä
K(t1) =
ω2
ω1
=
a(t1)
a(t2)
Åñëè íà÷àëüíîå âðåìÿ èçìåíÿåòñÿ t'1 = t1 + dt, òî K(t1 + dt) = a(t1 + dt) /
a(t2 + dt) Ïðîèçâîäíàÿ K ïî âðåìåíè èìååò âèä
K˙ =
a˙1a2 − a1a˙2
a22
Äëÿ çàìêíóòîãî ïðîñòðàíñòâà a = cosh t. Òîãäà a˙ = sinh t.
K˙ =
sinh t1 cosh t2 − sinh t2 cosh t1
cosh2 t2
=
sinh(t1 − t2)
cosh2 t2
K óìåíüøàåòñÿ, êîãäà t1 óâåëè÷èâàåòñÿ.
7.7. Ïðåîáðàçîâàíèå Ëîðåíöà â ïðîñòðàíñòâå Ôðèäìàíà
×òîáû èçó÷èòü ïðåîáðàçîâàíèå Ëîðåíöà â ïðîñòðàíñòâå Ôðèäìàíà, ÿ õî÷ó
âîñïîëüçîâàòüñÿ ìåòðèêîé â îðìå
ds2 = c2dt2 − a2(dχ2 + b2(dθ2 − sin2 θdφ2))
Ó ìåíÿ åñòü äâà íàáëþäàòåëÿ. Îäèí íå äâèæåòñÿ è èìååò ñêîðîñòü (1, 0, 0, 0),
à äðóãîé äâèæåòñÿ âäîëü χ è åãî ñêîðîñòü èìååò âèä C = (1, v, 0, 0), è ìû
ïîëîæèì V = av.
Ìåòðèêà äèàãîíàëüíà è êîîðäèíàòû θ, φ íå ìåíÿþòñÿ. Ó íàñ âîçíèêàåò
ïðåîáðàçîâàíèå â ïëîñêîñòè t, χ.
Åäèíè÷íàÿ ñêîðîñòü ïåðâîãî íàáëþäàòåëÿ èìååò âèä
e0 = (
1
c
, 0, 0, 0)
è âåêòîð, îðòîãîíàëüíûé åé, èìååò âèä
e1 = (0,
1
a
, 0, 0)
Äëèíà âåêòîðà C èìååò âèä
L =
√
c2 − a2v2 = c
√
1−
V 2
c2
Ñëåäîâàòåëüíî, åäèíè÷íûé âåêòîð ñêîðîñòè âòîðîãî íàáëþäàòåëÿ èìååò âèä
e′0 = (
1
L
,
v
L
, 0, 0)
Ìû èùåì âåêòîð
e′1 = (A,B, 0, 0)
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êîòîðûé îðòîãîíàëåí âåêòîðó e′0. Äëÿ ýòîãî ìû èìååì
(7.7.1) c2A2 − a2B2 = −1
(7.7.2) c2A
1
L
− a2B
v
L
= 0
Ìû ïîëó÷èì èç óðàâíåíèÿ (7.7.2)
(7.7.3) A =
a2
c2
vB
Ìû ïîäñòàâèì (7.7.3) â (7.7.1) è ïîëó÷èì
B2(
a4
c2
v2 − a2) = −1
B =
1
a
√
1− V
2
c2
Ñëåäîâàòåëüíî áàçèñ âòîðîãî íàáëþäàòåëÿ èìååò âèä
e′0 = (
1
c
√
1− V
2
c2
,
V
ca
√
1− V
2
c2
, 0, 0)
e′1 = (
V
c2
√
1− V
2
c2
,
1
a
√
1− V
2
c2
, 0, 0)
Òåïåðü ìû ìîæåì âûðàçèòü e′ ÷åðåç e
e′0 =
1√
1− V
2
c2
e0 +
V
c
1√
1− V
2
c2
e1
e′1 =
V
c
1√
1− V
2
c2
e0 +
1√
1− V
2
c2
e1
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8.1. Êðèâàÿ ýêñòðåìàëüíîé äëèíû
Ñóùåñòâóåò äâà ðàçíûõ îïðåäåëåíèÿ ãåîäåçè÷åñêîé â ðèìàíîâîì ìíîãîîá-
ðàçèè. Îäíî èç íèõ îïèðàåòñÿ íà ïàðàëëåëüíûé ïåðåíîñ. Ìû áóäåì íàçûâàòü
ñîîòâåòñòâóþùóþ êðèâóþ àâòîïàðàëëåëüíîé. Äðóãîå îïðåäåëåíèå îïèðàåò-
ñÿ íà äëèíó òðàåêòîðèè. Ìû áóäåì íàçûâàòü ñîîòâåòñòâóþùóþ êðèâóþ ýêñ-
òðåìàëüíîé. Â ìåòðèêî-àèííîì ìíîãîîáðàçèå ýòè ëèíèè èìåþò ðàçëè÷íûå
óðàâíåíèÿ [17℄. Óðàâíåíèå àâòîïàðàëëåëüíîé êðèâîé íå ìåíÿå. Îäíàêî, óðàâ-
íåíèå ýêñòðåìàëüíîé êðèâîé ìåíÿåòñÿ
8.1
.
Òåîðåìà 8.1.1. Ïóñòü xi = xi(t, α) - êðèâàÿ, çàâèñÿùàÿ îò ïàðàìåòðà α, ñ
èêñèðîâàííûìè òî÷êàìè ïðè t = t1 è t = t2, è ìû îïðåäåëÿåì å¼ äëèíó êàê
(8.1.1) s =
∫ t2
t1
√
gij
dxi
dt
dxj
dt
dt
Òîãäà
(8.1.2) δs =
∫ t2
t1
(
1
2
(gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
ãäå δxk - èçìåíåíèå äëèíû, êîãäà α ìåíÿåòñÿ.
Äîêàçàòåëüñòâî. Èìååì
ds
dt
=
√
gij
dxi
dt
dxj
dt
è
δs =
∫ t2
t1
δ
(
gij
dxi
dt
dxj
dt
)
2 ds
dt
dt
Ìû ìîæåì îöåíèòü çíàìåíàòåëü ýòîé äðîáè
gij,kδx
k dx
i
dt
dxj
dt
+ 2gijδ
dxi
dt
dxj
dt
=
= gij;kδx
kdxidt
dxj
dt
+ 2gijΓ
i
lkδx
k dx
l
dt
dxj
dt
+ 2gijd
δxi
dt
dxj
dt
=
= gij;kδx
k dx
i
dt
dxj
dt
+ 2gij
Dδxi
dt
dxj
dt
è ìû èìååì
δs =
∫ t2
t1
gij;kδx
kdxi dx
j
dt
+ 2gijDδx
i dx
j
dt
2 ds
dt
8.1
×òîáû âûâåñòè óðàâíåíèå (8.1.3), ÿ ñëåäóþ èäåÿì, êîòîðûå àøåâñêèé [23℄ èñïîëüçîâàë
äëÿ èìàíîâà ìíîãîîáðàçèÿ
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=
∫ t2
t1
(
1
2
gij;kδx
kdxi
dxj
ds
+ gijDδx
i dx
j
ds
)
=
∫ t2
t1
(
1
2
gkj;iδx
i dx
k
ds
ds
dxj
ds
+ d
(
gijδx
i dx
j
ds
)
− gij;k
dxk
ds
ds
dxj
ds
δxi − gijD
dxj
ds
δxi
)
=
(
gijδx
i dx
j
ds
)∣∣∣∣t2
t1
+
∫ t2
t1
(
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
Ïåðâîå ñëàãàåìîå ðàâíî 0, òàê êàê òî÷êè, ãäå t = t1 è t = t2, çàèêñèðîâàíû.
Ñëåäîâàòåëüíî, ìû äîêàçàëè óòâåðæäåíèå òåîðåìû. 
Òåîðåìà 8.1.2. Ýêñòðåìàëüíàÿ êðèâàÿ óäîâëåòâîðÿåò óðàâíåíèþ
(8.1.3)
D dx
l
ds
ds
=
1
2
gil (gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
Äîêàçàòåëüñòâî. ×òîáû íàéòè ëèíèþ ýêñòðåìàëüíîé äëèíû, ìû âîñ-
ïîëüçóåìñÿ óíêöèîíàëîì (8.1.1). Òàê êàê δs = 0, òî
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
= 0
ñëåäóåò èç (8.1.2). 
Òåîðåìà 8.1.3. Ïàðàëëåëüíûé ïåðåíîñ âäîëü ýêñòðåìàëüíîé êðèâîé ñîõðàíÿ-
åò äëèíó êàñàòåëüíîãî âåêòîðà.
Äîêàçàòåëüñòâî. Ïóñòü
vi =
dxi
ds
- êàñàòåëüíûé âåêòîð ê ýêñòðåìàëüíîé êðèâîé. Èç òåîðåìû 8.1.2 ñëåäóåò, ÷òî
Dvl
ds
= gil
1
2
(gkj;i − gik;j − gij;k) v
kvj
è
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl + gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Ñëåäîâàòåëüíî äëèíà âåêòîðà vi íå ìåíÿåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé. 
8.2. Ïåðåíîñ Ôðåíå
Âñå óðàâíåíèÿ, êîòîðûå ìû âûâîäèëè äî ñèõ ïîð, ðàçëè÷íû, îäíàêî îíè
èìåþò íå÷òî îáùåå â ñâîåé ñòðóêòóðå. Âñå ýòè óðàâíåíèÿ âûðàæàþò äâèæåíèå
âäîëü êðèâîé è â èõ ïðàâîé ÷àñòè ìû ìîæåì âèäåòü êðèâèçíó ýòîé êðèâîé.
Ïî îïðåäåëåíèþ, êðèâèçíà êðèâîé ðàâíà
ξ(s) =
∣∣∣∣∣D
dxl
ds
ds
∣∣∣∣∣
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Ñëåäîâàòåëüíî, ìû ìîæåì îïðåäåëèòü åäèíè÷íûé âåêòîð e1 òàêîé, ÷òî
D dx
l
ds
ds
= ξel1
Çíàíèå ïåðåíîñà áàçèñà âäîëü êðèâîé î÷åíü âàæíî, òàê êàê ýòî ïîçâîëÿåò
íàì èçó÷àòü êàê èçìåíÿåòñÿ ïðîñòðàíñòâî âðåìÿ, êîãäà íàáëþäàòåëü ñîâåðøàåò
äâèæåíèå. Íàøà çàäà÷à - íàéòè óðàâíåíèÿ, ïîäîáíûå ïåðåíîñó Ôðåíå â ðèìà-
íîâîì ïðîñòðàíñòâå. Ìû ñòðîèì ñîïóòñòâóþùèé áàçèñ νik òàêèì æå îáðàçîì,
êàê ìû ýòî äåëàåì â ðèìàíîâîì ïðîñòðàíñòâå.
Âåêòîðû
ξi(t) =
dxi(t)
dt
,
Dξi
dt
, ...
Dn−1ξi
dtn−1
âîîáùå ãîâîðÿ, ëèíåéíî íåçàâèñèìû. Ìû íàçûâàåì ïëîñêîñòü, ïîñòðîåííóþ íà
áàçå ïåðâûõ p âåêòîðîâ, p-îé ñîïðèêàñàþùåéñÿ ïëîñêîñòüþ Rp. Ýòà ïëîñêîñòü
íå çàâèñèò îò âûáîðà ïàðàìåòðà t.
Íàøà ñëåäóþùàÿ çàäà÷à - ïîñòðîèòü îðòîãîíàëüíûé áàçèñ, êîòîðûé ïî-
êàæåò íàì, êàê êðèâàÿ èçìåíÿåòñÿ. Ìû áåð¼ì âåêòîð νi1 ∈ R1 òàê, ÷òî îí
êàñàòåëåí ê êðèâîé. Ìû áåð¼ì âåêòîð νip ∈ Rp, p > 1 òàê, ÷òî ν
i
p îðòîãîíàëåí
Rp−1. Åñëè èñõîäíàÿ êðèâàÿ íå èçîòðîïíà, òî êàæäûé ν
i
p òàêæå íå èçîòðîïåí è
ìû ìîæåì âçÿòü åäèíè÷íûé âåêòîð â òîì æå íàïðàâëåíèè. Ìû íàçûâàåì ýòîò
áàçèñ ñîïóòñòâóþùèì.
Òåîðåìà 8.2.1. Ïåðåíîñ Ôðåíå â ìåòðèêî-àèííîì ìíîãîîáðàçèè èìååò
âèä
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p−
−ǫpǫp−1ξp−1ν
i
p−1 + ξpν
i
p+1
(8.2.1)
ǫk = sign(gpqν
p
kν
q
k)
Çäåñü νak - âåêòîð áàçèñà, äâèæóùåãîñÿ âäîëü êðèâîé,
ǫk = sign(gpqν
p
kν
q
k)
Äîêàçàòåëüñòâî. Ìû îïðåäåëÿåì âåêòîðû νak òàêèì îáðàçîì, ÷òî
(8.2.2)
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p + a
q
pν
i
q
ãäå aqp = 0, êîãäà q > p + 1. Òåïåðü ìû ìîæåì îïðåäåëèòü êîýèöèåíòû a
q
p.
Åñëè ìû âîçüì¼ì ïðîèçâîäíóþ óðàâíåíèÿ
gijν
i
pν
j
p = const
è ïîäñòàâèì (8.2.2), ìû ïîëó÷èì óðàâíåíèå
dgijν
i
aν
j
b
ds
=
Dgij
ds
νiaν
j
b + gij
Dνia
ds
νjb + gijν
i
a
Dνjb
ds
=
= gij;kν
k
1 ν
i
aν
j
b+
+gij(
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
a + a
q
aν
i
q)ν
j
b+
+gijν
i
a(
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + a
q
bν
i
q) =
= gij;kν
k
1 ν
i
aν
j
b+
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+gij
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
aν
j
b + gija
q
aν
i
qν
j
b+
+gijν
i
a
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + gijν
i
aa
q
bν
i
q =
=
1
2
νk1 ν
i
aν
j
b (2gij;k + gki;j − gkj;i − gji;k + gkj;i − gki;j − gij;k)+
+ǫba
b
a ++ǫaa
a
b = 0
aqp = 0, êîãäà q > p + 1 ïî îïðåäåëåíèþ. Ñëåäîâàòåëüíî a
q
p = 0, êîãäà
q < p+ 1. Ïîëàãàÿ ξp = a
p+1
p , ìû ïîëó÷èì
app+1 = −ǫpǫp+1ξp
Êîãäà q = p, ìû ïîëó÷èì
ap,p = 0
Ìû ïîëó÷èì (8.2.1), êîãäà ïîäñòàâèì aqp â (8.2.2). 
8.3. Ïðîèçâîäíàÿ Ëè
Âåêòîðíîå ïîëå ξk íà ìíîãîîáðàçèè ïîðîæäàåò èíèíèòåçèìàëüíîå ïðåîá-
ðàçîâàíèå
(8.3.1) x′k = xk + ǫξk
êîòîðîå âåä¼ò ê ïðîèçâîäíîé Ëè. Ïðîèçâîäíàÿ Ëè ãîâîðèò íàì, êàê îáúåêò
èçìåíÿåòñÿ, êîãäà ìû äâèæåìñÿ âäîëü âåêòîðíîãî ïîëÿ.
Òåîðåìà 8.3.1. Ïðîèçâîäíàÿ Ëè ìåòðèêè èìååò âèä
(8.3.2) Lξgab = ξ
k
;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k
Äîêàçàòåëüñòâî. Ìû íà÷í¼ì ñ ïðåîáðàçîâàíèÿ (8.3.1). Òîãäà
gab(x
′) = gab(x) + gab,cǫξ
c
g′ab(x
′) =
∂xc
∂x′a
∂xd
∂x′b
gcd(x)
= gab − ǫξ
c
,agcb − ǫξ
c
,bgac
Ñîãëàñíî îïðåäåëåíèþ ïðîèçâîäíîé Ëè, ìû èìååì
Lξgab = gab(x
′)− g′ab(x
′)
= gab,cǫξ
c + ǫξc,agcb + ǫξ
c
,bgac
= (gab;<c> + Γdacgdb + Γ
d
bcgad)ǫξ
c
+ ǫ(ξc;<a> − Γ
c
daξ
d)gcb + ǫ(ξ
c
;<b> − Γ
c
dbξ
d)gac
Lξgab = gab;<c>ξ
c + Γdacgdbξ
c + Γdbcgadξ
c
+ ξc;<a>gcb − Γ
c
daξ
dgcb + ξ
c
;<b>gac − Γ
c
dbξ
dgac
(8.3.3)
(8.3.2) ñëåäóåò èç (8.3.3) è (6.1.4). 
Òåîðåìà 8.3.2. Ïðîèçâîäíàÿ Ëè ñâÿçíîñòè èìååò âèä
(8.3.4) LξΓ
a
bc = −R
a
bcpξ
p − T abp;<c>ξ
p − T abeξ
e
;<c> + ξ
a
;<bc>
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Äîêàçàòåëüñòâî. Ìû íà÷í¼ì ñ ïðåîáðàçîâàíèÿ (8.3.1). Òîãäà
Γabc(x
′) = Γabc(x
′) +Aabc(x
′)
= Γabc(x) + Γ
a
bc,pǫξ
p +Aabc(x) +A
a
bc,pǫξ
p
= Γabc(x) + Γ
a
bc,pǫξ
p
(8.3.5)
Γ′abc(x
′) = Γ′abc(x
′) +A′abc(x
′)
=
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Γefg(x) +
∂x′a
∂xe
∂2xe
∂x′b∂x′c
+
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Aefg(x)
= Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be + (δ
a
e + ǫξ
a
,e)(−ǫξ
e
,cb))
+Aabc + ǫξ
a
,eA
e
bc − ǫξ
e
,bA
a
ec − ǫξ
e
,cA
a
be
(8.3.6) Γ′abc(x
′) = Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be − ǫξ
a
,cb
Ïî îïðåäåëåíèþ
ξa;<e> = ξ
a
,e + Γ
a
peξ
p
(8.3.7) ξa,e = ξ
a
;<e> − Γ
a
peξ
p
ξa;<ef> = ξ
a
;<e>,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
;<f> − Γ
a
peΓ
p
rfξ
r + Γapfξ
p
;<e> − Γ
p
ef ξ
a
;<p>
(8.3.8) ξa,ef = ξ
a
;<ef> − Γ
a
pe,fξ
p − Γapeξ
p
;<f> + Γ
a
peΓ
p
rfξ
r − Γapfξ
p
;<e> + Γ
p
efξ
a
;<p>
Ìû ïîäñòàâèì (8.3.8) è (8.3.7) â (8.3.6) è ïîëó÷èì
Γ′abc(x
′)
= Γabc + ǫ(ξ
a
;<e>
4:T
− Γapeξ
p)Γebc − ǫ(ξ
e
;<b>
2
− Γepbξ
p
1
)Γaec − ǫ(ξ
e
;<c>
3:T
− Γepcξ
p)Γabe
− ǫ(ξa;<cb> − Γ
a
pc,bξ
p − Γapcξ
p
;<b>
2
+ ΓapcΓ
p
rbξ
r
1
− Γapbξ
p
;<c>
3
+ Γpcbξ
a
;<p>
4
)
(8.3.9)
Γ′abc(x
′) = Γabc + ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p)
Ñîãëàñíî îïðåäåëåíèþ ïðîèçâîäíîé Ëè, ìû èìååì, ïîëüçóÿñü (8.3.5) è (8.3.9),
LξΓabc = (Γ
a
bc(x
′)− Γ′abc(x
′))ǫ−1
= (Γabc + Γ
a
bc,pǫξ
p
− Γabc − ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p))ǫ−1
(8.3.10)
LξΓabc = Γ
a
bc,pξ
p − ξa;<e>T
e
cb + Γ
a
peξ
pΓebc − ξ
e
;<c>T
a
be − Γ
e
pcξ
pΓabe + ξ
a
;<cb> − Γ
a
pc,bξ
p
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Èç (8.3.10) è (6.1.4) ñëåäóåò, ÷òî
LξΓabc = Γ
a
cb,pξ
p − Γacp,bξ
p
+ ΓapeΓ
e
bcξ
p
3:T
− ΓaepΓ
e
bcξ
p
3
+ ΓaepΓ
e
bcξ
p
4:T
− ΓaepΓ
e
cbξ
p
4
+ ΓaepΓ
e
cbξ
p
− ΓepcΓ
a
beξ
p
1:T
+ ΓepcΓ
a
ebξ
p
1
− ΓaebΓ
e
pcξ
p
2:T
+ ΓaebΓ
e
cpξ
p
2
− ΓaebΓ
e
cpξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb> − T
a
cp,bξ
p − T abc,pξ
p
LξΓabc = Γ
a
cb,pξ
p − Γacp,bξ
p + ΓaepΓ
e
cbξ
p − ΓaebΓ
e
cpξ
p
− T apeΓ
e
bcξ
p
4:T
− ΓaepT
e
bcξ
p
1
− ΓepcT
a
ebξ
p
3:T
− ΓaebT
e
cpξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p + ΓaebT
e
cpξ
p
2
− ΓecbT
a
epξ
p
4
− ΓepbT
a
ceξ
p
5:T
− T abc;<p>ξ
p + ΓaepT
e
bcξ
p
1
− ΓebpT
a
ecξ
p
5
− ΓecpT
a
beξ
p
3
(8.3.11)
èç (8.3.11) è (5.3.23) ñëåäóåò, ÷òî
LξΓabc = R
a
cpbξ
p
− T ecpT
a
ebξ
p − T apeT
e
cbξ
p − T ebpT
a
ceξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p − T abc;<p>ξ
p
LξΓabc = −R
a
cbpξ
p
− (T aebT
e
cp + T
a
epT
e
bc + T
a
ecT
e
pb)ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p − T abc;<p>ξ
p
(8.3.12)
èç (8.3.12) è (8.4.1) ñëåäóåò, ÷òî
LξΓabc = R
a
cpbξ
p
1
−Rabcpξ
p −Rapbcξ
p −Racpbξ
p
1
+ T abc:<p>ξ
p
3
+ T apb;<c>ξ
p + T acp;<b>ξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
2
− T abc;<p>ξ
p
3
(8.3.13) LξΓabc = −R
a
bcpξ
p −Rapbcξ
p − T abp;<c>ξ
p − ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
Ìû ïîäñòàâèì (6.1.6) â (8.3.13)
(8.3.14) LξΓabc = −R
a
bcpξ
p−T abp;<c>ξ
p−T ecbξ
a
;<e>
1
−T abeξ
e
;<c>−T
p
bcξ
a
;<p>
1
+ ξa;<bc>
(8.3.4) ñëåäóåò èç (8.3.14). 
Ñëåäñòâèå 8.3.3. Ïðîèçâîäíàÿ Ëè ñâÿçíîñòè â ðèìàíîâîì ïðîñòðàíñòâå
èìååò âèä
(8.3.15) LξΓ
a
bc = −R
a
cbpξ
p + ξa;cb
Äîêàçàòåëüñòâî. (8.3.15) ñëåäóåò èç (8.3.4), êîãäà T abc = 0 
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8.4. Òîæäåñòâî Áèàíêè
Òåîðåìà 8.4.1. Ïåðâîå òîæäåñòâî Áèàíêè äëÿ ïðîñòðàíñòâà ñ êðó÷åíèåì
èìååò âèä
T kij;<m> + T
k
mi;<j> + T
k
jm;<i> + T
k
piT
p
jm + T
k
pmT
p
ij + T
k
pjT
p
mi
= Rkjmi +R
k
ijm +R
k
mij
(8.4.1)
Äîêàçàòåëüñòâî. Äèåðåíöèàë ðàâåíñòâà (6.1.3) èìååò âèä
T kij,mθ
m ∧ θi ∧ θj = (Γkji,m − Γ
k
ij,m)θ
m ∧ θi ∧ θj
Äâå îðìû ðàâíû, êîãäà èõ êîýèöèåíòû ðàâíû. Ñëåäîâàòåëüíî
T kij,m + T
k
mi,j + T
k
jm,i = Γ
k
ji,m − Γ
k
ij,m + Γ
k
im,j − Γ
k
mi,j + Γ
k
mj,i − Γ
k
jm,i
Ìû âûðàçèì ïðîèçâîäíûå, ïîëüçóÿñü êîâàðèàíòíûìè ïðîèçâîäíûìè, è èçìå-
íèì ïîðÿäîê ñëàãàåìûõ
T kij;<m> − Γ
k
pmT
p
ij
4
+ ΓpimT
k
pj
2:T
− ΓpjmT
k
pi
3:T
+ T kmi;<j> − Γ
k
pjT
p
mi
5
+ ΓpmjT
k
pi
3
− ΓpijT
k
pm
1:T
+ T kjm;<i> − Γ
k
piT
p
jm
6
+ ΓpjiT
k
pm
1
− ΓpmiT
k
pj
2
= Γkji,m − Γ
k
jm,i + Γ
k
pmΓ
p
ji − Γ
k
piΓ
p
jm − Γ
k
pmΓ
p
ji
4
+ ΓkpiΓ
p
jm
6
+ Γkim,j − Γ
k
ij,m + Γ
k
pjΓ
p
im − Γ
k
pmΓ
p
ij − Γ
k
pjΓ
p
im
5
+ ΓkpmΓ
p
ij
4
+ Γkmj,i − Γ
k
mi,j + Γ
k
piΓ
p
mj − Γ
k
pjΓ
p
mi − Γ
k
piΓ
p
mj
6
+ ΓkpjΓ
p
mi
5
T kij;<m> + T
p
miT
k
pj + T
p
jmT
k
pi + T
k
mi;<j> + T
p
ijT
k
pm + T
k
jm;<i>
= Rkjmi +R
k
ijm +R
k
mij
(8.4.2)
(8.4.1) ñëåäóåò èç (8.4.2). 
Åñëè ìû âîçüì¼ì ïðîèçâîäíóþ îðìû (5.3.22), ìû óâèäèì, ÷òî âòîðîå
òîæäåñòâî Áèàíêè íå çàâèñèò îò êðó÷åíèÿ.
8.5. Âåêòîð Êèëèíãà
Èíâàðèàíòíîñòü ìåòðè÷åñêîãî òåíçîðà g ïðè èíèíèòåçèìàëüíîì êîîðäè-
íàòíîì ïðåîáðàçîâàíèè (8.3.1) ïðèâîäèò ê óðàâíåíèþ Êèëèíãà.
Òåîðåìà 8.5.1. Óðàâíåíèå Êèëèíãà â ìåòðèêî-àèííîì ìíîãîîáðàçèè èìå-
åò âèä
(8.5.1) ξk;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k = 0
Äîêàçàòåëüñòâî. Èíâàðèàíòíîñòü ìåòðè÷åñêîãî òåíçîðà g îçíà÷àåò, ÷òî
åãî ïðîèçâîäíàÿ Ëè ðàâíà 0
(8.5.2) Lξgab = 0
(8.5.1) folows èç (8.5.2) è (8.3.2). 
Òåîðåìà 8.5.2. Óñëîâèå èíâàðèàíòíîñòè ñâÿçíîñòè â ìåòðèêî-àèííîì
ìíîãîîáðàçèè èìååò âèä
ξa;<bc> = R
a
bcpξ
p + T abp;<c>ξ
p + T abpξ
p
;<c>(8.5.3)
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Äîêàçàòåëüñòâî. Òàê êàê ñâÿçíîñòü èíâàðèàíòíà ïðè èíèíèòåçèìàëü-
íîì ïðåîáðàçîâàíèè, ìû èìååì
(8.5.4) LξΓabc = 0
(8.5.3) ñëåäóåò èç (8.5.4) è (8.3.4). 
Ìû íàçûâàåì óðàâíåíèå (8.5.3) óðàâíåíèåì Êèëèíãà âòîðîãî ðîäà è
âåêòîð ξa âåêòîðîì Êèëèíãà âòîðîãî ðîäà.
Òåîðåìà 8.5.3. Âåêòîðîì Êèëèíãà âòîðîãî ðîäà óäîâëåòâîðÿåò óðàâíåíèþ
0 = Rabcpξ
p +Racpbξ
p +Rapbcξ
p
+ T abp;cξ
p + T apc;bξ
p + T pcbξ
a
;<p> + T
a
bpξ
p
;<c> + T
a
pcξ
p
;<b>
(8.5.5)
Äîêàçàòåëüñòâî. Èç (8.5.3) è (6.1.6) ñëåäóåò, ÷òî
Rapbcξ
p − T pbcξ
a
;<p> = R
a
cbpξ
p + T acp;<b>ξ
p + T acpξ
p
;<b>
−Rabcpξ
p − T abp;<c>ξ
p − T abpξ
p
;<c>
(8.5.6)
(8.5.5) ñëåäóåò èç (8.5.6). 
Ñëåäñòâèå 8.5.4. Óðàâíåíèåì Êèëèíãà âòîðîãî ðîäà â ðèìàíîâîì ïðîñòðàí-
ñòâå ÿâëÿåòñÿ òîæäåñòâîì. Ñâÿçíîñòü â ðèìàíîâîì ïðîñòðàíñòâå èíâàðè-
àãòíà ïðè ëþáîì èíèíèòåçèìàëüíîì ïðåîáðàçîâàíèè (8.3.1)
Äîêàçàòåëüñòâî. Ïðåæäå âñåãî, êðó÷åíèå ðàâíî 0. Îñòàëüíîå ÿâëÿåòñÿ
ñëåäñòâèåì ïåðâîãî òîæäåñòâà Áèàíêè. 
8.6. Ïåðåíîñ Êàðòàíà
Òåîðåìû 8.1.2 è 8.2.1 óòâåðæäàþò, ÷òî äâèæåíèå âäîëü êðèâîé ïîðîæäàåò
ïðåîáðàçîâàíèå âåêòîðà, äîïîëíèòåëüíîå ê ïàðàëëåëüíîìó ïåðåíîñó. Ýòî ïðå-
îáðàçîâàíèå î÷åíü âàæíî è ìû áóäåì íàçûâàòü åãî ïåðåíîñîì Êàðòàíà. Ìû
îïðåäåëèì ñèìâîë Êàðòàíà
Γ(C)ikl =
1
2
gim(gkl;m − gkm;l − gml;k)
è ñâÿçíîñòü Êàðòàíà︷︸︸︷
Γikl = Γ
i
kl − Γ(C)
i
kl = Γ
i
kl −
1
2
gim(gkl;m − gkm;l − gml;k)
Ïîëüçóÿñü ñâÿçíîñòüþ Êàðòàíà, ìû ìîæåì çàïèñàòü ïåðåíîñ Êàðòàíà â âèäå
dai = −
︷︸︸︷
Γikl a
kdxl
Ñîîòâåòñòâåííî, ìû îïðåäåëèì ïðîèçâîäíóþ Êàðòàíà︷︸︸︷
∇l a
i = ai;{l} = ∂la
i +
︷︸︸︷
Γikl a
k
︷︸︸︷
D ai = dai +
︷︸︸︷
Γikl a
kdxl
Òåîðåìà 8.6.1. Ïåðåíîñ Êàðòàíà âäîëü ýêñòðåìàëüíîé êðèâîé ñîõðàíÿåò
äëèíó êàñàòåëüíîãî âåêòîðà.
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Äîêàçàòåëüñòâî. Ïóñòü
vi =
dxi
ds
- êàñàòåëüíûé âåêòîð ê ýêñòðåìàëüíîé êðèâîé. Èç òåîðåìû 8.1.2 ñëåäóåò, ÷òî
Dvl
ds
=
1
2
gil (gkj;i − gik;j − gij;k) v
kvj
è
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl+
+gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Ñëåäîâàòåëüíî äëèíà âåêòîðà vi íå ìåíÿåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé. 
Ìû ðàñïðîñòðàíèì ïåðåíîñ Êàðòàíà íà ëþáîé ãåîìåòðè÷åñêèé îáúåêò ïî-
äîáíî òîìó, êàê ìû ýòî äåëàåì äëÿ ïàðàëëåëüíîãî ïåðåíîñà.
Òåîðåìà 8.6.2.
gij;{l} = 0
Äîêàçàòåëüñòâî.︷︸︸︷
∇l gij = ∂lgij −
︷︸︸︷
Γkil gkj −
︷︸︸︷
Γkjl gik =
= gij;l +
1
2
gkm(gil;m − gim;l − gml;i)gkj +
1
2
gkm(gjl;m − gjm;l − gml;j)gik = 0

Ñâÿçíîñòü Êàðòàíà
︷︸︸︷
Γikl îòëè÷àåòñÿ îò ñâÿçíîñòè Γ
i
kl íà äîïîëíèòåëüíîå
ñëàãàåìîå, êîòîðîå ÿâëÿåòñÿ ñèììåòðè÷íûì òåíçîðîì. Äëÿ ëþáîé ñâÿçíîñòè
ìû îïðåäåëÿåì ñòàíäàðòíûì îáðàçîì ïðîèçâîäíóþ è êðèâèçíó. Óòâåðæäåíèÿ
ãåîìåòðèè è èçèêè èìåþò îäíó è òó æå îðìó, íåçàâèñèìî îò òîãî èñïîëü-
çóþ ëè ÿ ñâÿçíîñòü Γikl èëè ñâÿçíîñòü Êàðòàíà. ×òîáû ýòî ïîêàçàòü, ìû ìîæåì
îáîáùèòü ïîíÿòèå ñâÿçíîñòè Êàðòàíà è èçó÷àòü ñâÿçíîñòü, îïðåäåë¼ííóþ ðà-
âåíñòâîì
(8.6.1) Γikl = Γ
i
kl +A
i
kl
ãäå A - ýòî 0, èëè ñèìâîë Êàðòàíà èëè ëþáîé äðóãîé ñèììåòðè÷íûé òåíçîð.
Ñîîòâåòñòâåííî ìû îïðåäåëÿåì ïðîèçâîäíóþ
∇la
i = ai;<l> = ∂la
i + Γikla
k
Dai = dai + Γikla
kdxl
è êðèâèçíó
(8.6.2) Rabij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi
Ýòà ñâÿçíîñòü èìååò òîæå êðó÷åíèå
(8.6.3) T acb = Γ
a
bc − Γ
a
cb
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Ñ ýòîé òî÷êè çðåíèÿ òåîðåìà 8.6.1 îçíà÷àåò, ÷òî ýêñòðåìàëüíàÿ êðèâàÿ
ÿâëÿåòñÿ ãåîäåçè÷åñêîé äëÿ ñâÿçíîñòè Êàðòàíà.
Òåîðåìà 8.6.3. Êðèâèçíà ñâÿçíîñòè (8.6.1) èìååò âèä
(8.6.4) Rabde = R
a
bde +A
a
be;d −A
a
bd;e +A
a
cdA
c
be −A
a
ceA
c
bd + S
p
deA
a
bp
ãäå Rabde - êðèâèçíà ñâÿçíîñòè Γ
i
kl
Äîêàçàòåëüñòâî.
Rabde = Γ
a
be,d − Γ
a
bd,e + Γ
a
cd Γ
c
be − Γ
a
ce Γ
c
bd
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ (Γacd +A
a
cd)(Γ
c
be +A
c
be)− (Γ
a
ce +A
a
ce)(Γ
c
bd +A
c
bd)
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ ΓacdΓ
c
be + Γ
a
cdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
− ΓaceΓ
c
bd −A
a
ceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde + A
a
be,d −A
a
bd,e
+ ΓacdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
−AaceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde
+Aabe;d − Γ
a
pdA
p
be2
+ ΓpbdA
a
pe
4
+ ΓpedA
a
bp
1:S
−Aabd;e + Γ
a
peA
p
bd3
− ΓpbeA
a
pd
5
− ΓpdeA
a
bp
1
+ ΓacdA
c
be2
+ ΓcbeA
a
cd5
+AacdA
c
be
− ΓcbdA
a
ce4
− ΓaceA
c
bd3
−AaceA
c
bd

Ñëåäñòâèå 8.6.4. Êðèâèçíà Êàðòàíà èìååò âèä︷︸︸︷
Rabde = R
a
bde − Γ(C)
a
be;d + Γ(C)
a
bd;e
+ Γ(C)acdΓ(C)
c
be − Γ(C)
a
ceΓ(C)
c
bd − T
p
deΓ(C)
a
bp
(8.6.5)
ëàâà 9
Ìåòðèêî-àèííàÿ ãðàâèòàöèÿ
9.1. Çàêîí Íüþòîíà: ñêàëÿðíûé ïîòåíöèàë
Çíàíèå äèíàìèêè òî÷å÷íîé ÷àñòèöû âàæíî äëÿ íàñ, òàê êàê ìû ìîæåì
èçó÷àòü êàê ÷àñòèöà âçàèìîäåéñòâóåò ñ âíåøíèìè ïîëÿìè, òàê æå êàê ñâîéñòâà
ñàìîé ÷àñòèöû.
×òîáû èçó÷èòü äâèæåíèå òî÷å÷íîé ÷àñòèöû, ìû ìîæåì èñïîëüçîâàòü ïî-
òåíöèàë îïðåäåë¼ííûõ ïîëåé. Ïîòåíöèàë ìîæåò áûòü ñêàëÿðíûì èëè âåêòîð-
íûì.
Â ñëó÷àå ñêàëÿðíîãî ïîòåíöèàëà ìû ïîëîæèì, ÷òî òî÷å÷íàÿ ÷àñòèöà èìååò
ìàññó ïîêîÿ m è ìû ïîëüçóåìñÿ óíêöèåé Ëàãðàíæà â ñëåäóþùåì âèäå
L = −mcds− Udx0
î ãäå U - ñêàëÿðíûé ïîòåíöèàë èëè ïîòåíöèàëüíàÿ ýíåðãèÿ.
Òåîðåìà 9.1.1. (Ïåðâûé çàêîí Íüþòîíà) Åñëè U = 0 (ñëåäîâàòåëüíî,
ìû ðàññìàòðèâàåì ñâîáîäíîå äâèæåíèå), òî òåëî âûáèðàåò òðàåêòîðèþ ñ
ýêñòðåìàëüíîé äëèíîé.
Òåîðåìà 9.1.2. (Âòîðîé çàêîí Íüþòîíà) Òðàåêòîðèþ òî÷å÷íîé ÷àñòèöû
óäîâëåòâîðÿåò äèåðåíöèàëüíîìó óðàâíåíèþ
(9.1.1)
︷︸︸︷
D ul
ds
=
u0
mc
F l
uj =
dxl
ds
ãäå ìû îïðåäåëÿåì ñèëó
(9.1.2) F l = gil
∂U
∂xi
Äîêàçàòåëüñòâî. Ïîëüçóÿñü (8.1.2), ìû ìîæåì çàïèñàòü âàðèàöèþ ëàãðàí-
æèàíà â âèäå
1
2
mc (gkl;i − gik;l − gil;k)u
kujds−mcgijDu
j +
∂U
∂xi
dx0 = 0
Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
9.2. Çàêîí Íüþòîíà: âåêòîðíûé ïîòåíöèàë
Â ðàçäåëå 9.1 ìû èçó÷èëè äèíàìèêó ñêàëÿðíîãî ïîòåíöèàëà. Îäíàêî â ýëåê-
òðîäèíàìèêå ìû ðàññìàòðèâàåì âåêòîðíûé ïîòåíöèàë Ak. Â ýòîì ñëó÷àå
äåéñòâèå èìååò âèä
S =
∫ t2
t1
(
−mcds−
e
c
Aldx
l
)
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Ac = gcdA
d
Òåîðåìà 9.2.1. Òðàåêòîðèÿ ÷àñòèöû, äâèæóùåéñÿ â âåêòîðíîì ïîëå, óäî-
âëåòâîðÿåò äèåðåíöèàëüíîìó óðàâíåíèþ︷︸︸︷
D uj
ds
=
e
mc2
gijFliu
l
uj =
dxl
ds
ãäå ìû îïðåäåëÿåì òåíçîð íàïðÿæ¼ííîñòè ïîëÿ
Fdc = Ad;c −Ac;d + S
p
dcAp =
︷︸︸︷
∇c Ad −
︷︸︸︷
∇d Ac + S
p
dcAp
Äîêàçàòåëüñòâî. Ïîëüçóÿñü (8.1.2), ìû ìîæåì çàïèñàòü âàðèàöèþ äåé-
ñòâèÿ â âèäå
δS =
=
∫ t2
t1
(
−mc
(
1
2
(gkj;i − gij;k − gik;j) u
kujds− gijDu
j
)
δxi −
e
c
(
δAldx
l +Alδdx
l
))
Ìû ìîæåì îöåíèòü âòîðîå ñëàãàåìîå
−
e
c
(
Al,kdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Al;kdx
lδxk + ΓplkApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Ak;ldx
lδxk + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk + ΓpklApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
DAkδx
k +AkDδx
k + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk
)
=
= −
e
c
(
d
(
Akδx
k
)
+ (Al;k −Ak;l + S
p
lkAp) dx
lδxk
)
Èíòåãðàë ïîä÷¼ðêíóòîãî ñëàãàåìîãî ðàâåí 0, òàê êàê òî÷êè, êîãäà t = t1 è
t = t2, èêñèðîâàíû. Ñëåäîâàòåëüíî,
−mc
(
1
2
(gkj;i − gij;k − gik;j)u
kujds− gijDu
j
)
−
e
c
Flidx
l = 0
Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
Èç ýòîé òåîðåìû ñëåäóåò çàâèñèìîñòü òåíçîðà íàïðÿæ¼ííîñòè ïîëÿ îò ïðî-
èçâîäíîé ìåòðèêè. Ýòî èçìåíÿåò îðìó óðàâíåíèÿ Ýéíøòåéíà è èìïóëüñ ãðà-
âèòàöèííîãî ïîëÿ ïîÿâëÿåòñÿ â ñëó÷àå âåêòîðíîãî ïîëÿ.
Òåîðåìà 9.2.2. Òåíçîð íàïðÿæ¼ííîñòè ïîëÿ íå èçìåíÿåòñÿ, êîãäà âåêòîð-
íûé ïîòåíöèàë èçìåíÿåòñÿ ñîãëàñíî ïðàâèëó
A′j = Aj + ∂jΛ
ãäå Λ - ïðîèçâîëüíàÿ óíêöèÿ x.
Äîêàçàòåëüñòâî. Èçìåíåíèå â òåíçîðå íàïðÿæ¼ííîñòè ïîëÿ èìååò âèä
(∂dΛ);c − (∂cΛ);d + S
p
dc∂pΛ =
∂cdΛ− Γ
p
dc∂pΛ− ∂dcΛ + Γ
p
cd∂pΛ + S
p
dc∂pΛ = 0
Ýòî äîêàçûâåò òåîðåìó. 
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9.3. Ïðèëèâíîå óðàâíåíèå
ß ðàññìàòðèâàþ îáîáù¼ííóþ ñâÿçíîñòü (8.6.1). Ìû ïîëàãàåì, ÷òî ðàññìàò-
ðèâàåìûå òåëà ñîâåðøàþò ïðîèçâîëüíîå, à íå ãåîäåçè÷åñêîå äâèæåíèå.
Ìû ïðåäïîëîæèì, ÷òî îáà íàáëþäàòåëÿ íà÷èíàþò ñâî¼ ïóòåøåñòâèå èç îä-
íîé è òîé æå òî÷êè
9.1
è èõ ñêîðîñòü óäîâëåòâîðÿåò äèåðåíöèàëüíûì óðàâ-
íåíèÿì
(9.3.1)
DviI
dsI
= aiI
ãäå I = 1, 2 - íîìåð íàáëþäàòåëÿ è dsI - èíèíèòåçèìàëüíàÿ äóãà íà ãåîäåçè-
÷åñêîé I. Íàáëþäàòåëü I ñëåäóåò ãåîäåçè÷åñêîé ñâÿçíîñòè (8.6.1), êîãäà aI = 0.
Ìû ïîëîæèì òàê æå, ÷òî ds1 = ds2 = ds.
Îòêëîíåíèå òðàåêòîðèé (9.3.1) δxk - ýòî âåêòîð, ñîåäèíÿþùèé íàáëþ-
äàòåëåé. Êðèâûå áåñêîíå÷íî ìàëî áëèçêè â îêðåñòíîñòè íà÷àëüíîé òî÷êè
xi2(s2) = x
i
1(s1) + δx
i(s1)
vi2(s2) = v
i
1(s1) + δv
i(s1)
Ïðîèçâîäíàÿ âåêòîðà δxi èìååò âèä
dδxi
ds
=
d(xi2 − x
i
1)
ds
= vi2 − v
i
1 = δv
i
Ñêîðîñòü îòêëîíåíèÿ δxi - ýòî êîâàðèàíòíàÿ ïðîèçâîäíàÿ
Dδxi
ds
=
dδxi
ds
+ Γiklδx
kvl1
= δvi + Γiklδx
kvl1
(9.3.2)
Èç (9.3.2) ñëåäóåò, ÷òî
(9.3.3) δvi =
Dδxi
ds
− Γiklδx
kvl1
Íàêîíåö ìû ãîòîâû îöåíèòü âòîðóþ ïðîèçâîäíóþ âåêòîðà δxi
D2δxi
ds2
=
dDδx
i
ds
ds
+ Γikl
Dδxk
ds
vl1
=
d(δvi + Γiklδx
kvl1)
ds
+ Γikl
Dδxk
ds
vl1
=
dδvi
ds
+
dΓikl
ds
δxkvl1 + Γ
i
kl
dδxk
ds
vl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
(9.3.4)
D2δxi
ds2
=
dδvi
ds
+ Γikl,nv
n
1 δx
kvl1 + Γ
i
klδv
kvl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
Òåîðåìà 9.3.1. Ïðèëèâíîå óñêîðåíèå ñâÿçíîñòè (8.6.1) èìååò âèä
D2δxi
ds2
= T iln
Dδxn
ds
vl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(9.3.5)
9.1
ß ñëåäóþ [20℄, page 33
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Äîêàçàòåëüñòâî. Òðàåêòîðèÿ íàáëþäàòåëÿ 1 óäîâëåòâîðÿåò óðàâíåíèþ
(9.3.6)
Dvi1
ds
=
dvi1
ds
+ Γikl(x1)v
k
1v
l
1 = a
i
1
(9.3.7)
dvi1
ds
= ai1 − Γ
i
klv
k
1v
l
1
Â òîæå âðåìÿ òðàåêòîðèÿ íàáëþäàòåëÿ 2 óäîâëåòâîðÿåò óðàâíåíèþ
Dvi2
ds
=
dvi2
ds
+ Γikl(x2)v
k
2v
l
2
=
d(vi1 + δv
i)
ds
+ Γikl(x1 + δx)(v
k
1 + δv
k)(vl1 + δv
l)
=
dvi1
ds
+
dδvi
ds
+ (Γikl + Γ
i
kl,mδx
m)(vk1v
l
1 + δv
kvl1 + v
k
1δv
l + δvkδvl)
= ai2
Ìû ìîæåì ïåðåïèñàòü ýòî óðàâíåíèå ñ òî÷íîñòüþ äî ïîðÿäêà 1
dvi1
ds
+
dδvi
ds
+ Γiklv
k
1v
l
1 + Γ
i
kl(δv
kvl1 + v
k
1 δv
l) + Γikl,mδx
mvk1v
l
1 = a
i
2
Èñïîëüçóÿ (9.3.6), ìû ïîëó÷èì
ai1 +
dδvi
ds
+ Γiklδv
kvl1 + Γ
i
klv
k
1δv
l + Γikl,mδx
mvk1v
l
1 = a
i
2
(9.3.8)
dδvi
ds
= −Γiklδv
kvl1 − Γ
i
lkδv
kvl1 − Γ
i
kl,mδx
mvk1v
l
1 + a
i
2 − a
i
1
Ìû ïîäñòàâèì (9.3.3), (9.3.7), è (9.3.8) â (9.3.4)
D2δxi
ds2
= −Γiklδv
kvl11
− Γiln(
Dδxn
ds
− Γnmkδx
mvk1 )v
l
1 − Γ
i
kl,mδx
mvk1v
l
1
+ ai2 − a
i
1
+ Γimk,lv
k
1δx
mvl1 + Γ
i
klδv
kvl11
+ Γimnδx
m(an1 − Γ
n
klv
k
1v
l
1) + Γ
i
nl
Dδxn
ds
vl1
D2δxi
ds2
= (Γimk,l − Γ
i
kl,m + Γ
i
lnΓ
n
mk − Γ
i
mnΓ
n
kl)δx
mvk1v
l
1
+ Γinl
Dδxn
ds
vl1 − Γ
i
ln
Dδxn
ds
vl1
+ ai2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= (Γimk,l − Γ
i
km,l + Γ
i
km,l − Γ
i
kl,m
+ ΓilnΓ
n
mk − Γ
i
nlΓ
n
mk + Γ
i
nlΓ
n
mk − Γ
i
nlΓ
n
km + Γ
i
nlΓ
n
km
− ΓimnΓ
n
kl + Γ
i
nmΓ
n
kl − Γ
i
nmΓ
n
kl)δx
mvk1v
l
1
+ T iln
Dδxn
ds
vl1 + a
i
2 − a
i
1 + Γ
i
mnδx
man1
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D2δxi
ds2
= T iln
Dδxn
ds
vl1
+ (T ikm,l
2
+ Γikm,l
1
− Γikl,m
1
+ T inlΓ
n
mk2
+ ΓinlT
n
km2
+ ΓinlΓ
n
km1
− T inmΓ
n
kl2
− ΓinmΓ
n
kl1
)δxmvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(9.3.9)
Ñëàãàåìûå, ïîä÷¼ðêíóòûå ñèìâîëîì 1, ïðåäñòàâëÿþò êðèâèçíó, è ñëàãàåìûå,
ïîä÷¼ðêíóòûå ñèìâîëîì 2 ïðåäñòàâëÿþò êîâàðèàíòíóþ ïðîèçâîäíóþ êðó÷å-
íèÿ. (9.3.5) ñëåäóåò èç (9.3.9). 
Çàìå÷àíèå 9.3.2. Òåëî 2 ìîæåò áûòü óäàëåíî îò òåëà 1. Òîãäà ìû ìîæåì
âîñïîëüçîâàòüñÿ ïðîöåäóðîé (òàê æå êàê â [21℄), îñíîâàííîé íà ïàðàëëåëüíîì
ïåðåíîñå. Ñ ýòîé öåëüþ ìû ïåðåíåñ¼ì âåêòîð ñêîðîñòè íàáëþäàòåëÿ 2 â íà÷àëü-
íóþ òî÷êó íàáëþäàòåëÿ 1 è çàòåì îöåíèì ïðèëèâíîå óñêîðåíèå. Ýòà ïðîöåäóðà
ðàáîòàåò â ñëó÷àå íå ñèëüíîãî ãðàâèòàöèîííîãî ïîëÿ. 
Çàìå÷àíèå 9.3.3. Åñëè â öåíòðàëüíîì ïîëå íàáëþäàòåëü 1 èìååò îðáèòàëü-
íóþ ñêîðîñòü Vφ, íàáëþäàòåëü 2 äâèæåòñÿ â ðàäèàëüíîì íàïðàâëåíèè, è îáà
íàáëþäàòåëÿ ñëåäóþò ãåîäåçè÷åñêîé, òî ïðèëèâíîå óñêîðåíèå èìååò âèä
D2δx1
ds2
= R1lnkδx
kvnvl
= (R1001v
0v0 +R1221v
2v2)δx1
= (
rg
r3c2
1
1−
V 2
φ
c2
− (−1 +
rg
2r
−
r − rg
r
)V 2φ )δx
1

Çàìå÷àíèå 9.3.4. Åñëè íàáëþäàòåëü 2 ñëåäóåò ãåîäåçè÷åñêîé â öåíòðàëüíîì
ïîëå, íî íàáëþäàòåëü 1 çàèêñèðîâàë ñâîþ ïîçèöèþ íà ðàññòîÿíèè r, òî
a1 = Γ1klv
kvl =
rg
2r2c2
Óñêîðåíèå ñëåäóåò çàêîíó îáðàòíûõ êâàäðàòîâ, êàê ñëåäóåò èç (9.3.5). 
Çàìå÷àíèå 9.3.5. Ó òåîðåìû 9.3.1 åñòü îäèí îñîáûé ñëó÷àé. Åñëè íàáëþäà-
òåëü 1 äâèæåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé, ìû ìîæåì ïîëüçîâàòüñÿ ñâÿç-
íîñòüþ Êàðòàíà. Â ýòîì ñëó÷àå ai1 = 0. Åñëè íàáëþäàòåëü 2 äâèæåòñÿ âäîëü
ãåîäåçè÷åñêîé, òî
(9.3.10) ai2 = −Γ(C)
i
klv
k
2v
k
2 = −Γ(C)
i
kl(v
k
1v
k
1 + 2v
l
1δv
k)
Åñëè ìû ïîäñòàâèì (9.3.3) â (9.3.10), òî ìû ïîëó÷èì
ai2 = −Γ(C)
i
klv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
Dδxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
Â ýòîì ñëó÷àå (9.3.5) ïðèíèìàåò âèä︷︸︸︷
D2 δxi
ds2
= (
︷︸︸︷
Rilnk +
︷︸︸︷
∇n T
i
lk)v
l
1v
n
1 δx
k + T ilk
︷︸︸︷
D δxk
ds
vl1
− Γ(C)iklv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
︷︸︸︷
D δxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
(9.3.11)
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Â ñëó÷àå íà÷àëüíûõ óñëîâèé
δxk = 0
Dδxk
ds
= 0
(9.3.11) ÿâëÿåòñÿ îöåíêîé óñêîðåíèÿ (9.1.1). 
9.4. Ïðèëèâíîå óñêîðåíèå è ïðîèçâîäíàÿ Ëè
(9.3.5) íàïîìèíàåò âûðàæåíèå ïðîèçâîäíîé Ëè (8.3.4). ×òîáû óâèäåòü ýòî
ñõîäñòâî, ìû äîëæíû çàïèñàòü óðàâíåíèå (9.3.5) äðóãèì ñïîñîáîì.
Ïî îïðåäåëåíèþ
Dak
ds
=
dak
ds
+ Γklpa
l dx
p
ds
= ak,pv
p + Γklpa
lvp
(9.4.1)
Dak
ds
= ak;<p>v
p
Òàê êàê
Dak
ds
- âåêòîð, ìû ìîæåì ëåãêî íàéòè âòîðóþ ïðîèçâîäíóþ
D2ak
ds2
=
DDa
k
ds
ds
=
D(ak;<p>v
p)
ds
= ak;<pr>v
pvr + ak;<p>v
p
;rv
r
(9.4.2)
Íà ïîñëåäíåì øàãå ìû èñïîëüçóåì (9.4.1), êîãäà ak = vk. Êîãäà vp - êàñàòåëü-
íûé âåêòîð òðàåêòîðèè íàáëþäàòåëÿ 1, èç (9.3.1) ñëåäóåò, ÷òî
(9.4.3)
Dvi
ds
= vi;rv
r = ai1
è èç (9.4.2) è (9.4.3) ñëåäóåò, ÷òî
(9.4.4)
D2ak
ds2
= ak;prv
pvr + ak;<p>a
p
1
Òåîðåìà 9.4.1. Ñêîðîñòü îòêëîíåíèÿ äâóõ òðàåêòîðèé (9.3.1) óäîâëåòâîðÿ-
åò óðàâíåíèþ
(9.4.5) LDδxn
ds
Γiklv
kvl = ai2 − a
i
1 + Γ
i
mlδx
mal1
Äîêàçàòåëüñòâî. Ìû ïîäñòàâèì (9.4.1) è (9.4.4) â (9.3.5).
δxi;<kl>v
kvl + δxk;<p>a
p
1 = T
i
lnδx
n
;<k>v
kvl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
0 = (T ilnδx
n
;<k> − δx
i
;<kl> +R
i
klmδx
m + T ikm;<l>δx
m)vk1v
l
1
+ ai2 − a
i
1 − δx
k
,pa
p
1
(9.4.6)
(9.4.5) ñëåäóåò èç (9.4.6) è (8.3.4). 
9.4. Ïðèëèâíîå óñêîðåíèå è ïðîèçâîäíàÿ Ëè 79
Íà ïåðâûé âçãëÿä ìîæíî ïðåäïîëîæèòü, ÷òî ñêîðîñòü îòêëîíåíèÿ ãåîäå-
çè÷åñêîé ÿâëÿåòñÿ âåêòîðîì Êèëèíãà âòîðîãî òèïà. Ýòî âîçìîæíî, õîòÿ óðàâ-
íåíèå
LDδxn
ds
Γikl = 0
íå ñëåäóåò èç óðàâíåíèÿ
(9.4.7) LDδxn
ds
Γiklv
kvl = 0
Îäíàêî óðàâíåíèå (9.4.7) ïîêàçûâàåò òåñíóþ ñâÿçü ìåæäó ãëóáîêîé ñèììåòðè-
åé ïðîñòðàíñòâà âðåìåíè è ãðàâèòàöèîííûì ïîëåì.
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